Electronic Properties of the Materials: Computational Approach
Prof. Somnath Bhowmick
Department of Materials and Engineering
Indian Institute of Technology - Kanpur

Lecture: 21
Origin of Band Gaps Part 1

Hello friends we are going to continue our discussion on block electrons. In the previous lecture
we solved the energy eigenvalues of block electrons we found that unlike free electrons energy
spectrum of block electron is capped. We define band gap as the energy gap between the two
bands at the first billowing zone boundary. In this lecture let us try to understand the origin of
band gap in a 1d lattice.
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Remember what we discussed in basic quantum mechanics lecture if there is a potential barrier
part of the incident wave gets reflected and the rest is transmitted. In the lattice we are dealing
with barriers repeated periodically in space as shown in the diagram. Let us try to calculate
reflection due to the periodic potential.
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o Note that, if k > 0 and lying in 1% Brillouin zone, then k —b < 0
o ¢'® is the incident wave traveling from left to right in lattice

o ¢!k s the reflected wave traveling from right to left in lattice
o Ratio @ gives how much is reflected

o We have to slove for: ¢, ¢(j,p)

We expand the wave function in terms of just two Fourier components e power i kx and e
power i k - b x. Note that if k is greater than 0 and lying in the first below in zone then k - b is
less than 0 in that case e power i kx is the incident wave travelling from left to right in the
lattice e power i k - bx is the reflected wave travelling in the opposite direction of the incident

wave. To estimate how much is reflected we need to calculate the ratio of ¢ k - b and ¢ k and

for that we need to solve c k and c k —b.
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o We get two equations
> (Mop — E)C(k_b) + U =0

We are writing the Fourier series expansion of the wave function keeping just two terms e
power ik e poweri k - b x time independent Schrodinger equation is converted to a system of
linear equations in case of block electrons. Note that other than ¢ k - b and ¢ k rest of the

coefficients are zero because we have decided to keep only two terms in the Fourier series

expansion of sine.
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We get two equations and we have to solve two unknowns ¢ k - b and ¢ k. From the second

. . P _b_ e
equation we can write Ucy_, = (¢ — A;)c,which implies that CC— == m £ we also get the
k

energy eigenvalues of block electrons from the system of linear equations as given here.
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Now let us calculate this ratio from this equation we can write
1/2

Cr-b _ A-p — 2 n (Ak—b - /1>2 41
Cr 20 — 2U
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So, b tells us how much of the incident wave is getting reflected because of the periodic

Ck

potential. Now we write k is equals to b by 2 - delta k where delta k is the distance from the

first Brillouin zone boundary shown by the green line in this diagram, we are going to rewrite

this equation in terms of delta k. This is equivalent to changing our reference point in the

reciprocal space.

If we express in terms of k the reference point is the gamma point this one which is the origin

of the reciprocal space. If we express in terms of delta k the reference point is the first Brillouin

zone boundary shown by the green vertical line in the diagram. If we write lambda k - b in

terms of delta k then we get

h (b
Ak—b = Apj2-ak =5 (— + Ak)

2m\2

Similarly, we write

subtracting A,_, and 4, we get this term. So let us do that

Ao — A B2 ZbAk]
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Now we can slightly rearrange the terms and express C’;—_b in this form.
k
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o Plot for 3 different values of U

import numpy as np

import matplotlib.pyplot as plt

dk = np. Linspace(0,np.pi, 200)#Range of ok &=

Ul=-1 &

02=-13&

3= -1/9 &=

b=2.0*nppl &

plt.xlabel("sks")

pLt. ylabel ("$c_{k-b}/c ks")

fl=(2.0 /U1) * (2.0 * dk / b) + np.sqrt((2.6 / U1)**2.0 * (2.0 * dk / b)**2.0 + 1](—
plt.plot(b/2-dk, f1, label="U=-1")

f2= (2.0 /U2) * (2.0 * dk / b) + np.sqrt((2.6 / U2)*12.0 % (2.0 % dk / b)*12.0 + 1)é&~
plt.plot(b/2-dk,f2, label="U=-1/3")

3= (2.0 /U3) * (2.0 *dk / b) + np.sqre((2.0 / U3)**2.0 * (2.0 * dk / b)*2.0 + 1)
plt.plot(b/2-dk, f3, label="U=-1/9") .
plt.legend()

plt.show()

