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Lecture — 20
Bloch Electrons in 1D Solid: Part 3

(Refer Slide Time: 00:14)

Bi@ittiasawdacescald

0o /Tiompuxapd semmmuEEERECON ==

Bloch electrons

Energy eigenvalues and bandgap

Hello friends, we are going to continue our discussion on Bloch electrons. In the previous
lecture, we converted time independent Schrodinger equation to a system of linear equations.
In this lecture, I am going to solve the system of linear equations to get the energy eigenvalues
and show that energy values are not continuous but gapped in case of Bloch electrons.
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Independent electrons in 1D solid

v

o TISE: - 2284 4 y2)(e) = ed(z)

o TISE is converted to a system of linear equations
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This is the form of time independent Schrodinger equation we are familiar with when U of x is
a periodic potential time independent Schrodinger equation is converted to a system of linear
equations shown in the form of a matrix here. Note that each row of the matrix can be expressed
as lambda k — epsilon times ¢ k + sum over G U G ¢ k — G =0, where lambda k = h + square k

square divided by 2m which is equal to the energy of a free electron with wave vector k.

Let us verify the third row of the matrix. We have lambda k — epsilon times ¢ k+ U times ¢ k —
p + U times ¢ k+ b.
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o Size of matrix depends on how many terms enter Zg

o For a given k, if EG has 2 terms = 3 non-zero entries per row

o For a given k, if ), has 4 terms = 5 non-zero entries per oW
Note that size of the matrix depends on how many terms enter the sum over G? For example,
for a given k say sum over G has 2 terms that is, if this is the k point we are talking about then
we have to consider 2 terms k 2 — b and k 2 + b. In that case, there are 3 non-zero entries per
row. If sum over G has 4 terms that is, if we take k 2 then we have to also consider k2 —b k 2
—2b k 2 + b and somewhere there will be another point k 2 + 2b. In that case there are 5 non-
Zero entries per row.
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o Should get independent & free electrons if lattice potential U vanishes

When U vanishes, all ez =0 g o= 8 f
o When U vanishes, all ¢;_¢ = 0 except ¢ & £ = %5 (same as free
electrons)

o Let us check what happens to Bloch states when U vanishes
v ; : i = g
° wk(l") — Zc(k—G’)eMiG)'T — enka ZC w Gz _ ebﬁuk(m)
G G =
up(z)
; . —
o If all ¢ =0 except ¢, the function ug(z) is a constant
; g
o When U vanishes, 1;,(z) ~ % (same as free electrons)
. . —
o Thus, free electron is a special case of Bloch electron

S L
o If U vanishes, Bloch states are converted to free electron states

So, we have a system of linear equations representing time independent Schrodinger equation
for independent electrons in a lattice. Note that these are not free electrons because we have
non-zero potential U which has the periodicity of the lattice. Assume that potential U vanishes
in that case, we should get back the free electron results, let us verify that thing. Clearly, when

u vanishes all ¢ k — G =0, except for ¢ k and E = h square k square divided by 2m.

Thus, energy eigenvalue is same as the free electron value when u vanishes. Let us also check
whether Bloch states are converted to free electron eigen functions when u vanishes. We know
that the Bloch state psi k of x is e power ikx times U k of x, where U k of x is given by this
sum. If all ¢ k — G = 0 except ¢ k the function U k of x is a constant. Note that any constant
function also has the periodicity of the lattice. So that Bloch theorem is still valid from

mathematical point of view.

But this is only a mathematical argument, as we really do not mean a constant potential when
we talk about the periodic potential in a solid. Since U k of x is a constant when potential
vanishes psi k of x is e power ikx which is same as the eigen functions of free electrons.
Whatever we reduce for Bloch electrons will coincide with free electron results if we make
potential U = 0. Thus, we can say that free electron is a special case of Bloch electron.
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Wave propagation in 1D solid

v
o If there is a potential barrier, part of the

a incident wave reflected and rest transmitted
N IAIAINA /\|/ © We are dealing with barriers, repeated
\ / periodically in space

o |s there a way to calculate reflection due to
periodic potential? |
o For convenience we take two component [of 1)(z)] assumption

o Other than ¢, and cj_y, rest of the components 0

U Np—€¢ U 0 01 erp
0 U >\k —£ U 0 Cl.

