Electronic Properties of the Materials: Computational Approach
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Lecture: 25
Band Structure in 2D and 3D
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import numpy as np

import matplotlib.pyplot as plt
kx=np.linspace(-np.pi,np.pi,100)
ky=np.linspace(-np.pi,np.pi,100)

X,y = np.meshgrid(kx,ky)

2z = X**2 + y**2 #tvaluating function on a grid &~
ax = plt.axes(projection="3d")
ax.set xlabel("$k xs", fontsize=20)
ax.set_ylabel("sk ys", fontsize=20)
ax.set_zlabel("Energy", fontsize=20)
ax.plot_surface(x,y,z, cmap=plt.cm.gnuplot)
plt.show()

27 L
%; 2D wave vector: k = (ky, k,)

L e v
o Energy is a quadratic surface: e(ky,ky) = o (k2 + k2)

o Energy dispersion relation: & =

Hello friends we already have learned about different representations of band structure in one
dimension using nearly free electron model. In this lecture we are going to learn about plotting
the band structure in 2 dimension and three dimension. Let us start with 2D free electrons
energy dispersion relation is e is equals to h cross square k square divided by 2m where k is a
2D wave vector having 2 components k x and k y energy is a quadratic surface in k space given
by e is equals to h cross square by 2 M k x square + k y square. Taking h cross square by 2 M
is equals to 1 I define energy in this line of the code.
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imoort numpy as np
5 B import matplotlin. pyplot as plt

kx=np. Linspace(-np.pi,np. i, 109)
ky=np. Linspace(-np.pi,np.oi, 109)
X,y = np.meshgrid(kx, ky)
Z = x**2 + y**2 #Evaluating function on a ;rid
fig = plt. Figure(figsize=(7,7))
ax = plt.axes(projection="3d"

. ax.set_xlabel("sk 5", =20)
i ak.set_ylabel("sk_ys", fontsize=20)
-

ax.sat_zlabel("Energy", fontsize=20)
x.plot_surface(x,y,z, cmap=plt.cm.gnuplot)
oLt. show()

[ ] #Band structure along \Gamma-X-M-\Gamma
import numpy as np
imort matplotlis.pyplot as plt
k=10
ene =[]
def fn(ke, ky):
value = Kx**2 + ky**2
O return value
idx = 8.9
8 for 1 in range(109): #\Gamma-X
dk = np.pi / 100
N = ky = 9.9

25 completed at 6:17 P ® X

This is the code to plot the free electron energy in 2D. I take the range of k x from - pi to + pi
similarly range of k y is from - pi to + pi this line is needed to plot a function on a 2D rate |
define the energy in this line and the energy surface is plotted in this line let us run the code.

(Refer Slide Time: 01:49)
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o Energy: quadratic surface, but more common to plot £ vs. k curves
h2k2 |
2m

o Plot energy along that particular direction: e(k,,0) =
o But there are several directions: select ' - X — M =T

o Choice of path depends on symmetry

This is the EK diagram for 2D free electrons energy is a quadratic surface in 2D however it is
more common to plot e versus k curves. For example we can calculate energy along a specific
direction say k x direction. If we move along the k x line then k y is equals to 0 and energy is
given by e is equals to h cross square k x square divided by 2m in that case we get a curve

which is similar to the case of 1D.

However in 2D we can move along several directions like gamma 2x like gamma 2y like x 2m

etcetera. We select some particular path like gamma 2x that is from this point to this point then



X to M that is from x point to the M point and finally M 2 gamma that is from M point back to
the gamma point. And we plot E k curves along this selected paths choice of path is not arbitrary

but depends on symmetry.

For example in this case energy along the gamma x path is same as energy along the gamma y
path thus if we plot energy along gamma x we need not plot energy along gamma y. Similarly
energy along Y M path is same as energy along X M path. Thus if we plot energy along X M
path we need not to plot energy along Y M path in other words because of symmetry gamma
x and gamma y direction is equivalent. So, once we define gamma x we need not to define
gamma y direction separately.