Using a simple python code let us plot this equation which tells us how much of the incident
wave is getting reflected because of the periodic potential. We take a to be equal to 1 and delta
k lies in the range of 0 and pi by a as defined here and b is equals to 2 pi by a as defined here
we plot for 3 different values of U, U equal to - 1 - 1 third and -1 by 9. The functions to be
plotted for three different use are defined here in the code.
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This is the code for plotting reflection due to a periodic potential. So, this is the range of delta
k we are going to find the reflection for three different potentials and the functions to be plotted
are defined here. So, let us run the code and see the output.
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Using a python code we have plotted the ratio of ¢ k - b and ¢ k. The green dotted line shows
the Brillouin zone boundary the blue dotted line marks the region where k is very close to the
Brillouin zone boundary. The purple dotted line shows the location of the gamma point. Now
we find that if k is exactly equal to the Brillouin zone boundary then there is 100% reflection

as shown here. If k lies near the below zone boundary the reflection is very large.

As we move away from the Brillouin zone boundary the reflection decreases. When k is near
the gamma point the reflection is minimum.
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We find that for a given k smaller the value of U lesser is the reflection. However there is a

notable exception if k is exactly equal to the Brillouin zone boundary we always get 100%

reflection irrespective of the value of U. We know that in case of free electrons there exists no

reflection thus we conclude that block electrons with k far from the Brillouin zone boundary

are free electron like.
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In this slide I summarize our main findings from the numerical codes we have calculated

reflection of block electrons due to the periodic potential. We have found that how much of the

incident wave is reflected depends mainly on the wave vector k of the block electrons. If the

block electron has a wave vector equal to the first pillowing zone boundary it cannot propagate

inside the crystal.



This is true irrespective of the value of U it does not matter whether U is small or large block
electrons with wave vector equal to the first Brillouin zone boundary gets reflected 100% due
to the periodic potential. If the effector is close to the Brillouin zone boundary the lattice allows
a small part of the wave to be transmitted. Amount of transmission depends on the value of U.

(Refer Slide Time: 16:16)

Briaibtbehsrddceseqld
PosrTaRmemnappl llllllul:llm]’ B s 2
\‘ /\\ /‘\\ ‘/‘\ ’\ /’g B o /2 s / ‘
\ |/ 25 2 — Freeel
e 3 » ree electrons |
ﬂEﬂKted = [= Targe ok i gm‘] \/ / Secand band
\ \/ VARV S o i e o : — First band
‘ — S e Unfike\, \
k close te BZ boundary 50 free X
electron "\
25
theident ) N
v 00 \/ =
0 1 2 3 H 5 6
Ll avavavy .

Wvﬂvé\i‘% Observation: energy values of

Bloch electrons are like free

W, . electrons for k close to I' point
W and unlike free electron for k |
NG Rl close to BZ

Question: is there a connection

between the reflection and band
gap?

Observation: lattice acts like a “filter",
allows k close to T poinyeflects k close
to BZ

If the wave vector is close to the gamma point that is the center of the reciprocal lattice then a
large part of the incident wave is allowed to be transmitted. In conclusion the lattice acts like a
filter allowing block electrons having k close to the gamma point to pass and not letting block
electrons having k close to the Brillouin zone boundary. Thus block electrons with k close to

the gamma points are more like free electrons.

However as k value of block electrons move closer to the Brillouin zone boundary its behavior
starts deviating from that of free electrons. Comparing the energy of free and block electrons
we find a similar trend. Close to the Brillouin zone boundary as shown by the red dotted line
in the figure energy of block electrons and free electrons differ significantly. However close to

the gamma point energy of the block electrons is very similar to the energy of the free electrons.

In conclusion when the block electrons can propagate like free electrons their energies are very
similar however when block electrons cannot propagate like free electrons their energies differ
significantly. Propagation of block electrons are stopped because of the reflection by periodic
potential and we observe a gap in the energy spectrum of the block electrons. Is there any
connection between the reflection and band cap let us investigate.
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So, far we did a Fourier series expansion of psi in this form. Now we want to find out what
happens to some incident wave with k equal to the first Brillouin zone boundary that is k equal
to b by 2 substituting k equal to b by 2 in this equation we get psi of x is equalstoc b by 2 ¢
power i bx by 2 + ¢ - b by 2 e power - i bx by 2. Time independent Schrodinger equation is

converted to a system of linear equations of this form.

We set all the c is to equal to 0 except for ¢ - b by 2 and ¢ b by 2 multiply the second row with
the column we get this equation and multiply the third row with the column we get this equation

thus we have two equations and there are two unknowns ¢ - b by 2 and ¢ + b by 2.

