Thermodynamics And Kinetics Of Materials

Prof. Saswata Bhattacharya
Dept of Materials Science and Metallurgical Engineering,
1T Hyderabad

Lecture 16
Thermodynamic Equilibrium in Statistical Thermodynamics

In the last lecture | talked about computational entropy and how is it connected to the
atomistic description of matter and we derived this formula S equals to minus R. So, we
derived this formula S equals to minus R xi and xi and if you have different species for
example, A, B, C, D, E then you have equiatomic computation we have found that the
configuration the configuration entropy configuration increases it becomes R and n pi. So,
as you can see here when it is equiatomic we find that the most probable macro state it is
it is like the most probable macro state and with a large number of micro states and we get
this we establish this formula this is the most important it is a very important formula that
you will see by connecting the atomistic description with the thermodynamic description
right by using Boltzmann's hypothesis S equals to k | n omega. So, this is one very
important hypothesis remember that S equals to k | n omega where omega is basically the
number of configurations or number of arrangements that is then basically it is basically
the number of accessible micro states right for a given what the most probable macro state
right. As I told you that omega is equal to omega max is the one that will be realized by
the system and that is what will maximize the entropy and that is exactly what in the next
few slides | will show you or in the next few slides I will show you how this can be used
this idea can be used to derive other useful quantities like energy and Helmholtz free
energy heat capacity and so on. Okay and we will show you how this S equals to k | n
omega basically gives you back this constraint that the thermodynamic equilibrium right
the idea of thermodynamic equilibrium can also be realized.
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So, as you saw S equals to so basically if it is per mole then you use R if it is per atom
then you use k b k b is Boltzmann's constant and R equals to k b times n right that we have
shown. Now you see X j is equals to n j by n right x j equals to n j by n. So, | can write it
as write this as so you have x j so you have minusk b njlnnjbyn. So, now why how
can | write this so let us look at that so we have done thisminuskbnxalnxaplusxbl
nxboritislikexilnxi.

If I do this which equal tooneto R njInnjbyn. So, if you see this S equals to minus R
summation of x j | n x j right which is equals to minus k b n see R into n right kb inton
X j. Now as you can see this is nothing but if I take minus k b here if | put this here is x j
IS nothing but n j by n and there is an n here as you can see and I n n j right. So, now this
n and this n goes up and what you get is basically this expression this expression minus k
b I n n j summation over j equal to one to R if you have R components or R speciesn jIn
n j by n. Now if you have that then as you know if I if I have that and it is entropy is an
exact differential so | can write this as d S equals to minus k b k b is a constant right so
minus k b d of this entire term right of this entire summation.

So, minus k b d of this entire term and as you know d of this summation | can take the d
inside right because all these n j s are separate right all the n j s are like each represents j
equal to one to R represents different species right. So basically | can take the d inside the
summation so that is what | have done here if you see that here you have d of the
summation of this term and now | have taken the summation out and I have put d here
which is perfectly valid because you have n one n two n three and all of these make up for
n so basically you have this relation why why can | why can | do that because n one plus
n two plus n three plus dot dot dot means continue the sum up to R and that is what is
going to be equal to right. So, as you can see here | have directly used d | n so now this n
nnjbynisnnnjminusnnmso thisbecomes dnjlnnjminusnjlnmrightdnjln
njminusnjlnm. So, alittle bit of algebraic manipulation again so you will see you can
write thisas d of nj I nnj isnothing but d n j so so basically this is so let me write that so
dofdof d of dofnjlnnjisnothing but equals to ¢ such as productrulesodsolnnjd
njplusnjdinnjwhichisequalstodofnjplusdofnjplusdofnjplusd ofnjdnj.