When we discussed basics of quantum mechanics, we have seen that if there is a potential
barrier part of the incident wave function is reflected and part of it is transmitted depending on
the barrier, height and barrier width. Now, we are dealing with barriers which are repeated
periodically in space. Can you estimate the amount reflected due to the periodic potential.

(Refer Slide Time: 05:45)
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\J/ \ periodically in space
o Is there a way to calculate reflection due to
periodic potential? et

o For convenience we take two component [of 1/()] assumption

o Other than ¢, and ¢;_y, rest of the components 0

U Mop—¢ U 0 0
0 U x-¢ U 0
0 0 U >‘k+b -¢ U

o What do we achieve by doing this?
For this purpose, let us design a simplest possible model. We just take 2 Fourier components
of psi of x that means we make ¢ k —2b =0 ¢ k+ b =0 and ¢ k+ 2b = 0 and we have only 2
non-zero ¢ k —b and ¢ k. Let us understand what is the purpose of doing so?

(Refer Slide Time: 06:16)
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U /\k—b =g U 0 0 Cl—b

0 U A —¢ U 0 Ck

0 0 U }‘k+b - U Gt do

c ~0
o What do we achieve by doing this?
-21/a 0 21/a
000000000 ¢ 0000000000000t
t [«
o Note that, if k£ > 0 and lying in 15 Brillouin zone, then k —b < 0
o ¢ is the incident wave traveling from left to right in latfice
o (kb is the reflected wave traveling from right to left in latfice
o Ratio %= gives how much is reflected

Note that if we select some k point greater than 0 and lying in the first Brillouin zone, for
example, this point. In that case k — b is less than 0. Thus, e power ikx is the incident wave
traveling from the left to right in the lattice. Since k — b is less than 0 e power i k — b x is the
reflected wave travelling from left to the right in the lattice. If we calculate the ratio of the
coefficients ¢ k — b divided by c k that will tell us how much is reflected due to the periodic
potential?

(Refer Slide Time: 07:16)
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Thus, the wave function is psi k of x = ¢ k e power ikx + ¢ k — b e power i k — b x. Note that
we have taken k to be positive and lying in the first Brillouin zone that means ck times e power
ikx is a wave traveling from the left to the right of the lattice. On the other hand k — b is less
than 0. Thus, the reflected wave e power i k — b x is travelling from the right to the left of the

lattice. We are looking to solve forc k atck —b.



Let us multiply the matrix with the column vector. So, if we multiply this row with the column
vector then the first term is 0 because ¢ k — 2b = 0. Then we have a non-zero term that is lambda
k — b — epsilon times ¢ k — b plus we have U times c k this is equal to 0. Then we multiply this
row with the column vector, so, the first term is 0, the second term is U times ¢ k — b + lambda
k — epsilon times ¢ k = 0. Thus, we get 2 equations and we have two unknowns to solve.

(Refer Slide Time: 09:21)
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o We have to solve 2 unknowns, ¢ and ¢;_j,
» (Mo +Uepopy =0 v
» Uc,+ (:/\].-—I; - 5)(7(k—h) =0 v
o For non-trivial solution to exist, the following determinant should be 0