(Refer Slide Time: 04:23)
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#Banc structure along \Gamma-X-pf\Ganma
inport nunpy as np
iport matplotlib. pyplo as pit
k=11
ene = ] (0,0)
def fn(kx,ky): r
e = k"2 + ky2
o K
ox = 0.0
for 1 in 100): #\Gamma-X
y = 6.6
o= 171606 * p.ps
k.zppend (idx) —
dx = idx + 0k A
5o ME 7{)
for 1 n range(100): #X-$4
ok = np.pi / 100 Ky
kx = np.pi
ky= 1/166 * np.pi
K.append (idx)
106 = 10X + ok —
; fl; 2 9
append (fn(ke,ky)) o _ 2
e e 0 ek, ky) = 35 (kz +y)
ok = np.sqrt 1/
Kx = np.pi - 17100 * - T
e e e }-5 o Along I'X: vary (kg ky) from (0,0) to (%,0) |
.2ppend idx) \
stk o Along X M: vary (s, ky) from (£,0) to (£, )
o Along MT: vary (k. k,) from (Z,Z) to (0,0)

This is the code to plot the band structure along gamma xm gamma line energy is given by e
equal to h cross square by 2m times k x square + k y square taking h cross square by 2 M to be
equal to 1 we define the energy in this line we have a user defined function which returns the
value of energy for a given value of k x and k y. To plot the EK diagram along gamma x k x k
y is varied from 0,0 to pi by a, 0. So, gamma point is 0,0 and this point is pi by a, 0 in this

portion we vary k x k y along the gamma x direction.

Then we plot EK diagram along XM direction where x is this point pi by a 0 and M is a point
pi by a pi by a. In this portion we vary k along the X M direction. Finally we vary k in the M
gamma direction in this portion of the code.

(Refer Slide Time: 05:49)



_ +0ode +Ted =y
Q) def flken: AVeoRBETE
QT value = ket & kyre2
return valug
idxk= 0.0
L for 1 in ranga(190): #\Gamna-X
d< = np.pi / 199
] ky = 0.9
k= 17190+ np.pi
K.append(idx)
idk = idx + dk
ene.append (fn(kx, ky))
for i in range(190): #X-M
dk = np.pi / 199
i = np.pi
ky= 1/199 ¢ np.pi
k.append(idx)
idk = idx + dk
ane.appand (fn(ke, ky))
for i in range(190): #M-\Gamna
dk = np.sqrt(2) * np.ol / 100
ke = np.pi - 1/199 * np.pi
Ky= no.oi - /199 * np.oi
k.appand (idx)
idk = ide + dc
133 enz.apend (Fn(kx,ky))
olt. ylagel ("Energy”)
=] plt.plot(k,ene)
plt.show()
=
: 05 compleed at 6:42 PM ® x

This is the code to plot the band structure along gamma X M gamma direction. This is the user
defined function which returns the value of energy for a given value of k x and k y this is where
we vary k x k y along the gamma x path and calculate energy along the gamma x path. This is
where we vary k x k y along the X M path and calculate energy along the X M path this is
where we vary k x k y along the M gamma path and calculate energy along the M gamma path.
Let us run the code.

(Refer Slide Time: 06:41)
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o Energy is a quadratic surface: e(k;,k,) = %(k‘% + k;)

o Plot ¢ — k curves along certain paths

o This is empty lattice approximation for free electrons in 2D

o k— paths are confined within the 1° BZ

o Because of symmetry, sufficient to plot € alongT' - X - M - T
o calong' = X and I' = Y is exactly the same

Energy is a quadratic surface in k space for 2D free electrons we plot E versus K curves along
certain paths for example in this case we plot along gamma 2x that is the line joining gamma
point and x point then from X to M that is the line joining X point and M point and finally from
M to gamma that is the line joining the end point and the gamma point gamma X M are high

symmetry points in the first Brillouin zone of the reciprocal lattice of a square lattice.



Thus this is empty lattice approximation for free electrons in 2D because we are introducing
reciprocal lattice in a free electron model. Note that K paths are confined to the first Brillouin
zone because of symmetry it is sufficient to plot EK curves along gamma to X to M to gamma
for example EK curve along the gamma x direction is same as the EK curve along the gamma

y direction. Thus if we plot along gamma x we do not need to plot along gamma y let me prove

this to you.