Now, remember d I nnjis nothingbutdInnjisequalstodnjbynjright dnjbynj
because d so because by sinced I nnjdnjequalsto1bynj.So, this follows right so now
youhavelnnjdnjplusnjbynjwhichisequaltolnn jdnjplusdnjright. So, if you
see thissoyou havelnnjdnjplusdnj. So, thenyouhave Inndnjminuslinndnj
and then again you have n j by nright n j by nd n right because d n by nrightandnjisa
constant here right. So, because n j is here right it is a product. So, as you can see here |
have written that son j I nn. So, one termis | n nd n j the next termis n j remains and | n
nd I nnisnothing butd n by nright. So, that is what | have written. Now, if | write that
then you can further simplify it and you will finally see that you get something like d n
minus d n that goes off and then you have this and you have only I nn jby ndn j ok. So,
you will have | n n j by n which is nothing but I n x jd nd n j. So, basically I n x j is
nothing butdnjorminuskblnnjbyndnjiswhatyou will get right. Now, remember
n j sum of n j by n has to be 1 because this is because x 1 plus x 2. So, write n j by nis xj
that is all. So, basically n j by n equal to mole fraction x j and sum of x | for over all
components j equal to 1 to r j equal to 1 to r equal to 1 right. So, that is that. So, now, what
you get is.
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So, you have aminus kb Innjbyndnjthat iswhat you gotasds. So, d s is that right.
So, d s equal to. So, this is what we have established now d s equals to minusk b Innj
by nd n j. Now, you assume an isolated system why because | am now going to basically
look at how this extremization principle how the thermodynamic equilibrium principles
right what right energy minimization or entropy maximization right d s equal to 0 basically
gives you for an isolated system d s or for an isolated system d s equal to O gives you the
extreme of that right and d 2 s less than 0 basically tells that entropy is maximized and as
we know that entropy maximum principle or energy minimum principle right entropy
maximum principle is always valid when you are talking about total internal energy is
fixed right it cannot change right that is what exactly | have written here total u and total
n cannot change right u is basically if you have this different energy levels.
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So, if you have different energy levels like energy of level j is epsilon j then if you have
like n n 0. So, if you have say for example n 1 atoms of type 1 in say energy level epsilon
1 similarly n 2 atoms of type 2. So, each type is distinguishable from the other right of
type 2 in epsilon 2 and so on then total u is nothing but epsilon j n j right where epsilon j
is the energy of level j right. So, now if you have d u d u is basically epsilon j d n j right it
is epsilon jd n jequal to 0 sincen jd epsilon jequal to 0 why epsilon j is fixed right the
energy of j th level is fixed energy of epsilon j which is energy of j th level that cannot
change right for each level the energy is fixed this is fixed or constant. Now if this is fixed
then n j d epsilon j has to be equal to O right now you have then you have d u equals to
epsilon j d n j which is equal to summation of epsilon j d n j which is equal to 0 and d n
equals to so d n which is equals to because d n is n is basically n some n j so d n is nothing
but some d n j which is again equal to some d n j has to be equal to 0 why because n is
constant total n cannot change and total u cannot change so this is also equal to 0 so now
let us understand the so as we know from our thermodynamic macroscopic or
phenomenological thermodynamics that for s of an isolated system at equilibrium d s has
to be equal to O apart there are constraints here d s equal to O for fixed energy fixed energy
means now | can write fixed energy as if | think of fixed energy fixed energy means d u
equal to 0 is the constraint and also fixed mole number right mole number of the species
right how many let r species be there but the total mole number is constant that cannot
change so because it is an isolated system so you are telling d n equal to 0 and d u equal
to O are the constraints and d s has to be also equal to O for the systematic equilibrium for
the isolated systematic equilibrium d s has to be equal to 0 that is the first condition right
extreme on condition is the first condition so d s has to be equal to 0 but these constraints
are also there that d u the total energy is fixed that means d u equal to 0 and d n equal to 0
now use a technique which is called a Lagrange multiplier technique so where you are
telling that d s plus with these constraint that d n equal to 0 so this we are replacing with
an alpha d n and beta d u where alpha and beta are Lagrange multipliers and we will try to



find out quarter alpha and beta right so this is your equation if you use the Lagrange
multiplier method you have d s plus this constraint equations are there right this is like
Lagrange multiplier times the first one of the constraints like d n equal to 0 and another
Lagrange multiplier times the another constraint that is d u equal to 0 now if you write that
then basically you already know what is d s right you know already this so you are using
this d s so as you know that is only so you have I n n j by n d nj right that is what the
minus kb lnnjbyndnjso this is nothing but your d s and this is nothing but your d n
and this is nothing but your d u right so if you have that as you can see all of them have a
summation of j right and j basically tells you the different species right
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so the entire term all these terms I can club together with this d n j because it can be like
dn 1isindependentd n 2 is independent like that only one dependent component right d
n 3 is independent and such that the sum of all these different species add up to the sum
of mole numbers of all these different species add up to n so if | have this | can write it
separately like some j and inside some | am writing minus k b I n so as you can see minus
kb1 nnjbynrightthat is for each j this expression works right minus k b I nnjby n plus
alpha plus beta x n j d n j equal to 0 so now if it is yeah so this means that means for each
J for each species this equation holds right minus k b this equation holds for each species
right so whether jis 1jis 2 jisrright these are different species right so if that is so then
kb Innjbynequalsto alpha plus beta x n j right alpha plus beta so because this is minus
so | am taking it on the other side then it becomes and | rewrite so I getk blnnjbyn
equals to alpha plus beta x n j so now if I write so we can now rearrange | can take k b this
side and if | say take k b this side it becomes alpha by k b and beta by k b of sin j so n j by
nif I tell njbynnjisthe number of mole number of species j and the ratio of mole
number of species j to the total mole number or total number of atoms right total mole