AL —¢ U B
( U Ak—b = 5) =0 |
I M- vhoo B}
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It is very easy to solve two unknowns from two equations. We know that for non-trivial solution
to exist, the determinant must be equal to 0. So, let us expand the determinant and find the
solution. So, lambda k — epsilon times lambda k — b — epsilon — U square = O which can be
written as epsilon square — lambda k — b + lambda k times epsilon + lambda k lambda k — b —
U square = 0 which implies that epsilon = lambda k+ lambda k — b divided by 2 + — half square
root of lambda k — b — lambda k whole square + 4 U square.
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for a given k

import nunpy as np

import matplotlib.pyplot as plt

k = np.linspace(9,2.0 * np.pi,200) #Range of k &
b=2.0*np.pi #alue of C~puin(é_

U=1.0
ekt = 1 zeros (299, float) 0 We take a :\/1
ekl = np.zeros(299, float)
def ene(kval): #Returns energy
\%vam:km * el o Range of k— values:
return value
or i in range(200): #Calculates first and second band
kval = K[i] 6’ 0 < k < 27T/a
Tank = ene(kval)
kval = k[i] - b nt: —
Tankb = ene(kval) ° G-pOInt b . 2Tr/CL
ekh[i] = (lamk + lamkb)/2.6(+)0.5 * np.sqrt( (lamk - lamkb)**2.0 + 4.0 * U * U) ﬁQ ./
ekU[1] = [lank + lamkb)/2.6¢0.5 * np.sqrt( (lamk - Lankb}**2.5 + 4.6 * U * U) )
Pttiag O = o Set 5~ = 1, such that
plt.ylin(0,20) m2 v
Flt.xtabel (K') )\k =k* and
plt.ylabel ("Energy”) ' (Ve
plt.plot(k, k*k, label="Free elemuns“)\/ )\ — (k _ b)?
plt.plot(k ekh, label="Second band") W/ k*b -\

plt.plot(k ekl, label="First band") v
plt.legend()
olt.show()

In case of free electrons, we have only one value e of k = h + square k square by 2m for a given
k. In case of Bloch electrons for a given k value we have two energy values, one for plus and
another for minus using a code. Let us plot the energy values of Bloch electrons as a function
of k. We are going to plot energy values for k ranging from 0 to 2pi by a. Note that we take a

= 1. The range of k values is defined here in the code.

The G point is taken to be 2pi by a which is defined here in the code we said h cross square by
2m = 1 such that lambda k = k square and lambda k — b =k — b whole square. Lambda values
are calculated using a user divide function here in the code. Using a for loop, we calculate the

energy value for the first band and for the second band. For a given value of k the first band

has lower energy.

And the second band has higher energy. Then we plot the first and second band and compare
with the free electron values.

(Refer Slide Time: 12:39)
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Q ° imort numpy as np
imort matplotlis.oyplot as plt

m k = np.Linspace(3,2.9 * no.pt, 201) #Range of k
b =2.0 * no.pi #Value of G-point
U=2.

o

exn = np.zeros(201, float)
kL = np. zeros(291, float)
def ene(kval): #Returns energy
value = kval * kval
return valug
for i in range(201): #Calculates first and second band
wal = K[i]
lamk = ene(kval)
kval = k[i] - o
Lanko = ene(kval)

2 W B

ekni] = (lamg + lamd)/2.9 + 9.5 * np.sqre( (lamk - lamkb)**2.9 + 4.0 * U * U)
ekL[i] = (lamk + lamkd)/2.9 - 9.5 * np.sqre( (lamk - lamkb)**2.9 + 4.0 * U * U)
#lotting
olt.ylin(d,29)
plt.xlavel("k")
olt. ylavel ("Energy")
plt, title("U=2
olt.plot(k, k*k, lat

olt.axvline(x=np.pi, color='r', linestyle='dotted')
olt. Legend()
» oLt show()

This is the code for plotting the first and second band as a function of k ranging between 0 and
2pi. We define a and b here. We define the value of U here. The 2 bands are calculated at
different k points using the for loop. We plot the bands and compare with free electron values
here. Let us run the code for different values of U we start with U = 2.

