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So, there is the other relation one can derive from this is that we can show the theorem 

that for an irreversible representation, 
∑
g

| χ
(α )
(g)|

2
= |G|

. 
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Now, proof. We had this relation earlier that 
χ
(D )
(g)= ∑

α=1

ρ

m
α
χ
(α )
(g)

. So, when we want to 

do mod square, we have to write this sum and we have to write square star of this sum 

multiplying it we just put different summation increases in � and � in the two. So, we 

will get 
∑
g

| χ
D
|
2
= ∑
α,β,g

m
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β
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(β )✱

(g)

. But now we can exhaust the g sum by just taking 

focusing on the ���(�)* that produces for us ���.  

So, that collapse is this sum to just being some over |m�|
2 and then there is constant 

factor which is order of the group, but now you specialize �D to any favorite 

representation you have. Then be irrep we basically get that because then there is only 

one m� which is nonzero. So, that implies this,
∑
g

| χ
(α )
(g)|

2
= |G|

. 



So, those are all very interesting restrictions because eventually you want to know all 

these characters for any representation because you can analyze the small vibrational 

modes of a molecule by its symmetry group, knowing the symmetry group we can 

classify the vibrations in to different conjugacy classes and you want to know the 

characters. So, this puts restrictions on what kind of character table you can have ok. So, 

I think this is how much we are going to do in terms of formal stuff. 

The next thing is to introduce what is called a regular representation because that is an 

important construct and for this I wanted to refer to this text book of a Dresselhaus. 
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So, the idea of a regular representation is that you treat the group element themselves as 

the carrier space. 
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And represent elements as permeations depending on how left action of that element 

permutes the rest of the group elements. So, this is the action of group one itself left 

action and we know that left action will re-shuffle the order of the elements. So, it is a 

essentially a permutation and anywhere we know any finite group is subgroup of the 

permutation group. So, we are not surprise that it is permutation. 

So, we represent them as permutations and. So, we make the rule that g which is the 

action of sum element gi on, right. So, we treat this has essentially components. So, 

representation R, is the metric representation of gi acting on components x1, x2,….,xm 

where actually m is the order of the group. So, there are as many components as there are 

group elements. So, essentially once you treat G itself as the carrier space it is m or |G| 

dimensional vector space and the xi are the components in it. So, we defined this 

operation as been equal to
(x π i (1 ),xπi (2 ),. . . .. . . . ,x

π i (m)) . So, we permute the elements, we 

permute the components such that component number one goes to whatever it the fate of 

group element g1 was under left action of gi that is roughly what we are saying. 

And what happens in such a representation is that thus we get m⨯m well which is same 

as size by |G|⨯|G| represent matrices or a representation of dimension G, we do not 

write the |G|⨯|G| right and it is a matrix of representation of dimension G means the 

corresponding matrices are |G|⨯|G|. So, this representation is somewhat a plotted, it is 

highly reducible.  



In particular you will find that the character of every single element is 0 in such rep 

except identity. So, we write this �R(g) = 0 accept �R(e) = m, the identity element is 

always be represented by the identity matrix in linear algebra. So, that cannot be the trace 

can be 0 and it has to exactly tell you the dimension of the representation, but the 

dimension is itself G.  

Now, this represent this can be also used to prove an important result that in this 

reducible representation any particular irrep is contained exactly as many times as the 

dimension of that representation. Actually I should have gone on to that it is, I hope it is 

not becoming all to abstract because this book as a nice example, ok. So, let me do the 

following I say this and then we do the example and postpone the proof. 
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So, we can write  
χ
R (g)=∑

α

m
α
χ
(α )
(g)

  as before and find that m�= n� the dimension of 

irrep � and hence we can prove that 
∑
α

n
α
2
=|G|

. 
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Now, this book as a nice proposal how to find the regular representation; to find it is 

usually little cumbersome because technically you have to start with you have to fill out 

this table where you have to check you take a particular element g start acting with it on 

all the other elements and then see where its end each off the elements and then you have 

to fill out this matrix.  

So, this book suggests a recipe for finding the regular representation. Regular 

representation is found directly from multiplication table by re-arranging the rows and 

columns. So, that the identity element is always along the diagonal, ok. So, you know 

that you do this write out multiplication table identity can occur wherever the inverse 

occurs, but now you are re arrange the tables such that the rows and columns so that 

identity comes exactly along the diagonal. 

When this is done the group elements label the columns and their inverses will able the 

rows and we will illustrate this with permutation group of 3 objects which is S3, for 

which multiplication table is given in 1.1. Application of the re-arrangement theorem to 

give identity element a along the main diagonal gives table 3.3. So, this is the table 3.3. 

Here, this is just the equilateral triangle its rotation and it flips and E is identity, A and B 

are the 120 and 240 rotations. 

So, C D E are the flipped rotations where you would change the signs of either one top 

row or left column. So, these are one conjugacy class and these are a one conjugacy class 



and this is E is conjugacy class by itself. So, first of all they are pointing out that this is 

the multiplication table. So, they have re-arranged the multiplication table, so that E is 

along the identity right that along the diagonal. 
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Then the statement says after you do this re-arrangement what you have to do is then the 

matrix representation for an element X in the regular representation is obtained by 

putting one wherever X appears in this multiplication table. 

So, if you want say A, the basic rotation first then you put 1 here and you put 1 here, you 

put 1 here, 1 here, 1 here and that is all, ok. So, that will be the matrix for representing A 

and so on. So, for any given element like to produce C you put 1 here, you put 1 here, 

you put 1 here wherever you C is the C. First thing you can see write away is that the 

character of any arbitrary group element will be 0 because you never get it on the 

diagonal, only the identity element will be on the diagonal. So, they are writing for 

example, for A in regular representation it will look like this 1 and 1 there and like we 

have identified the rows and columns; so by construction only the Dreg(E) has nonzero 

trace. 
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Now, we show that the regular representation is indeed that trying to check that is not too 

much of a surprise one can check that. I wanted to get to the detailed example. 

So, they are actually going through the proof of the fact that this actually is the 

homomorphism and that it will work as a representation. So, then the theorem that 

regular representation contains each irreducible representation a number of times equal 

to the dimensionality of the representation, this theorem I stated. But what I wanted to 

show was this recipe of how to generate the regular representation for a particular group. 
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So, using this you can us the trick of rearranging the table until you get everything on the 

diagonal that re-arranges of course, the important thing to remember is that it is no 

longer the multiplication table it is a rearrange table, where you can see the first entries 

here the entry is E A B C F D whereas, here is it E A B C and then D F. So, the rows and 

columns are not now labeled by exactly same things, rows are labeled by inverses and 

columns are labeled by the elements, but that puts E along the diagonal. 

So, I think we will stop here. Today we have proved quiet lot of things, and using these 

results but we will continue next time. 


