Electronic Properties of the Materials: Computational Approach
Prof. Somnath Bhowmick
Department of Materials Science and Engineering
Indian Institute of Technology — Kanpur

Lecture — 19
Bloch Electrons in 1D Solid: Part 2
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Bloch electrons

Time independent Schrodinger equation

Fourier transform of 1(z)

Hello friends, in this lecture, we continue our discussion on solving time independent
Schrodinger equation to get energy eigenvalues and eigen functions in a 1D lattice.
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We have to solve time independent Schrodinger equation, where U of x is an effective 1

electron potential having the periodicity of the lattice. According to Bloch theorem, the eigen



function is a plane wave times some function U of x which has the periodicity of the lattice.
However, U of x is a generic function and thus we do not know the exact form of psi of x. We
also do not know the energy eigenvalues. In the previous lecture, we expanded U x in this form
where G is reciprocal lattice point.
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o We also need to express 1( Zf’

Replacing U of x in time independent Schrodinger equation we rewrite in this form. However,

we cannot solve it yet we need to express psi of x also in the form of a Fourier series let us do

that.
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» | can be any allowed k- point, for example ks
» (7 is reciprocal lattice point <
» This is an alternate form of Bloch theorem -

@ Let us prove that s.":..({arjfsatisfy both

» Bloch theorem—
» Periodic boundarv condition”

For potential, we wrote the Fourier series of U x using the reciprocal lattice points or G points.
Similarly, I claim that we can expand psi k of x the wave function in this form where k can be

any allowed k point. For example, we can take this point k 2, G is a reciprocal lattice point,



since there is a sum over G we have to consider all the terms which differ from k 2 by G. For
example, we have to consider k 2 — b, we have to consider k 2 — 2b, we have to consider k 2 +

2b, etcetera.

This is an alternate form of Bloch theorem. We can accept psi k of x to be a solution of electron
in a periodic potential provided psi k of x satisfy both Bloch theorem and periodic boundary
condition, let us verify that.
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o If uy(z) has periodicity of the lattice, v (z) satisfy Bloch theorem
o Let us prove that gz +na) = w(z)
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o Let us also verify periodic boundary condition 1 (x + Na) = ¥y(z)

Let us rewrite psi of x by bringing e power ikx outside the sum because the sum is over G. The
term sum over G ¢ k — G e power — iGx let us rewrite this as u k of x such that we can write psi
k of x as e power ikx u k of x. Now, this will look exactly like Bloch theorem, provided u k of
x has the periodicity of the direct lattice. Let us prove that u x + na = u of x where n is some

integer and a is spacing between adjacent direct lattice points.

G G
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Thus, this function Uy (x) has the periodicity of the direct lattice.
(Refer Slide Time: 05:53)
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Now that we have proved psi k of x satisfy Bloch theorem, let us also verify whether it satisfies
the periodic boundary condition.

Yr(x) = Z Cg e k=0

G

Yi(x + Na) = Z Chg € KON )

G

— z Ck_Gel(k—G)x elkNa,—iG
G

And this term is nothing but psi of x and then we have e power ikNa times e power — iGNa.
Now, we know that k =2pin divided by Naand G = n %ﬂ If we replace k and G in this equation

then this term is equal to 1 and this term is equals to 1. And then that gives us the proof that
Yr(x + Na) = P, (x). Thus, psi k x also satisfies periodic boundary condition.
(Refer Slide Time: 08:09)



BLEARGhARL A af
JorrifsenxsgpionmnnnnEnunnfg «
L e B B R e B R e o = B R R e R e e B e e e e e

-2b b T, r Toeax b 2b
o Let us keep only two ferms in the sum

o U4e) = Eap 0 =@k 4@t (B-F)- &

import numpy as np
import matplotlib.pyplot as plt
¢l =08.5

T .
s o Take ¢, = cp, = 7

§§ :ﬁiﬂiiiiiﬂ-v o Plot real and imaginary part
e eparatey

Ty el o Verify PBC: ¥(x + Na) = (x)
a2 st & o Plot [y(z)

e = €1+ sk + 2+ sz @ Verify Bloch theorem:
plt.plot(x,repsi, labal="Real®, color='r’) |L*(.r S ’}r')ii i |H'(J')|:

plt.plot(x,impsi, label="Imaginary®, colors'b’')
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Like we did for the potential, let us understand Fourier series expansion of psi of x using a
simple python code. For simplicity, let us keep only two terms in the Fourier series expansion.
We take a k point in the first Brillouin zone k 1, for example this point the other k point k 2 =
k 1 — 2pi by a, this means k 2 is located here. Let us take the constants ¢ k 1 and ¢ k 2 to be
equal thatis c k 1 = ck 2 =1 by square root of 2.

In the code the constants are defined here we take an allowed k point k = 2pi by 5, as shown
here. In the diagram, this is the k point, this point lyes in the first brillouin zone which is marked
by the magenta shaded region, the other k point k 2 is k 1 — 2pi. Note that I have taken the
distance between two adjacent direct lattice points to be equal to 1. In the diagram, the second

k point lyes here. And this is outside the first Brillouin zone.