(Refer Slide Time: 08:29)
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#Band structure along \Gamma-X-S-\Gamma

import numpy as np
import matplotlib.pyplot as plt
k=11
ene = []
def fn(kx,ky):
value = kx**2 + ky**2
return value
idx = 0.0
for i in range(1€0): #\Gamma-X
dk = np.pi / 160
ky = 0.0
kx= 1/100 * np.pi
k.append(idx)
idx = idx + dk
ene.append (fn(kx,ky)
for i in range(160): #X-S
dk = np.pi / 160
kx = np.pi
ky= 1/100 * np.pi
k.append (idx)
idx = idx + dk
ene.append (fn(kx,ky)
for i in range(1€0): #S-\Gamma
dk = np.sqrt(2) * np.pi / 100

#Band structure along \Gamma-Y-S-\Gamma
import numpy as np
import matplotlib.pyplot as plt
k=11
ene = []
def fn(kx,ky):
value = kx**2 + ky**2
return value
idx = 0.0
for i in range(100): #\Gamma-Y
dk = np.pi / 100
ky = 1/180 * np.pi
kx= 0
k.append(idx)
idx = idx + dk
ene.append (fn(kx,ky))
for i in range(100): #Y-S
dk = np.pi / 100
kx = 1/100 * np.pi
ky= np.pi
k.append (idx)
idx = idx + dk
ene.append (fn(kx,ky))
for i in range(100): #S-\Gamna
dk = np.sqrt(2) * np.pi / 100
kx = nn ni - 1/100 * nn i

I'write 2 codes first one plots e k along the path gamma x M gamma the. Second one plots EK

along gamma y M gamma in this code we vary K along the gamma x path whereas in the
second code we vary k along the gamma y path. Then we vary along X M and along Y M.
Finally we vary K along M gamma and M gamma the energy values are calculated in this user
defined function for a given value of k x and k y.

(Refer Slide Time: 09:38)
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This is the EK diagram for 2D free electrons plotted along gamma X M gamma and this is the
EK diagram for 2D free electrons plotted along gamma Y M gamma as mentioned previously
they are exactly the same because of symmetry. Thus we can choose to show EK along either
gamma X or gamma Y. We do not need to show both gamma to X and gamma to Y and this
happens because X point and Y point is equivalent because of the symmetry of the square
lattice. Thus if we show EK diagram along gamma x we need not to show e diagram log gamma
y.

(Refer Slide Time: 10:35)
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#anisotropy
import numpy as np
import matplotlib.pyplot as plt
kx=np.Linspace(-np.pi,np.pi, 106)
ky=np.linspace(-np.pi,np.pi, 106)
X,y = np.meshgrid(kx, ky)
Z =0.25 * x**2 + y**2 #Evaluating function on a grid
fig = plt.figure(figsize=(7,7))
ax = plt.axes(projection="3d")
ax.set xlabel("$k x3", fontsize=20)
ax.set_ylabel("$k y$", fontsize=20)
ax.set_zlabel("Energy", fontsize=20)
ax.plot_surface(x,y,z, cmap=plt.cm.gnuplot)

plt.show() j
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o Plotting: ¢(k,, k) = ﬁ; (% ¥ %)

o Only way to justify such energy dispersion: mass of electron is 4 times |
heavier in one direction

@ Possible - we shall find that mass of electron is not constant in a solid!

Let us consider a case where energy dispersion relation is given by e is equals to h cross square
by 2 times k x square by 4 M + k y square by M clearly energy is not symmetric along k x and
k y energy increases slowly in the k x direction and energy increases rapidly in the k y direction.

How we can get such energy dispersion only way to justify such a dispersion is to assume that



mass of electrons is 4 times heavier along k x that is we can write this as h cross square by 2 k

x square by M + k y square by small m.