(Refer Slide Time: 13:15)
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é #lotting

olt.ylim(8,29)

plt.ylaoel(
=] olt. title("=2.
plt.plot(k, k¥, lapel=

oLt.olot(k,ekn,
olt.olot(k,2kl, la st
plt.axvline(x=1p.pi, color='r', linestyle='dotted")

]
: olt. Legend()
oLt. show()

s
= / — Free tlectrons
£ 0o Second band

& /N — Firstband

v 05 completed at 1236 PM ® x

The blue line is for free, electrons, green and orange line is for the first and second band
respectively. The vertical red dotted line shows the first Brillouin zone boundary lying in the
middle of the 2 reciprocal lattice points. The gap between the first band shown in green and the
second band shown in red is minimum at the Brillouin zone, boundary that is at the red dotted

line. Now, let us run it for U =1.



This is how the plot looks like for U = 1. And now, finally, let us run it for U = 0. This is how
the plot looks for U = 0.
(Refer Slide Time: 14:17)
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o Vertical dotted line: 1% Brillouin zone boundary

; 21,2
o Blue line for free electron: ¢ = %

o At U =0, Bloch and free electron energies coincide everywhere

o At U/ # 0, Bloch and free electron energies differ mainly near 1°*
Brillouin zone boundary

o Away from Brillouin zone boundary, free electron picture\ﬁlds good

a Rand san inrraacac with infraacing valiia Af TT

We compare 3 cases, U=2, U= 1and U=0. Clearly for U= 0 Bloch and free electron energies
coincide everywhere as expected. At U not = 0 Bloch and free electron energies differ from
each other, mainly near the first Brillouin zone, boundary shown by the red dotted line that is,
they differ mainly in this region. Otherwise, as we move closer to k = 0 point that is here, they

coincide.

Thus, away from the Brillouin zone boundary free electron picture holds good. Note that band
gap is defined as the energy gap between the first and second band at the Brillouin zone
boundary that is, this is the band gap. The value of band gap increases with increasing U.

(Refer Slide Time: 15:27)
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Code to calculate band gap

import numpy as np
inport matplotlib.pyplot as plt
k = np. linspace(0,2.0 * np.pi,201) #Range of k
b=2,0* np.pi #Value of G-point
U = np. inspace(9, 2.9,20) #Renge of U g
ekh = np..zeros(201, flLoat)
ekl = np.zeros(201, float)
gap = np..zeros(29, float)
def ene(kval): #Returns energy
value = kval * kval
return value
for § in range(2): #Loop to get bandgap as a function of U e
for i dn range(231): #Calculates first and second band
kval = (1]
Lank = ene(kval)
keal = k(4] - o
Lankb = ene(kval)
ekh[i] = (Lamk + Lankb}/2.0 + 0.5 * np.sqrt( (amk - Lankb]**2.6 + 4.0 * U[j] * U[j])
ekl[i] = (lamk + Lankb)/2.0 - 0.5 * np.sqrt( (lamk - Lankb}**2.0 + 4.0 * U[j] * U[j])
vbn = nax(ekl) é—
cbn = nin(ekh) &=
gaplj] = (com - von) €=
#lotting
plt xlabel("U")
pLt.ylabel ("Band gao')
plt.plot(U,gap, narker="o"]
pLt. show()

a0 /

With a very small modification of the previous code, we can plot band gap as a function of U.

We vary U from 0 to 2, using a follow. Band gap is the energy difference between the maximum

of the first band and the minimum of the second band.

(Refer Slide Time: 15:52)
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@ inoort numpy a5 np
] imoort matplotlinp.pyplot as plt
k = np.linspace(d, 2.0 * n.pi,201) #Range of k
[m] D=2.9 * np.pi #Value of G-point

U = np.linspaze(9,2.9,29) #Range of U

8kn = np. zeros(291, float)

2L = np. zeros(291, float)