The real part of the complex wave function contains cosine terms and defined here. The
imaginary part of the complex wave function contains sin terms and defined here, plotting real
and imaginary part separately we can verify the periodicity. For the complex wave function to
be periodic both real and imaginary part should be periodic.

(Refer Slide Time: 10:44)
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o Let us keep only two ferms in the sum
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import numpy as np

import matplotlib.pyplot as plt

€l =05

c2=8.5

cl= np.sqrt{cl}}%

¢2 = np.sqrt(e2)

% = np, Linspace(8, 18, 200)

repsi = np, zeros{200 t)

impsi = np,2eros (200, float)
kl=2.8"*np.pi/5&

#k2=3.0"nppl /5

kZ=kl-2*nppl &

repsi = ¢l * np.cos{kl®x) + c2 * np.cos(k2*x)&
impsi = 1 * np.sin(kl*x) + c2 * np.sin(k2*x),
plt.plot(x,repsi, label="Real®, color="r'] &
plt.plot(x,impsi, label="Imaginary", color='b'}&
plt.plot(x, repsi*repsi+impsi*inpsi, label="s|\Pew

o Take ¢y, = ¢, = ﬁ‘/
@ Plot real and imaginary part
separately
o Verify PBC: ¢z + Na) = ()
o Plot [¢)(2)/%
o Verify Bloch theorem:
v(z + na)[* = [ (z)*

In this code we plot the real and imaginary part here. Then we plot mod psi of x square which

tells us whether the wave function satisfies Bloch theorem or not. In the code, we plot mod psi

X square here.

(Refer Slide Time: 11:07)
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¢l = npsqre(el}
€2 = mp.sgrefed)

x = pd. Linspace(d, 10, 208)
repst = ng. reros (!
ingyl = ng. zeres| 189, float)

KL= 2.0 * 6p.pl /

B2« 10 ¢ nppl /8

K=kl - 2" mppl

repst = €l * np.costkl*n) ¢+ c2 * np.cos(k2*s)
impsi = ¢l * np.sin{Kl
pit.plotix, repst, iabels
plt.plotix, Lagsl, Label="Imginary

plt.platin, repsl*fepsleinpsi®inpsi, Labola®8|\Psl|"23
pit.ashline(ysd, Linestyle » ‘dotted’)
plt.arvling{e=d, colors'r’, Linestyle='dotted’)

Lt mvlinalxel, tolor="r', Linestyle="datted’)

>

] m

plt.axviine(xs?, colors'r’, Linestyles'dorted’)
pltanvline|x=d, colors'r', Linestyles
plt.amvling(xsd, colors'r’, Linestyles
plt.axvline|xss, col 'y Linestyles
plt.amviing(xss, colare'r', Linestyles'dotted’)
plr.anvlinglis?, catore"r', Linebtylos
m plt.anvline(xs8, colore'r’, Linestyles
plt.anvlineless, colors"r', Linestyles's

]
]
1

*, Unestyles'dashed' |
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This is the code to plot real and imaginary part of psi as well, as probability density. Length of

the periodic box is equal to 10 as shown here. We take k 1 = 2pi by 5 which is one of the

allowed k points obtained from the PBC applied on a box of length L = 10 k 1 lyes in the first

Brillouin zone. The other point k 2 differs from the point k 1 by a reciprocal lattice vector 2pi.

This is where the real part and the imaginary part of the wave function is defined. This is where

we plot the real part, this is where we plot the imaginary part and this is where we plot the

probability density. Let us run the code.



(Refer Slide Time: 12:19)

o pltimcvline(xsd, colors'r', Uinestyles'dotted’)
a plt.onvline(xed, colore'r', Linestyles'dotted')
plt.anvline(i=1d, colors'r’, Linestyles'dottod’)
plt, Legand( )
plt.shovi)
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The solid red line is the real part of the complex wave function and the solid blue line is the

imaginary part of the complex wave function. The dashed blue line is the probability density

vertical red dotted lines show the location of the lattice points. Let us try another set of k values.

(Refer Slide Time: 12:45)

]

0 imoort nupy a1 np
import matplatlib.pyplot m plt

] cl=a.s

=il

cl = mp,sqre(el}

€2 = mpsartfed]

X = o, Linspace (0, 19,

repsh = ng.reres

Impsh = ng,zeros (208, float)
kL= 1.0 * ng.pl /5

fopplf S
FiZ el -2 mppl
repst = ¢l * np.cos{kl*x) ¢ € * mp,cos(k2E)
impel = cl * np.singkl® * np.sin| k2 x)
plt.plotix, repst, iabel;
plt.platix, lagsi, Labele"lx s

plt.plotin, fepsl®repaleinpsi®ingsd, Labels"3|\Psi|28", Linestyles'dashed')

