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Lecture 58
Lilliefors’s Test and Explorator Data Analysis,
Q-Q Plot and P-P Plot

So, so far, we looked into the Kolmogorov-Smirnov test, which we argued that it is a
distribution free test, because the test distribution of test statistics does not depend on the

underlying distribution of the null hypothesis.
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So, let us let us recap this what we said let us look into the 2 things, for first thing which
looked into Chi-square test where we said that we are going to look into the statistics which is
given by equals to 1 to n, f i minus e i square divided by e i, where e i is the expected, sorry

the frequency of the null hypothesis, and f'i’s were the observed frequency from data.

So, in computing this all we needed is f i’s, and this required us to specify the complete
distributions so that we can compute e i and in case we do not know that we estimated this,
by first estimating the parameter, and then of the distributions, and from the distributions, we

computed the frequencies of the classes.

And then the good thing we are able to show that this Q approximately follow Chi-square
distribution. In particular, when we said that when the distribution is completely specified, we
said that and we have to, we have k classes this Q was exactly Chi-square distribution with k
minus, 2 degrees of freedom.



Now, in KS test, and again there were 2 things here we said that this is for discrete case. In
the KS test, our maybe we could have put substituted n, put subscripted n also here, because
this is based on, or not n samples, or maybe k just to indicate that there are k classes and so,
here it was k not exactly n, because we were only making k comparisons, one corresponding
to each class. In the KS test we have this, and here k, Q was Chi-squared distribution,
distributed and independent of the underlying. So, maybe independent, irrespective of our
null hypothesis distribution F not X.

And here, we also said that this D n, in the case of Chi-square test, our statistics we could
explicitly establish that it is Chi-square distribution in D n, all we could argue is that, it is its
distribution does not depend on. So, we did not explicitly obtained the distribution of D n, all
we said is, one can compute them and they are available in the form where D n alpha values

will be specified from which we can obtain the Alpha critical points of these distributions.

And again, here it was for continuous distribution. So, notice that the KS test required us to
specify completely the distribution that we are going to test. And in case we do not know all
the parameters of this distribution, but only the shape is specified one has to estimate those

parameters and then use them in this distribution F not x.

However, once you estimate that and plugin your, and use it for your hypothesis distribution,
then the computation of the distribution of D n becomes complicated because of that, it is not
easy to establish the tables for it. And in fact, it so happens that if you pretend that whenever
there is no parameters specified of your distribution, but if you even if you plug in the
estimated one and pretend that that is the actual, that is the true value and continue to use
your D n tables, the values you are going to obtain can be very conservative. And because of

that, you may end up making more errors in accepting or rejecting your distributions.

To somewhat overcome this issue, we have another test called as let me make sure that I can
spell it correctly, we will be looking into Lilliefors’s test, for short I am going to just call it as
L-test. To check my hypothesis whenever my underlying hypothesis that | need to test is
Gaussian. Here all 1 am specified is the, 1 need my null hypothesis is just to Gaussian
distribution, and we have not been told what is the mean and variance. So, then | need to

check whether my data samples | how they follow Gaussian shape, how to go about this.
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So, now, that is where Lilliefors’s contributions come into picture. So, now the suggested
modification here is here we have D n in the KS statistics we have. So, here it worked on all
points X, one possibilities, we can instead of this, we can use an another form of this, which

is | am going to denote as F n and this is now taken to be standard normal distribution.

That we have earlier denoted as phi of z. Now, before I use it, we are going to do some
transformation on my data. Instead of looking into all the X’s that | have, we will be looking
into the transformed one. And how | am going to transform is like this. And here X bar is
simply the mean, empirical mean of the samples | have observed, S square is my standard

empirical variance.

And this is like i equals to 1 to n, X i minus X bar whole square. So, notice that I am, as we
did earlier, I am using the denominator n minus 1. So, to ensure that my variance estimator is
normalised. And here S is, | am going to take it square root to get my empirical standard
deviation. So, now we know that roughly z, we have basically centralised and normalised. So,

this is roughly going to behave like a normal distribution with 0, 1.

And now, | am going to compare this with, basically the standard normal distribution. So,
now, everything remains the same. And again, the distribution of this can be computed not in
explicitly form, but maybe through some empirical evaluations. But the good thing is this,
even in this case, after doing all this transformation, and comparing with the standard normal
distribution, it is still distribution free, because | do not need to worry about what is the
underlying distribution in computing or evaluating the distribution of D n.