number is n so n j by n is nothing but x j right which is equals to e to the power alpha by
k b plus beta by k b of sin j but still I don't know what is alpha what is beta right now as
you know that e to the power a times e to the power b is nothing but e to the power a plus
b right and since you know that you can write this as n j by n equals 2 so what | am doing
is this summation | am separating it out | get e to the power alpha by k b there is one term
e to the power beta epsilon j by k b that is something now you see as you can see that
summation n j by n is equal to 1 right so that means if I do summation of n j by n is equal
to 1 so similarly here the summation so | have written i but if you whether | write i or j as
the initial index it does not really matter right so | can write x n jand I can put j if you
want if you insist | can do that but you can also use i right whether I am using i or j it does
not matter because it is an index so x n j and e to the power j equal to 1 right to be consistent
| have used the same index this index notation j right so if | use the same index j what |
get is e to the power alpha by k b times e to the power beta epsilon j by k b equal to 1 when
it is summed over all the j species right or we can write e to the power alpha by k b see it
is independent of j right it has no j so e to the power alpha by k b | can take it out of the
summation sign which is basically nothing but 1 by summation again | can just for
consistency so that you do not get confused | can use j here and write j here right so this
is what is established right e to the power alpha
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but still I do not know what is beta what is alpha but now comes here so we define some
partition function ok we define some partition function which is number of you will let us
see that is basically again the number of the probability of finding an accessible microstate
so this p and this is sum over all i as you can see or all species right so basically again |
am using i here so | have been using so j or i does not really matter right so | have used i
here so summation over i equals to 1 to r e to the power beta i epsilon i by k b right so that
is the thing so if you see this is if you got alpha by k b which is 1 by p right son j by n
because if you got alpha by k b into e to the power beta epsilon i by k b which is basically
1 by p because if you got alpha by k b is 1 by p right according to this relation this relation
so 1 by p e to the power beta epsilon i by k or beta epsilon j by k so if itisnjbynsoso |
am using n j by n so we have to be consistent left hand side and right hand side the index
the notation the index that we use should be the same right if | use j on left hand side it



should be j on the right hand side but still 1 do not know beta now now comes the
interesting part so | am using here instead of z | will use this partition function I am using
a rotation which is basically like italicized d right that is your partition function and | have
defined partition function so it is just a function of these different states of energy right
these are all the accessible energy states epsilon i are the accessible all the energy states i
equals to 1 to r you have r energy states that are available so you have r energy states that
are available right so this is something that we have to understand here so when | tell
epsilon j epsilon j is the energy of this different levels of energy right you have say r levels
you can have any number of levels and you have this many levels of energy right so if you
have this partition function okay if you have this partition function which is basically e to
the power beta epsilon i by k b you just think of this as if you think of this here so you
have this equation this equation yeah this equation so this is the equation that | was talking
about so you have this equation where ng by n equals to e to the power alpha by k b e to
the power beta epsilon j by k b and | am defining e to the power beta epsilon i by k b
summation over i equal to 1 to r as my partition function right as my partition function |
will give the significance of partition function you will see soon see later the physical
significance of that so now if you see that you have ds equals to minus k b means | am just
rewriting it In 1 by p e to the power beta epsilon i by k b d and i now be very careful here
yeah so now basically you can write this as minus k b beta epsilon i by k b because this is
alnof 1 by psolnoflbypisminusIn prightand because In of 1 is 0 and In of e to the
power beta epsilon i by k b is beta epsilon i by k b itself right logarithm of if | take the
natural logarithm of e to the power X is basically x right so basically that's what | have
written so beta epsilon i by k b and this is d i now

So you can see here if | rearrange a little bit you will see the k b k b cancels so you have

you have and there is a dni here are you seeing that so here there is a dni here so the ds
right ds was expressed in terms of dni so | am using that ds is expressed as in terms of dni
so if | do this little manipulation what I will see is this this is k b and this is k b so this go
on so basically k so this becomes minus beta epsilon i dni and then k b In p right there is
an In p mu so why because there is a minus sign here is minus sign so plus k b In p
summation dni so which is basically equals to so epsilon i dni is nothing but du right you
remember so it is basically du and summation dni is nothing but dn so you see you can
write this as ds equals to minus beta du plus k b In p d that p is the partition function and
partition function is defined as d to the power so basically it is a summation right this is a
summation over all the energy levels beta epsilon i by k b In.
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Now so you got a equation a fundamental equation in terms of particles right distribution
of particles in terms of distribution of particles in the fundamentals levels we have got now
a microscopic description of change in entropy right in terms of partition function so
instead of using z I will use p here okay so Inp kb In p dn and ds equals to so note that
here | am using a p | will tell you why | am not using z in fact you can use z some people
use z in books but when we use z as the partition function there is some other concept
called ensemble that I will come to okay so here | haven't yet given the concept of ensemble
but only thing that | have given is there are discrete energy levels which are occupied by
particles of different kinds right so particles can occupy different energy levels and the
different energy levels have different discrete energies like epsilon 0 epsilon 1 epsilon 2
and based on that | have defined the partition function right so instead of using a ensemble
averaged energy so | will come to what is an ensemble microscopic ensemble I am
basically giving you this idea but it is actually equivalent these are all equivalent the
definitions are all equivalent is what you will see so this what I have established now just
by doing a little bit of algebra is that there is a microscopic fundamental equation where
ds is expressed in terms of s is so where ds again is an exact differential and it is written
in terms of du and dn right so s is a function of un remember we haven't used v here
because so this is a first approximation so we haven't used any term that represents dv so
but all said and done if we just use this so this basically tells you that s is a function of u
as well as n right and it's also has a coefficient of minus beta and in this case it is kbln p
now macroscopically we know that ds equals to 1 by T du right we have done this several
times you can also from the combined statement of first and second laws you can also
derive it right and you will see that del s del u is nothing but del u del sis T so del u del s
is T but del sdel uis 1 by T and then del s del vis p plus d by T and del s del n is minus 1
by T right we have we can also derive it from here so that is coming from the macroscopic
description of phenomenological thermodynamic description now if you compare the