9an = np.zeros(29, float)

def ene(kval): #Returns energy
value = kval * kval
return value

for j in range(20): #Loop to get bandgan as a function of U
for 1 in range(201): #Calculates first and sacond band

val = k[i]
Lank = ene(kval)
wal = i] - o

lamkb = ene(kval)
ekn[i] = (lank + Lamkb)/2.9 + 0.5 * np.sqrt( (lank - Lankb)**2.9 + 4.0 * U[j] * U[j])
ekl[i] = (lamk + lamko)/2.9 - 0.5 * no.sqre( (lamk - lamkb)*#2.9 + 4.0 * U[j] * U[j])
vbm = max(exl)
<bn = nin(exh)

o gao[j] = (com - vom)
#2lotting
=] plt.xladel(")")
olt. ylasel ("3and gap")
= olt.olot(U,gap, marker="2")
. Ak ekt

This is the code for plotting band gap as a function of U. Band gap is calculated by varying U
between 0 and 2, using a follow. We calculate the maximum of the first band and minimum of
the second band and calculate their difference here. The difference between the maximum of
the first band and the minimum of the second band gives the value of band gap. Let us run the
code.

(Refer Slide Time: 16:29)
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for 1 dn range(201): #Calculates first and second band
keal = K[i]
Lank = ene(kval)
kval = k[i] - o
lankb = ene(kval)
ekh[i] = (lamk + lankb)/2.0 + 6.5 * np.sqrt( (lamk - Lankb}**2.6 + 4.6 * U[j] * U[{])
ekl[i] = (lank + lankb)/Z.0 - 8.5 * np.sqrt( (lamk - lamkb)**2.0 + 4.6 * U[j] * Ulj1)
b = nax(ekl) &=

el R
#Plotting
plt.xlabel("U")
plt.ylabel("Band gan')
plt plot(U,gap, marker='o')
plt.show()
40
154
e i o Band gap (E,) increases linearly with |
3 the magnitude of U
- o We can also find exact dependence:
05
00 Eg = 2l]

000 025 050 075 100 125 150 175 20X
1 1%

August 30, 2022 44 /72

Somnath Bhowmick (MSE, IIT Kanpur) Electron in a periodic potential

From the plot of band gap as a function of U clearly, band gap increases linearly with the

magnitude of U. Note that increasing the value of U from 0 to 2 increases the band gap from 0
to 4. Thus, we can say that E G the band gap is equals to 2 times U.

(Refer Slide Time: 16:58)
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o For a given k, there are two energy eigenvalues:
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o
. . 21,2 .
o This is unlike free electrons: only one value & = % for a given k

o Using a code we have found that & of free and Bloch electrons differ
from each other mainly near Brillouin zone houndary |

-2nfa -mja Ak ma 2n/a
| | | el |

— T 1 @ |

-b 0 b

o Let us write: k= g — Ak and rewrite A using this relation
In case of Bloch electrons, for a given k there are 2 energy eigenvalues, as shown here. This is
unlike free electrons, where we get only one value E of k = h + square k square divided by 2m
for a given value of k using a code we have found that epsilon of free and Bloch electrons differ

from each other, mainly near the Brillouin zone boundary. Let us see whether we can

analytically verify this or not.

(Refer Slide Time: 17:34)
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o This is unlike free electrons: only one value ¢ = k for a given k

o Using a code we have found that ¢ of free and Bloch electrons differ
from each other mainly near Brillouin zone boundary

-2mfa -ma " na 2n/a
| | | i |
lb | [I) Ak‘ by, lb
v
o Let us write: @ g - A k and rewrite A using this relation |
° M=o = ek Ak) R-b: B -BR-0s-2-DR

ol
o N h= A= b\/Ak) i +M)

o Let us substitute these values in the equation of ¢ for Bloch electrons
We redefine k in terms of it is distance from the first Brillouin zone boundary shown by the
green line. We write k = b by 2, so, this green line is located at b by 2 and delta k is the distance
from the Brillouin zone boundary and we write k as b by 2 — delta k. And then we rewrite
lambda using this relation, so, lambda k will be equal to lambda b by 2 — delta k because that

is how we define k now and this is equal to h cross square by 2m b by 2 — delta k whole square.