So, I think Lilliefors did extensive computation of the tables for this D n. And again, the D n
alpha tables are available after doing this transformation. And then again, we can do our test
using the similar criteria we have earlier. So, when | want to compute, calculate, or like, 1
want to check whether my distribution of the data follows a Gaussian distribution, we do this

transformation and then you compute the statistic.

And for this statistic, we already have that tables, that gives me the critical, the thresholds for
various significance values, then whatever D n value | have | am going to compare it,
whether this holds or not. If this holds, then reject this to be following Gaussian distribution.

And then if it is less than this value, then accept it.

Well, just let me check whether did you say greater than or equal to, equal to was include or
it was strictly great. | think we made strictly great for rejection, and accept with less than or



equals to, fine. So, this is the summary of Lilliefors’s test. And the example is one can follow

the same steps as we did here.

The only thing that needs to be done is we have to use this transformation before we applying
that, and use the standard normal distribution in the definition of D n and again, use the D n
alpha value which are computed for these specific statistics. So, simply when you are using
when after you do this transformation, and you when you use this standard normal
distribution here, just do not use the tables that you used here to when you try to apply the KS

statistics.

So, use a separate tables that are available for this Lilliefors’s test, and based on whether it is
larger or not you can accept or reject your hypothesis that your distribution follows Gaussian
distribution, or not. Now, this is all we computed, we did, we studied several methods about
weather my datas follows certain distributions, and if the distributions are kind of fixed, we
are only not sure about the parameters.

Then we also studied various hypothesis test for that. So, we studied various parametric and
non-parametric method. But often before we get into this parametric and non-parametric
method. So, one can do simple visualisation of the data itself and see that whether the data is
following my hypothesis distribution. So, for that there are various methods, | am going to

quickly discuss two of them.
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So, this is something called exploratory data analysis, so let us say you have been given two

distributions, CDF, G and C, and you want to check with our how close, or how similar, or



how dissimilar they are? To do this, we are going to look into two possible, or we are going
to study two things, one is called probability-probability plots, also often called plot, and
another is called quartile-quartile plots, sorry quantile-quantile plots, called Q-Q plots. So,
this is what we are trying to do is expose the trade rate analysis for goodness of fit here. So,

let us try to look into what is this probability-probability plot.

So, let us say you have this X, for every possible value of x you can take F of x here so, the F
of x, the range was going to be we know that F of x range is going to be between 0, 1. And
S0, is G of x. So, on the x axis you are going to take all possible values of F of x, and on the y
axis you are going to look into all possible values, that y axis represent all possible values so,
let us say thisis 0, 1.

So, this is like you are looking into this box here, because | do not need to go anywhere
beyond sorry, this is 1, and do not unnecessarily. So, let us draw one line with slope 45, 1
would say from this figure you can see that this is not exactly a square shape, it is looking
more little rectangular, but assume this is just like square here. So, | have drawn a diagram

which has a slope of 45 degrees.

Now, you can plot G of x versus F of x and maybe | do not know like for all possible values
of x you may get something like this, and for a given set of. So, if you are a G and G and F
are completely specified to you maybe you will get like some continuous line for all possible
X, you may get or you may get like something like this, sorry, | made a mistake, this is like
CDF, whatever like it can go up down whatever, and then or you may get something like this.
So, now clearly if your line is, your plot of F versus G lies very close to your 45-degree line,
then you can claim that your data is following up, you can say that these 2 distributions are

similar.

And if it is too much off from your 45 degrees, then it kind of gives an indication that maybe
the these 2 distributions are different. Maybe you need to explore this data more, or at least
do further systematic analysis to actually say that, okay you can declare that these are very
different.

Similarly, instead of going for P-P plot, one can also do Q-Q plot. So, what is Q-Q plot
doing? Instead of simply plotting F and G we can plot F inverse of P and the G inverse of P
and here P has to be between 0 and 1. | noticed that now the range of F inverse P and G
inverse can be like entire real line. Now, again we can do the same thing, P is here. So, for all
possible of P values where P is between 0, 1.



You get the values for a particular, let us say this is a particular, for a particular P let us take a
particular P and this is one value corresponding to that, then | will get like this is
corresponding to let us say this like F inverse P and like this is like a G inverse P, I will get
this one value for a particular value, and like that you do it for all possible values of P ranging

between 0, 1.