microscopic and the macroscopic description of the macroscopic form of the fundamental
equation in the microscopic form right of these two equations where this is also ds this is
also ds the same ds is what we are talking about for an isolemic system now if you can see
beta basically becomes as you can see minus beta is 1 by T or beta equal to minus 1 by T
and minus mu by T is kbIn partition function right kbln physically size p so kb logarithm
of the partition function and mu is nothing but minus kbt minus kbt In right if minus mu
by T is this so mu becomes minus kbt In p right so p is now basically becoming as you can

see here is the the partition function the partition function that we define is now now
instead of beta | am putting minus 1 by T so this becomes minus epsilon i by kbt right
minus epsilon by kbt so ni by n that is the number of species the mu is the number of
species that is the number of species i related to the total number because 1 by p right this
p is partition function e to the power minus epsilon i by kbt right now since | know beta |
can also find out we know alpha right we also know the partition function in terms of the
energy levels right in terms of the in terms of the discrete energy levels or discrete energies
that this particular particles can occupy right it can occupy different types of energy levels
like like epsilon 0 epsilon 1 epsilon 2 and so on and so forth right these are discrete energy
levels that a particle that the system of particles can occupy right it so I will show you how
it is connected to the ensemble definition in statistical mechanics so now all of these things
have been established so S is minus k B ni In ni by n which is basically coming to B so
here which is basically coming to B k B ni In ni by n so minus k B ni In 1 by so this would
be 1 by p it would be 1 minus epsilon i by k B T so if you if you if you just follow this if
you follow that derivation you will see you have ni and then there is epsiloniby k B T
and In p and if you look at this if you you will see k B times ni In i epsilon i epsilon ni
epsilon i is uso you have 1 by T uand k B k B cancels so 1 by T u plus k B In partition
function summation of i ni which is basically now summation again over all different kinds
of species this is equal to T so this becomes S equals to again | am writing u by T plus k
B n and see if n is Avogadro number then k B n is nothing but R In this is right this is and
p is basically sum of e to the power minus epsilon i by k well epsilon i is an energy that is



accessible by the particles right it is a and it is summed over all i's that are possible right
these i's are the different discrete energy levels that the particles in the system can operate
now as you know that the particles in the system you know S as a function of u by T and
all so basically F as you know is Helmholtz free energy right this is Helmholtz free energy
F equals to u minus T right it is u minus T so then S is this right S is this this is what | have
we just proved right now
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you can just express F right you can express F so it is minus u minus T and this is the S
definition so this becomes minus n k B T and p and again this p this partition function is
very important because partition function is basically giving you the number of accessible
the sum the number of all the accessible microstates right for a given for the most probable
macrostate so as a result p in some so this basically gives you this partition function is now
giving you the connection between see physically n k B n k B is R right which is gas
constant and when n is our number T is temperature F is Helmholtz free energy these are
all phenomenological F is phenomenological n is phenomenological T is also but p p is
coming from the distribution of particles right distribution of particles in the across
different energy levels right so it is like probability of finding a microstate so it is like you
can think of this as a probability of finding a given microstate right so I will come to that
it is not exactly the probability it is basically the sum of all the accessible microstates. So
now you have d F which is minus is T minus p dV plus mu dn right we have done it we got
it from previously right we have derived it we have also shown that F equal to minus T S
and F is basically using the conjugate variable T right S instead of S we are using the
conjugate variable T and we have also established that for there we can write d F is this
right and therefore S is nothing but minus del F del T V n right V n n. So first of all F |
got a connection now F which is a permanent potential defined phenomenologically right
we placed on mu minus T S now we got a relation with the partition function. Similarly |
got S and S again can be written as n K B In p right again this p don't confuse this p so
plus n KB T del In p del T. Okay so and then from here we can basically write so u equals
to F plus T S right from the definition so we can write in you will get thatitisn KB T