Where m is the mass of electron along the k x direction and small m is the mass of electron
along the k y direction and capital M is four times the small m. Is this just a toy model it turns
out that such dispersion is indeed possible and mass of electron is not constant in a solid. Mass

of electron can be heavier or lighter compared to free electron mass along certain directions in

a crystal.
(Refer Slide Time: 12:21)
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o Plotting: ¢(ky, ky) = % (ﬁ + i

o XT not same as YT (plot both of them)

This is the EK diagram along the high symmetry directions in the first Brillouin zone in case
of anisotropy because of anisotropy now gamma 2x and gamma 2y directions are not equivalent
thus we need to show EK curve along X to gamma as well as gamma to Y. Similarly M to Y
and M to X are not equivalent because of an isotropy and we have to show E versus K curves
along M to X as wellasM to Y.

(Refer Slide Time: 13:14)
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Band structure for 3D free electrons

#Band structure along \Gamma-X-M-\Gamma-R-X
import numpy as np
import matplotlib.pyplot as plt v
k=11 " T
ene = [] -
def fn(kx,ky,kz):
value = kx**2 + ky**2 + kz#*2
return value
idx = 0.0
for i in range(106): #\Gamma-X
dk = np.pi / 106
kx = 0.0 e S
ky = /100 * np.pi = | -
kz = 0.6 o

k.append (idx) .’_ L\ W2 1.9 ] 9
idx = idy + dk ° C(kg;.,ky,}mz) = %(kzﬂ-ky-l-kz)
ene.append (fn(kx,ky kz))

for 1 in range(196): #X-M o Along T'X(A): (0,0,0) to (0,%,0)

) )
dk = np.pi / 180 a

TR o Along XM(2): (0.7,0)t0 (7,5,0) |

ky = np.pi

ot o Along MT(Y): (Z,Z,0) to (0,0,0)

v
idx = idx + dk

Let us now plot the electronic band structure of free electrons in 3D using a python code. The
energy dispersion relation is equal to h square by 2m times k x square + k y square + k z square
I set h cross square by 2m to be equal to 1 and then calculate the energy using a user defined
function in the code for a given value of k x k y and k z the function returns the value of energy.

We have to plot energy versus K along gamma 2x this is known as the delta path.

In the code I vary K along the gamma x direction in this portion. Then we have to plot energy
versus K along X to M the line joining X to M is known as the set line in the code I vary K
along X M direction in this portion then we have to plot energy versus K along M to gamma
the line joining M 2 gamma is known as the sigma line I vary K along M to gamma in this

portion of the code.

This is followed by gamma 2 R and the line joining gamma and R is known as lambda finally
we plot E versus K along R to X and the line joining R to X is known as the S line.

(Refer Slide Time: 15:13)
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imoort aumpy as np
2

L imort matplotliv.pyalot as plt

def fa(kx, ky, kz):
value = Kx**2 + ky**2 + kz**2
return value

idx = 0.9

for 1 in range(190): #\Gamma-X
dk = np.pi / 199

L]
ke = 0.9
! Ky = 1/199 * np.oi
L K2 =0.9
E «.append(id)
ik = 10K + &
ene.apend (F(kx, y,kz))
for i in range(190): #X-H
dk = np.pi / 199
Kk = 1/109 * no.ol
ky = p.pi
kz=10.0
O K.append(1dx)
fdx = ide + dk
2 ena.anpend (f(kx, ky,kz))
for 1 in rang2(100): #M-\Gamma
L dk = np.sqrt(2) * np.pi / 109

v Os  completedat 1117 P ® X

This is the code to plot the band structure along gamma 2x to M to gamma to R to X this is the
user defined function where I calculate the value of energy for a given value of k x k y and k
z. This is where I vary K along the gamma x line and calculate energy along the gamma x line.
This is where I vary k along the x M line and calculate energy along the xm line. This is
followed by M gamma gamma R and R x let us run the code.

(Refer Slide Time: 16:08)
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Band structure for 3D free electrons
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0 elky by k) = qh—z(kz-l—k?,-kk?), plot £ — k curves along certain paths

This is the band structure of 3d free electrons plotted along gamma to X, X to M, M to gamma,
gamma to R and R to X. Note that gamma X, M and R are high symmetry points in the first
Brillouin zone of the reciprocal lattice of a simple cubic lattice. We are using reciprocal lattice
in case of free electrons and this is known as the empty lattice approximation K paths are

confined within the first Brillouin zone because of symmetry it is sufficient to plot energy



versus K along gamma to X, X to M, M to gamma, gamma to R and R to X. I have skipped
energy versus k plot along R to M path and this is left as an exercise for U.