So, for every possible value of P, you will going to get a different lines and you see that if F
inverse is same at G inverse you are again going to get a 45 degrees line, which is going to
pass through. And if they are not, there then you are not going to get a line which is going to
be close or overlapping with these 45 degrees, and based on that you can based on whether
you are line is going to be closer, or how far from you are 45 degrees line, you will get a
sense of whether your data is going to follow the given distribution. Or like in this case, you

will get a sense of whether these 2 distributions are same or not.
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Using this we can now think of comparing what we have, | have this S n x which is
computing from my data, and F 0 x which is from my null hypothesis, can compute. Often in
this case instead of the P-P plot, Q-Q plot become easier to plot because of the properties of S
n X. So, what do we know S n i first of all takes value, discrete values like 1 by n, 0, 1 by n, 2
by n like this.

So, because of this | need to when I have to look into the Q-Q plot I have to look into S n
inverse and F inverse, | only need to calculate this S n inverse at this discrete point, that is |

need to calculate S n inverse at like at x, where x is these quantities 0, 1 by n, 2 by n. And



moreover, once | have this given data X 1, X 2, X n and | have this order them, and I have

this order statistics, | know that S n inverse at let us say some i by n is exactly close to X of .

We know this already. This is the property of your empirical distributions. So, because of
this, let us say you are plotting your Q-Q plot. You are X axis let us say if you are going to
plot you are going to make X axis corresponding to empirical distributions. So, these points
are going to be simply X of 1, X of 2 like this.

And so, this is like corresponding to 1 by n, and now on the. So, now, whatever this
corresponds to now on this, this has this point corresponds to where your F of 0 is let us say 1
by n and here this one corresponds to maybe let us say if this corresponds to you will have
this point to be let us say F of 0 by 2. So, like this. So, all you need to do is on your Y axis,
you have the points F 1 by nand F 0 2 by n, and the corresponding points on your X axis is
going to be X of 1, X of 2,

And now, you need to see you have these points and let us say this is corresponding to F 0
phi by n. Let us say this is just you need to take the point through them, and see how close it
is to use 45-degree line. So, this gives you when you are looking into the Q-Q plot against
your empirical distribution, when you are comparing Q-Q plot of your empirical distribution
with that after null hypothesis, you are kind of X axis you know which points you have to

look into, on the y axis you know which points you have to look into.

So, you know what is your curve, all you need to do is check whether that car has a 45
degrees slope, if it has a 45-degree slope then are very close to that, is a good indication that
this must this your data is following null hypothesis distribution. Otherwise, you need to do

some more confirmatory tests like what you have done before.

One small issue with this is like we know that, then we have this X of n here. So, X of n this
will corresponds to the point F of n by n. So, this should be, we should be inverse here. Now,
this will correspond to when you have X of n here, this will corresponds to F inverse n of n,

and we know that F inverse of 1 is infinity.

So, because of this at as n is when we are exhausting all the endpoints, when you are reaching
my last point of my order statistics, my F inverse is tending infinity. So, often to overcome
this issue, the packages will do slightly different things. So, what we have here is actually so,

what we have is when we are going to plot this what we are basically doing is F inverse of i



by n and X of i, and we are plotting them like this is for we are plotting the i equals to 0, 1, 2,

ton.

And here when i becomes n, this point is at infinity the Y axis is infinity. So, most of the
packages to overcome this issue, they will look at a slightly modified version of this. I am
directly taking it from this like this maybe they will do some small alteration to this by taking
i 0.375 divided by n plus 0.25, and then do this.

So, when i is becoming n, you need to do some corrections so that you are not hitting infinity
on your Y axis. So, one of the some, | am just mentioning that there could one of the possible
correction is to do this, so, that you can still observe some value on the Y axis. And this is
just one of the examples, you may do various different combinations, so that you can show

something still on in your plot.

So, often even though we discussed this exported data analysis at the end, maybe this is the
first thing you want to do, you want to just draw your Q-Q plots, P-P plots and see how close
they are compared to the 45 degrees lines. And if they are pretty close, you get a good
confidence that okay, your data is as per your null hypothesis.

Otherwise, maybe data is not enough. So, you need to do some more test. And that is where
he can revisit all the hypothesis testing, we did when you our distributions are parameterised,
and or you want to use a full knowledge of the distribution. Or, you can use no nonparametric
methods when you do not want to use the knowledge of your distributions to make this test.

So, with this, we will conclude this. Thank you very much.



