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In the expression written here for refractive index (n), 𝜌𝑒 = ∑ 𝑁𝑖𝑖 𝑍𝑖 is the electron number 

density, 𝑟𝑒 is the classical electron radius. Since x-rays can be heavily absorbed depending on 

the medium, so if I introduce the absorption in a medium then refractive index can be written 

as, 𝑛 = 1 − 𝛿 − 𝑖𝛽 where 𝑖𝛽 is the absorption term. This term gives the absorption in the 

medium and reduction in the propagated wave in the medium. For example, a plane wave 

propagated in the medium is written as 𝑒𝑖𝑛𝑘𝑍 and in that medium if you have absorption, then 

this will give some term such as 𝑒−(… ) which will give the reduction in the wave intensity 

propagating in a medium. This expression is for x-ray. 
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Now, let us come to neutron. We have discussed in our lectures in the basics, that the potential 

experience by a neutron from a single scatterer is given by, 𝑉(𝑟) =
2𝜋ℏ2

𝑚
𝑏𝑐𝑜ℎ𝛿(𝑟), where 𝑏𝑐𝑜ℎ 

is basically average coherent scattering length which gives us diffraction. This logic for δ 

function potential I had discussed earlier. I am repeating that the fundamentals of using 𝛿(𝑟) 

as the spatial extension of the potential is because the nuclear dimension is just femtometer and 

the thermal neutron wavelength is around Å. 

If you remember, I wrote the term ∑ 𝑏𝑐𝑜ℎ𝑒𝑖𝑄.𝑟𝑖
𝑖  which is proportional to the scattering 

amplitude.  
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Now, I am talking about a medium with a certain density, 𝜌, means there are many scatterers 

per unit volume. In this case, potential can be written as, 𝑉(𝑟) =
2𝜋ℏ2

𝑚
𝑏𝑐𝑜ℎ𝜌.  When the neutron 

approaches this medium, it sees this potential. Now, please consider the fact that I am doing 

experiments at very low q. Here the inherent spatial resolution of the measurement, by 

uncertainty principle, is given by, ∆𝑟 =
2𝜋

𝑞
  and this ∆𝑟 allows me to use a volume density of 

scattering length for estimating potential of the medium for neutrons.  

Now we have got a potential which depends on the density of the medium. So, as a neutron 

approaches a medium it sees a potential which is given by 
2𝜋ℏ2

𝑚
𝑏𝑐𝑜ℎ𝜌. This is a step potential. 

Now, the neutron is traveling in the medium. This is how it looks like as shown in the figure. 



So, with the density, I have this potential and the neutron is traveling in the medium. I show 

neutron energy is greater than this potential otherwise it cannot travel in the medium and we 

have to talk about tunneling, but here it is not tunneling, it is the apparent neutron energy E’ in 

the medium. 
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Now, I can draw the similarity between x-rays and neutron. Apparent Energy (E) inside the 

medium is equal to energy in the vacuum (Eo) minus the potential (V). For a free neutron it is 

given by, 

ℏ2𝑘′2

2𝑚
=

ℏ2𝑘0
2  

 

2𝑚
−

2𝜋ℏ2

𝑚
𝑏𝜌 

Here, I have replaced 𝑏𝑐𝑜ℎ by b. This can be written as, 

𝑘′2 = 𝑘0
2  − 4𝜋𝑏𝜌 

𝑘′

𝑘0
= (1 −

4𝜋𝑏𝜌

𝑘0
2 )

1/2

 