(Refer Slide Time: 17:20)
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So, far we have plotted only one band in the EK diagram using python code. However in case
of 1D we have seen that all the bands are plotted in the first Brillouin zone in case of reduced
zone scheme how do we do it for higher dimension. For example take the case of 2D we have
plotted the band structure along gamma to X, X to M and M to gamma shown by the red lines
in this diagram. If we keep going along gamma x then we reach a point gamma + G and finally

reach a point X + G which is outside the first Brillouin zone.

How do we map the EK curves in these zones to the first Brillouin zone. Similarly if we keep
moving along gamma M then we reach a point gamma + G dashed and if we keep moving
along XM then we reach a point X + G 2 dashed and if we keep moving along this line then
we reach a point gamma + G 2 dash. How do we map the EK curves along these lines to the
first Brillouin zone let us learn that.

(Refer Slide Time: 19:13)
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In this diagram red lines are the actual E versus K curves we obtained from our code let us start
at this gamma point we draw a parabola which fits the red line along the gamma x direction.
The black region is the portion which is lying outside the first Brillouin zone we have to bring
it inside the first Brillouin zone. Next we draw a curve that fits the actual E versus K curve in

the X M region.

Now this black portion is lying outside the first Brillouin zone and we have to bring it inside
the first Brillouin zone then we focus on the other gamma point and draw a parabola that fits
the actual EK curve along the gamma M direction. Now this black region lies outside the first
Brillouin zone and we have to bring it inside the first Brillouin zone. If we keep moving along

the gamma x direction ultimately we reach another reciprocal lattice point,

Here we draw a E versus K parabola at this reciprocal lattice point and this black portion of the
parabola we bring it inside the first Brillouin zone. So, we can keep doing this and bring all the
EK curves lying outside the first Brillouin zone to inside the first Brillouin zone this is the E
versus K diagram for 2D free electrons in reduced zone scheme. The red portion of the curves

are energy for K paths within the first Brillouin zone.

The dark blue portion is the energy along X to gamma + G the green portion is energy along
gamma + G to X + G. The magenta portion is energy along m2 x + g 2 dashed the black portion
is energy along M to gamma + G dashed and finally the light blue portion is energy along M
to gamma + G dash.

(Refer Slide Time: 23:10)
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Can we validate with some real material?
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o Metals are generally body centered cubic (Fe), face centered cubic
(Al, Cu) or hexagonal close packed (Co, Ti)

a lInit cell and 15 Rrillanin 7one of face centered cuhic is shown

Let us try to understand how good is empty lattice approximation does it work for metals
where valence electrons are like free electrons or does the periodic potential have very
significant effect in case of metals also. Most of the metals we know are either body centered
cubic like iron or face centered cubic like aluminum copper or hexagonal close packed like

cobalt and titanium.

Unit cell of face centered cubic lattice and corresponding first below in zone and high
symmetry points are shown in the diagram. Let us plot empty lattice band structure along 1 to
gamma to X to u to gamma and compare with actual band structure of aluminum.

(Refer Slide Time: 24:18)
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Website on empty lattice approximation https://www.quantum-espresso.org/
http://lampx.tugraz.at/~hadley/ss1/empty /empty.php ‘ ZACTTTeT T

In case of a square lattice I showed you how to plot the band structure using empty lattice

approximation we can use the same principle and do it for a face centered cubic lattice.



Obviously doing it for a face centered cubic lattice is going to be much more complicated than
a square lattice. So, I am going to just show the result the first diagram from the left hand side

shows the empty lattice approximation for a face centered cubic lattice.

You can find the empty lattice band structure for different lattice in this website in the right
hand side diagram I show that actual electronic band structure of aluminium I calculated this
using ab initio package quantum express. So, details of the calculation is beyond the scope of
this course. So, let us just focus on the plot comparing the empty lattice and actual band

structure we find good qualitative match.

Periodic potential definitely has some effect but still the overall agreement is very good. In
conclusion for metals like aluminium nearly free electron model works very well the weak
periodic potential indeed modifies the empty lattice band structure to some extent but the

overall agreement is very good.