squared how because you have F plus T S you know the F right you know F and that is
what | have written and then you have T S right and that we have also written and see all
of all process p or partition function right which basically gives you the microscopic
description of particles arranged in different energy levels.
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So similarly I can get del C V which is del u del T V which again I get from here so once
I know the partition function of a microscopic system right which contains a large number
of particles we basically get all the phenomenological or macroscopic thermodynamic
quantities based on this partition function. So now it becomes very very useful that to now
it becomes very evident that these are all connected so in all derivations we are using
discrete energy levels epsilon i that are accessible the particles right and that is where
partition function comes it is the sum of e to the power minus so it basically gives you
some sort of a distribution a probability distribution of finding this different accessible
microstates ok which are occupying this discrete energy levels. Now as you know our
distribution so this is something that we have to understand and we have established every
time so this is like you have a distribution of n 1 atoms of type 1 n 2 atoms of type 2 and
n r atoms of type 3 right so there are such say total n particles and you have n 1 particles
of type n of type 1 n 2 particles of type 2 and n r particles of type r and all of these particles
are occupying discrete energy levels epsilon i right and with the fixed so remember when
| am talking about this distribution of particles we are telling that we have to describe that
ok so this is one microstate so basically 1 am telling n 1 so | am telling for example n 1 n
2 n rthey are occupying this epsilon 1 s n 2 and so on and so on and so on and so on and
S0 on so it can be epsilon whatever how many energy levels are there say there are 100
energy levels so these cannot apply so such that the total u does not change so this basically
gives you this basically gives you this distribution that this many balls in this box and this
many balls in this box defines a state or a macrostate right so this ¢ is a macrostate for a



given u or for a given volume right a distribution of particles across discrete energy levels
with that fixed total internal energy basically defines a macrostate this is something that
we have to understand very clearly so there are many possible microstates which
correspond to this given macrostate right so basically exactly that's what we have
established before right you can have like if you have 4 distinct balls and you have 2 boxes
then 4 balls in box number 1 box level as 1 and 0 balls in box level as 2 is a macrostate
and to achieve that there is one corresponding microstate however 2 balls in 1 and 2 balls
in 2 that is in 2 that gives you 1 macrostate but it corresponds to several microstates right
and as number increases as the number of energy levels increase as number of particles
increase there are very large number of microstates that are possible right associated with
n particles causing the same energy u however those we have to see which macrostate is
most likely right and which omega is the maximum so that that macrostate for that
corresponding to that macrostate all microstates are possible right you can have different
microstates corresponding to a single macrostate but the macrostate that is most likely is
the one that will maximize the entropy of the system.
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So remember all this is this is one important thing that we have to also note here that all
accessible microstates for the with the same energy right so all microstates are equally
probable right whether it is A B in first box and C D in the second box or if itis C D in
the first box and A B in the second box they are equally probable if they are microstates
corresponding to the macrostate with the fixed so corresponding to a given macrostate
now here the given macrostate is quantified by what by a fixed total internal energy right
so once | have fixed the energy u then | have told and | have told that this is the total
number of particles n and now there are various ways by which nl particles can occupy
epsilon 1 n2 particles can occupy epsilon 2 and so on right so the total number of
microstates so basically we will describe the so if you have the maximize maximum
number of microstates will be the most probable will give you the so if you know the total
number of microstates so total number of microstates very very large right if you have say
R energy levels R energy levels and you have say n particles then the total number of
microstates possible are generally R to the power n right where we are telling that all
particles can any particle can occupy any of the energy levels right that are available right
now see if the total number of microstates is very large but the most probable macrostate



will have the greatest number of microstates so there can be different states of a system
that is defining the macrostate so for each macrostate there will be some number of
microstates now that macrostate which has the maximum number of microstates is the one
which will determine the entropy of the system that macrostate that will have the maximum
number of microstates is the one or is that which will determine the entropy of the system
and that is Boltzmann's Hypothesis right
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so that's why he wrote that S equals to K B In omega right so this omega now you see
some here it is written as omega and some books also write it as ZMC where MC is called
a micro canonical MC corresponds to micro canonical ensemble now you will see what
does this mean right so I will come to that so it is only thing this omega or ZMC that you
have this is the partition function for a micro canonical ensemble the physical meaning is
that the omega or ZMC whatever name you give it is basically giving you the total number
of accessible microstates because omega corresponds to omega max right that is the one
which is most likely now this ZMC or omega right so this is the same ZMC is same as
omega and that basically gives the total number of accessible microstates why | am using
these two notations because there have been because if you look at a statistical mechanics
book then most of the times they will use this notation of Z okay instead of omega okay
so as a result | just to to to to to give parity | am telling that whatever different notations
are used | am using both and I am just telling that this is the same right but here this MC
stands for micro canonical ensemble what does this mean | will just come to that so what
is macroscopic thermodynamic property this is also we have to understand there is average
of properties over all temporal microstates of the system for a given macrostate so
macrostate and state are the same right we have talked about that so average of the property
S0 you have but one macrostate corresponds to a many number huge number of microstates
right and each of these microstates can appear at some instant of time right so this this if |
take this temporal distribution of all the microstates and for each microstate | have a
property and | take an average of that of that property and that average is going to give me
the value of the macroscopic thermodynamic property right that's the idea so see this is
another thing when we look at the statistical thermodynamics we are talking about number
of particles that is very very large right very large so so if the number of particles is very
large number of identical systems with the same set of thermodynamic parameters which