Similarly, k — b will be equal to b by 2 — delta k — b which is equal to — b by 2 — delta k. Thus,
lambda k — b will be equal to lambda — b by 2 — delta k and which is equal to h cross square by
2m b by 2 + delta k whole square. Let us substitute these values in the equation of energy for

Bloch electrons.

(Refer Slide Time: 18:59)
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We have redefined k in terms of it is distance from the first Brillouin zone boundary given by
delta k. Now, we have to rewrite lambda k and lambda k — b in terms of delta k and substitute
in this equation, let us do that. So, we have lambda k — b + lambda k divided by 2 = half h cross
square by 2m and we have b square by 4 + b delta k+ delta k square + b square by 4 — b delta
k+ delta k square.

These two terms cancel out and this is equal to h square by 2m b square by 4 + delta k square.
Similarly, lambda k — b — lambda k divided by 2 = half h + square by 2m b square by 4 + b
delta k+ delta k square — b square by 4 + b delta k — delta k square which is equal to h cross

square by 2m b delta k.
(Refer Slide Time: 21:03)
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Let me quickly summarize what we have done so, far. We have redefined k in terms of it is
distance delta k from the first Brillouin zone boundary located at pi by a. So, this is how we
write k in terms of b by 2, the first Brillouin zone boundary and delta k the distance of k from
the first Brillouin zone boundary. Then we rewrite the lambdas in terms of delta k.
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Then we substitute in this equation the values of lambda and if we do that then we can rewrite
the energy eigenvalues in terms of delta k.
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This is how the energy eigenvalues of Bloch electrons, look like if we express it in terms of
delta k where delta k is the distance of the k point from the first Brillouin zone boundary.
Assume delta k to be very small that is, it is very close to the first Brillouin zone boundary.
Why we are doing this? Because we found from our numerical code that energy values between
Bloch and free electrons differ mainly in a region close to the first Brillouin zone boundary and
we want to check it analytically.
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In case of very small k we can write this term that is 1 + h cross square by 2m whole square b
square delta k square divided by U square whole power half. So, when delta k is very small,
we can write it approximately as 1 + half h + square by 2m b square delta k square divided by

U square. Now, note that the first term h cross square by 2m times b by 2 whole square =

lambda b by 2 that is the energy of free electron with wave vector b by 2.

Thus, we can write energy is equals to so the first term is lambda b by 2. The second term is +
h cross square delta k square divided by 2m. The third term is + — U times 1 and then we have
plus minus so, we use the small k approximation and then this turns out to be h cross square by

2m delta k square times h cross square by 2m b square by 2 times. So, 1 U gets cancelled so,

this is 1 by U. Note that this term is 2 times lambda b by 2.
(Refer Slide Time: 25:26)
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Thus, we can rewrite the energy in terms of delta k when remember that delta k is very small
that is k is located very close to the first Brillouin zone boundary. So, in that case, energy is
lambda b by 2 +— U. So, these two terms + h cross square delta k square by 2m. So that means
we take this term and this term and then this is like 1 + — 2 lambda b by 2, divided by U.
(Refer Slide Time: 26:32)
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Thus, we have found the approximate form of energy eigenvalues, when k is very close to the

first Brillouin zone boundary. That means this equation will hold good in case of this blue point
because this is closer to the first Brillouin zone boundary. But it will not hold good for the
magenta point which is far away from the Brillouin zone boundary. Now, let us put delta k =
0.

In that case, the second term will vanish completely and the energy eigenvalues exactly at the
zone boundary is equal to lambda b by 2 + — U. We know that the energy gap at the zone
boundary between the first band and second band is defined as the band cap and from this
expression we find that the band gap is equal to 2U.
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Thus, if we compare with our code then it matches exactly what we have found in our code?
Similarly, from our analytical result we find that energy varies as delta k square near the
Brillouin zone boundary. You compare with our code and then we see that indeed, the energy
eigenvalues vary as k square near the Brillouin zone boundary. Thus, whatever we have

observed with our numerical code is matching very well, with the analytical expression.