Note that

o =3 () anne =40 ()
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BiaittiharddonsecQd

P0/THR=PENAQR  +¢ANNNERERECON s

thz /2

— b/
0 (z) = cre™ tc_ye ksl
2 2

N—— N——

incident reflected
o Two equations and two unknowns:

» (Mg —e)epa+Ucyp=0
» Ue_yo = (M2 =€)z =0
o For non-trivial solution to exist, the following determinant=0

Oyo—2) U
@b’fg ke N f
X (v 'UL} = —E%

> = Dy W

For non-trivial solution to exist the determinant should be equal to 0 let us expand the

determinant

(Apjp —€)° —U2 =0
:>€2 = Zlb/z + (/112)/2 _UZ) = 0

22 1

EZAb/ZiU

Thus at k equal to b by 2 the difference of energy between the first and second band which is
defined as the band gap is equal to E; = 2U
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import numpy as np |
import matplotlib.pyplot as plt

cl=05

cl = np.sqrt(cl)

x = np.linspace(0,10,200)
repsi = np.zeros(200, float) A S _ 1
inpsi = np.zeros (200, float) o Take (l>/2 = \751( -b/2 — iﬁ
repsi = ¢l * np.cos(np.pi*x) - ¢l * np.cos(-np.pi*x) . v
imnsi = ¢l * np sinfon ni*x) - ¢l * nn sin(-nn ni*x) a ol 1 e 1 —ume

oTakea:lf?b:%—I”:Qﬂ'




Let us write a code and plot the wave functions we take the distance between adjacent direct
lattice points to be equal to 1 such that the reciprocal lattice points are 2 pi apart from each
other we assume that ¢ b by 2 is equals to 1 by square root of 2 such that ¢ - b by 2 is + 1 by
root 2 in one case and ¢ - b by 2 is equals to - 1 by root 2 in the other case. We plot psi x is
equals to 1 by square root of 2 e power i pi X + 1 by square root of 2 ¢ power - i pi X in one case
and psi x is equals to 1 by square root of 2 e power i pi x - 1 by square root of 2 e power - i pi
x in the other case.
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* 10,£05(np.L*X) + 1 * ND.cHs(-np.pitx)
* n0.51n(np.pi*K) + cl * np.sin(-np.pi*x)
,repsi, label="Real", color='r")
olt.plot(x, impsi, Label="Inaginary", color='s')
oLt.plot(x, repsi*repsitimpsi®inpsi, label="§|\Psi|"25", linestyle='dashed')
olt.axhline(y=), linestyle = 'dotted')
plt.axuline(x=d, color="r', linestyle='dotted')
olt.axvline(x=1, color="r', linestyle='dotted')
olt.axvline(x=2, color='r', linestyle='dotted')
olt.axvline(x=3, color="r', linestyle='dotted')
olt.axvline(x=4, color='r', linestyle='dotted')
olt.axvline(x=5, color='r", linestyle='dotted')
plt.axvline(x=5, color="r', linestyle='dotted')
olt.axvline(x=7, color="r', linestyle='dotted')
olt.axvline(x=3, color='r", linestyle='dotted')
olt.axvline(x=d, color='r', linestyle='dotted')
g4 plt.axvline(x=19, color="r', Linastyle='dotted')
olt. Legend()
= plt.show()
" (& SY i T
v 0Os  completed at 6:21 PM LIRS

This is the code for plotting the wave functions first we plot for plus as shown here let us run
the code. The solid red line is the real part of the wave function the solid blue line is the
imaginary part of the wave function the dashed blue line is the probability density and the red
dotted vertical lines denote the location of the lattice points. Next we plot for the other wave
function by changing + to -.

(Refer Slide Time: 23:50)
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Let us run the code. Thus we have plotted for psi x is equals to 1 by square root of 2 e power i
pix + 1 by square root of 2 e power - i pi x and psi X is equals to 1 by square root of 2 e power
i pi x - 1 by square root of 2 e power - i1 x clearly both the wave functions satisfy Bloch
Theorem as well as periodic boundary condition. Bloch Theorem is satisfied because the

probability density has the periodicity of the lattice.

Periodic boundary condition is satisfied as the wave function and its first derivative is
continuous at the boundary. Clearly the first wave function is cos of pi x, if we write in terms
of the reciprocal lattice points we can write as cos bx by 2 on the other hand the second wave
function is sine bx by 2. We get the wave functions in this form because of complete reflection
at the Brillouin zone boundary. In the next lecture we shall discover the link between such

wave functions and band gap.