can be number of moles or volume or temperature or pressure or some chemical or fixed
chemical potential or internal energy that also will be very large so basically if the number
of particles is large number of identical systems basically identical in terms of the
macroscopic thermodynamic properties so identical system or identical system simple
state so if the number of particles is very large then the identical systems or identical
systems that will have the same set of thermodynamic properties will be very large and
this collection of large number of identical systems is called an ensemble right so it is
basically given by Gibbs the definitions came by Gibbs so collection of a large number of
identical systems which are the same thermodynamics same set of thermodynamic
parameters this is like the same set of thermodynamic parameters this collection of large
number of identical particle systems is called an ensemble. So one of the ensembles that
we have talked about and the easiest ensembles that we talked about means easiest to
understand is the one which is micro canonical ensemble where micro canonical right so
this is the MC that we talked about right so we will find something called ZMC which is
nothing but.
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So this micro canonical ensemble tells you what it tells you isolated so it is basically an
isolated simple system with constant internal energy U and constant volume V and constant
number of particles N. So it is so a micro canonical ensemble points to an isolated simple
system with a constant internal energy U constant volume V and constant mole number a
constant number of particles N right so what can fluctuate U you cannot U is fixed V is
fixed and N is fixed so this T can fluctuate pressure can fluctuate chemical potential can
fluctuate in each system as well as from system to system right from one system to the



other chemical potential can fluctuate pressure can fluctuate temperature can fluctuate
right so this micro chemical ensemble is characterized by the partition function ZMC
which is nothing but omega in Boltzmann hypothesis right KBLN omega. Now canonical
ensemble canonical ensemble is where we fix the temperature so our collection of closed
simple systems remember here it was a collection it is an isolated system right cannot
exchange energy or matter with the surroundings right energy exchange is also not
permitted but here we are talking about fixing the temperature then immediately we are
talking about a reservoir right so there is a reservoir so what we are doing is canonical
ensemble is the one in which a collection of closed simple systems bounded by a thermal
reservoir at constant temperature T right it is bounded it has to be bounded by a thermal
reservoir at constant pressure T constant volume V and constant mole number of particles
N but you see here the internal energy the pressure or chemical potential they can vary in
each system from system to system so mu can vary P can vary U can vary but T cannot
because T it is in the system is in contact it is a closed system in contact with the thermal
reservoir right so this is what is called a canonical. And then you have the special type of
ensembles which are used for determining many a times to determine phase diagrams so
these are called grand canonical ensembles so grand canonical ensembles are one those
are open system simple system that means mass transfer is permitted that means particles
can come in the number of particles can increase or decrease right these are the variable
parameters U P as well as N but what is fixed is mu see it is having a thermal reservoir as
well as a chemical reservoir chemical reservoir means it will have the same chemical
potential as the system right so fixed chemical potential fixed volume and fixed
temperature but you can vary P can vary and N can vary and this becomes very very
interesting and important when you have multi component system because | can fix the
chemical potential and | see that how many particles are getting how the particles are
getting distributed and based on the particle distribution of different species particles of
different species how they are distributed we can basically arrive at phase diagrams ok or
phase stability diagrams in multi component systems. So there is also this so as | told you
so this each of these have a we define some partition function to characterize this
ensembles right I am going very | am going to go very fast here because | do not want to
spend a lot of time here what | have established here is that with this partition function
known ok which basically gives you some sort of the total number of accessible
microstates right so in the micro canonical ensemble it is the total number of accessible
microstates with the same energy U same volume V and same number of particles N right
so if | fix the energy if I fix the volume and fix the mole number then the number of
accessible microstates is given by ZMC right that is partition function and as | told you
once you define this partition function you can by the way the partition function that we
defined that P is a partition you will soon see that this very similar to the partition function
that is used for canonical ensembles right so ZMC is omega which is the micro-calculable
which is total number of accessible microstates so omega or ZMC both give you the total