Since 2nd term is <<1, so it can be simplified as, 

𝑘′

𝑘0
≅ 1 −

2𝜋𝑏𝜌

𝑘0
2  

Putting 𝑘0 = 2𝜋/𝜆, 

𝑘′

𝑘0
≅ 1 −

𝜆2𝑏𝜌

2𝜋
 

Now, refractive index is defined as, 𝑛 =
𝑘1

𝑘0
⁄ = 𝑘′

𝑘0
⁄ , so,  

𝑛 ≅ 1 −
𝜆2𝑏𝜌

2𝜋
 

This expression is equivalent to, 𝑛 = 1 − 𝛿. This expression is similar to what I got for the x-

rays (𝑛 ≅ 1 −
𝜆2𝑟𝑒𝜌𝑒

2𝜋
) with 𝑟𝑒𝜌𝑒  replaced by 𝑏𝜌. In x-rays it was density of electrons, while 

here it is scattering length density multiplied by coherent scattering length. That gives me the 

total scattering length per unit volume and n is given by that. So, very similar to what we got 

for x-rays that  
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So far in this expression, I have not brought in any magnetism and the coherent scattering 

length (bcoh) till now has nuclear origin. However, if we consider interaction of polarized 

neutrons with a magnetic material an additional scattering length term, namely bm, comes into 

picture which is magnetic is nature, as a coherent scattering length. In such a case, the scattering 

length term in potential is replaced by 𝑏𝑐𝑜ℎ ± 𝑏𝑚  and the sign here depends on the relative 

direction of the magnetization of neutron and that of the thin film medium. So, either the 

potential becomes slightly higher for the up neutrons or it is slightly lower for down neutrons. 

Now, what does that mean?  



Let me talk in terms of a critical angle then it will become clear what does it mean? Earlier, I 

talked about nuclear potential 𝛿(𝑟) resulting in 𝑉(𝑟) which gives me a refractive index,  

𝑛 = 1 −
𝜆2𝑏𝜌

2𝜋
= 1 − 𝛿 and as I told you this 𝛿 is small, of the order of 10-6.  

Now, I find that this potential height changes, if I have a magnetic scattering length in the 

medium. If I reflect polarized neutrons from this medium, then neutrons polarized parallel and 

anti-parallel to the sample magnetization will see slightly different potentials (for magnetized 

sample). This is very, very important for magnetic neutron reflectometry or polarized neutron 

reflectometry. I will come to it and will use this result again and again. 
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Now, let me just sum up that whether it is neutrons or x-rays, the refractive index is given by 

𝑛𝑛𝑒𝑢𝑡,𝑥−𝑟𝑎𝑦𝑠 = 1 − 𝛼 − 𝑖𝛽 where the 2nd term is coming from e-density or scattering length 

density (for neutrons) and the 3rd term is coming from absorption. This is what I have written 

here, 

𝛼𝑛𝑒𝑢𝑡 =
𝜌𝜆2

2𝜋
[𝑏𝑐𝑜ℎ ± 𝑏𝑚𝑎𝑔] and  𝛽𝑛𝑒𝑢𝑡 =

𝜌𝜆2

2𝜋
|𝑏𝑎𝑏𝑠| 

For neutrons often absorption term is negligible, except when you are talking about neutron 

absorbing medium like cobalt, gadolinium which are strong neutron absorbers and neutron 

reflection from them. Otherwise, this is often negligible for a very large number of materials. 

In case of x-rays, we have a very similar expression,  

𝛼𝑥−𝑟𝑎𝑦 =
𝜌𝜆2𝑟0

2𝜋
[𝑓0 + 𝑓1] and  𝛽𝑥−𝑟𝑎𝑦 =

𝜌𝜆2

2𝜋
|𝑓2| 

Here 𝑓0 comes from ∑ 𝑁𝑖𝑍𝑖 , but the fact is that there are some deviations from this number as 

you go up in Z values. Interpretation of   𝛽𝑥−𝑟𝑎𝑦 is exactly the same as 𝛽𝑛𝑒𝑢𝑡, which is given 

by the absorption coefficient of x-rays and that is large for almost all the medium for x-rays 

and negligible for neutrons.  

The b’s and f’s are the respective scattering length for x-rays and neutrons. And r0 here, as I 

used it earlier, is classical electron radius. Both of these techniques, can give us density of a 

thin film as a function of z (depth), if we consider z-axis is the one which is going inside the 

medium starting from vacuum along normal to the film surface. As we go in the film the 

reflected intensity of x-rays and neutrons gives us the 𝜌(z) values from reflectivity data. How? 

I will tell you in the next module. 