number of accessible microstates which have the same energy U same volume V and same
number of particles N and probability of accessing this ith microstate is given by 1 by so
it is a reciprocal of the partition function the probability is just the reciprocal of this
partition function right so we can write S the same thing this is this is nothing but
Boltzmann's hypothesis.
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So as you can see here we can write you have this dS so the same S and dS is 1 by TdU
V by TdV and we have already done that we have established this so basically now we
can basically write everything in terms of the ZMC or partition function and that partition
function gives you the connection between the particle or atomistic description of matter
and the phenomenological description of matter which is basically given by the
macroscopic thermodynamic parameters. Okay so similarly we can do this canonical
ensemble so as you can see you talked about we just before that we talked about P right
what we told is P is the particle or atomistic where epsilon i is the energy of the ith energy
right here also we are talking about these are nothing but the energy of microstate right so
this is like these are they are basically equivalent right they are basically equivalent only
thing | just want to tell you that the same thing basically however this Ui is energy of
microstate i okay that microstate contains has a collection of particles and these particles
are so basically instead of talking about a single different energy levels what | am talking
about is like you have Ui is energy of microstate i which can have say n1 particles in means
which can have some particles in energy level epsilon 1 and energy level epsilon 2 some
other particles so basically Ui and epsilon i are basically one and the same right they are
basically one and the same and now if you have that then the probability of finding the i
th microstate is basically given by this right which is minus beta Ui by z ¢ right and you
can basically write U as del In z beta right so and beta is 1 by k beta so you can see that
you can go through that I am not going to discuss all of these in detail but what | am trying



to say is that once you have this established you get back you can basically go from
particular particle based description to the macroscopic description and come back from
there so that is possible so we have this very special ensemble that is the grand conical
ensemble which is also based on this grand potential which we have not discussed
previously so grand potential is the same it is one thermodynamic potential so we go into
the macroscopic thermodynamics which is basically given by so for example G is H minus
TS Fis U minus TS or right so there are these different thermodynamic potentials that we
can define right where we are replacing where we are doing the Lagrange transform that
S equal to VN we are basically writing as F equals to some so we are trying to replace so
U is VN say for example | have U S VN and from there | can goto G T P N right where
S is replaced by the conjugate variable T and V is replaced by the conjugate variable T
right so G is basically H minus TS or U plus PV at this energy minus P S. So this is the
way we are going to do it. Now similarly I can write a grand potential where | am replacing
N by its conjugate variable which is mu right so phi is U minus TS minus mu M which is
also given by Landau free energy omega so this d phi is basically minus V d phi minus S
d T minus N d mu so note that it is minus N d mu and where dA dU is dDS minus V dV
plus mu VN so it in phi is a Lagrange transform of U where N is replaced by slope right
where which is basically mu. Slope with respect to the so U del U del N right del U del N
if we fix S and V so is basically mu.
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So N goes to mu and S goes to T so this is the relation that | wanted to tell you so you
have U as a function of S VN but here phi as a function of T V so S has been replaced by
T right so here the Lagrange transform is replaced S is replaced by T and V remains V and
N is replaced by mu right so minus S is now if | write in terms of grand potential so minus
S is del phi grand potential del phi so this phi is special right we have this sign so the way
we write the grand potential energy is this right so this is one notation we can use different
other notation so minus N as you can see it is the derivative of the grand potential energy
with respect to mu and that will give you N and that is why it becomes very very useful
when it comes to understanding or evaluating or obtaining phase diagrams right. So when



we write ZZ or this ZZ is nothing but the grand potential partition function so grand can
also be partition function ZZ is the partition function means it is called grand canonical
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you see that here there is minus phi i right instead of minus U i you have minus phi i by k
B T right here so minus phi i by k B T and which is basically can be written as U i minus
mu N by k B T right and where phi is phi can be written as again this grand potential phi
can be written as minus k B T and then ZZ right so this is what | just want to talk about
that so and as you can see probability of appearance of microstate i you can write S right
we have already established this like S equals to minus R sum x i In x i so similarly I can
write minus k B pi In pi where pi is the probability of appearance of microstate right and
pi isolated is basically given by 1 by ZMC pi close is given by e to the power minus u i by
k B T by Z C right we have we have established all of this so now you have say a two state
system so this is some application so if you have two states like two two energy levels are
there
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so basically you have energy level epsilon 0 and epsilon 1 then P as you can see you have
only two energy levels epsilon 0 and epsilon 1 right so N 1 by N so if you have N 1 that is
coming to so N 1 by so total number of particles is N ok where N 1 particles are going to
epsilon 0 right and N 2 particles go to say epsilon 0 epsilon 1 now the first of all the
partition from summation will have only two terms right which corresponds to epsilon 0
and epsilon 1 right so this is for a two state system now if you have that you know how N
1is related to the total number of particles and N 2 is related to the total number of particles
if you know P right where P is given by this right which is basically the same as Z m's
now once you know that you can use the so if once you know that you know the F F is
minus N k B T N L P right and P is the partition function here grand chronicle particle
function now if you take 7 0 is epsilon and epsilon 1 is 2 epsilon basically you can use that
and you can get into very useful relations for example just by knowing the partition
function knowing the energy level so knowing the particle based description we can
basically get right see we just have a particle based description or atomistic description
and just based on the next description because there are two energy levels we can easily
get back the Helmholtz free energy internal energy entropy and C V and so on so for
example this is something that you can prove right you can prove in this two particle
system two state system not two particle remember particles is N but the energy levels
there are only two energy levels that are available now if the energy levels are like one is
epsilon the other is two epsilon then basically you can prove that C V equals 2 so basically
epsilon O here epsilon 0 equal to epsilon and epsilon 1 there are two so it is again for a two
state system for a two state two state system two state means it has two energy levels and
one is epsilon and the other is two epsilon then you can basically prove that right so this
is something you can think of doing by yourself and to understand exactly all the concepts.
Monoatomic gas we know for example argandian so these are all monoatomic gases and
they are all non-monoatomic gases and then you have for example for one particle state if
you have to define for one particle then you have to give its mass right for one particle you
have to give the mass and the positions the position coordinates and the velocity
coordinates if you give mass and velocity coordinates basically you give the momentum



coordinates. So you have if mv x m vy mv z are the three momentum coordinates along
x y and z and you have also this x y and z right these are the position coordinates. Now
once you have that you can basically write the energy for one particle is half m v square
which is half m v x square plus v y square plus v z square ok.

So this is for one particle. Now you can think of the gas as a container I x I yand | z is at

the dimensions of the container but the velocity can go anywhere between minus infinity
and plus infinity right. vy also can go anywhere between minus infinity and plus infinity
as long as it is finite and again v z also is that. So then if | want to establish the partition
function if you are canonical so this is the canonical partition function right z and c or p
then basically right this is a canonical partition function. So this is the canonical partition
function if the power minus epsilon by k B T right and but you have these integrals now
you have d v x plus there are six variables rightdvxdvydvzdxdydzright.
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So now if I do this so you have say for example you have so the dimensionsare I x Iy | z
but the velocities can go from minus infinity to infinity minus infinity to infinity and minus
infinity to infinity right but the dimensions are from 0 to |1 x 0 to | y and O to z this is the
partition function and here what are the energies we know for one particle one one energy
IS minus m v x square by 2 k B T and then minus m v y so basically half m vy square half
right and you have epsilon by k B T and epsilon as we know is half m v square which is
this right. So again we are not considering any other interaction energy so we are just
considering the so this is for a monoatomic and you can see we can think of this as a let
us continue let us continue then we will see what is so basically you are looking at only
the translation of kinetic energy right. So if I do this if | do this what | get is e to the power
minusmv x squareby 2k B T dvxandthisisdvxthisisdvydvzand this part of the
integral is nothing but the volume right it is | x times | y times | z right which is basically
the volume of the container right in which the gas is enclosed. Now this part is the
interesting integral where the integral goes from minus infinity to infinity is an infinite
integral right with the limits at minus infinity and infinity to infinity. Now if you see if
you if you if you write this is called a Gaussian integral right you have seen the Gaussian
functions normal functions so you have like e to the power minus a X square d X the the
minus infinity to infinity the answer is root pi by a right a is the coefficient.
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Now here the coefficient a is nothing but m by 2 k B T so minus e to the power minus m
v x square by 2 k B T d v x is nothing but root over of 2 pi k B T by m. So the partition
function becomes v times 2 pi k B T by m right root over and then again this is for the x
component then for the y component as well as for the z component so you get 2 pi k B
T by m to the power 3 by 2 right 2 pi k B T m to the power 3 by 2. So basically now if |
have this expression | can take logarithm on both sides | get I m p equals to I n partition
function equals to or logarithm of the partition function equals to logarithm of the
volume plus 3 by 21n2pi kB by mplus3by2Intright. So now we can basically
write u which is basically n k B T the | n partition function del t right we have proved
this already so which is basically n k B T square into 3 by 2 1 by T so it becomes 3 by 2
nk B Tor3by2soor3by2you can write if n is Avogadro number 3 by 2 r t right and
this becomes | have write correct 3 by 2 r t u is you please check this | think what we
have done is correct so 3 by 2 rt so and c v then is basically nothing but 3 by 2 r right so
| have u v ntsquare and there isatsotand tsquare cancels so itmakes3by2nkB T
so3by2nkBT or3by2rtandcvis3by2ryeah. So you please have a look at this
and so this is in graphs and it can be applied many in many places again for lag media
and absorption isotherm when I discuss that I will again bring back this concepts of the
statistical concepts and statistical thermodynamic concepts and we will use this concepts
to for many for deriving many useful relations which describe the fundamental
properties or thermodynamic properties of materials whether it is a polymer or whether it
is a say for example particles getting absorbed or absorbed on a surface so all places you
can basically use this connection and what we have established here and in a very simple
terms and very rudimentary way is this is not a course on statistical mechanics but it at
least gives you the idea how you can relate the macroscopic or phenomenological
thermodynamic quantities with the particle based description and as you can see we
derived this partition functions we understood what this partition functions are and we
have used this and we have seen that this basically gives you the same results that you
obtained in macroscopic components right.



So into that again the same thing you please pass on comments there may be some
places where | have gone too fast so wherever there is some doubt you can basically give
me this comments | can try to work on them and try to explain all this concepts. Thank
you so much. Thanks.