1 m e

plt.anhline(y=d, Linestyle » ‘dotted’)
plt.anyline{a=d, colors'r', Linestyles"dotted’)
plt.anvline(xel, color="r', Lineityles'dotted’)
plt.axvline|xs2, colars'r’', Linestyles'dorted’)
plt.anyline(eed, colors'r', Linestyles
pltiamyline(red, colors'r', Linestyles
pli.anvline|xss, colors'r’, Linestyles
plt.axyvline(x=s, colar="r', Linestyle='dotted’)
plt.anvline(es?, cators's', Linestyles="dotted')
] plt.anvline(xs8, colors'r', Linestyles ]

pLt.axviine(e=d, colar="r', Linestyle="dott
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In this case we take k 1 = 2pi by 5 same as before and we take k 2 = 3pi by 5. Note that k 1 and

k 2 are just adjacent allowed k points. They are not separated by a lattice vector, unlike we did

for the previous case. Now, let us run the code.

(Refer Slide Time: 13:20)
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Remember that the solid has a length of L = 10 and distance between two adjacent points in
real lattice is equal to 1. Thus, the direct lattice points are located at 0, 1, 2, 3, 4 etcetera, as
shown by the vertical red dotted line in the diagrams. First, let us analyze the first diagram from

the left that is, this one. The real and imaginary part of psi satisfies periodic boundary condition.

By this I mean that real and imaginary part of the wave function, as well, as it is first derivative,
is continuous at x = 0 and at x = 10. At x = 0 this is the real part and this is the imaginary part
of the wave function. At x = 10 this is the real part and this is the imaginary part of the wave

function. Clearly, the wave function and it is first derivative is continuous at the boundary.

Moreover, probability density is equal at each lattice point, as shown in the diagram. This is
the necessary condition for the wave function to satisfy Bloch theorem. Next, let us analyze
the second diagram the wave function satisfies the periodic boundary condition. Note that both
real and imaginary part of the wave function as well as it is first derivative is continuous at the

boundary.

For example, this is the real part of the wave function at the boundary and this is the imaginary
part of the wave function at the boundary. However, the probability density is not same at every
lattice point. The probability density is maximum at the boundary and it decreases continuously
as we move inside the solid. Thus, although the wave function satisfies periodic boundary

condition, it does not satisfy Bloch theorem.



So, this one cannot be a valid Bloch function. In conclusion, for psi of x to satisfy Bloch
theorem, we need to do a Fourier series expansion of psi of x using allowed k points which
differ from each other by some reciprocal lattice vector. Any other choice, for example,
adjacent values of allowed k points produce a wave function which satisfies periodic boundary
condition but does not satisfy Bloch theorem.

(Refer Slide Time: 16:44)
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Bloch electrons - solving

time independent Schrodinger equation |

Now, that we have learnt, how to expand the potential U and the wave function, psi in a Fourier
series? Let us learn how to solve time independent Schrodinger equation for Bloch electrons?

(Refer Slide Time: 17:00)
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So, we are trying to solve time independent Schrodinger equation for a potential having the
periodicity of the 1D lattice. This is the Fourier series of the potential and this is the Fourier

series of the wave function. G is a reciprocal lattice point and k is an allowed k point given by



the periodic boundary condition. Using python codes, we have verified that if we expand in

this way, U of x has the periodicity of the lattice.

And psi of x satisfies periodic boundary condition as well as Bloch theorem. Let us substitute
the Fourier series of U and psi in time independent, stronger equation.

(Refer Slide Time: 17:51)
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e Putd(x) and U(x) in TISE

Let us take only two terms in the expansion of U, U of b and U of — b that means these two
points b and — b. U 0 gives some constant potential in the direct lattice and we can set it to = 0
because of symmetry we can just take U of b and U of — b to be equal. In case of psi we take
some allowed k point in the first Brillouin zone for example, say this point, in the expansion of

psi of x terms like k — b.

That means, if we take this point then this term and then the terms like k — 2b and k+ 2b etcetera
will enter. There are infinitely many terms and we show only a few here.

(Refer Slide Time: 19:01)
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o Put i(a )and U(x) in TISE e
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Now, let us put psi of x and u of x in time independent Schrodinger equation. We do it turn by
term, starting with this term. So, — h cross square by 2m b 2 dx square and we put ¢ k e power
ikx plus we put the potential term U e power ibx + U e power — ibx times ¢ k e power ikx =
epsilon times ¢ k e power ikx. Now, we have so if I take derivative twice of this term e power
ikx we just get h cross square k square by 2m ¢ k e power ikx + U ¢ k e power i k + b x plus

the second term U ¢ k e power i k — b x = epsilon ¢ k e power ikx.

And this term h + square k square by 2m we just call it lambda of k such that we can write the
equation as lambda of k ¢ k e power ikx + Uc ke powerik +bx+ Uckepowerik—bx =
epsilon ¢ k e power ikx.

(Refer Slide Time: 21:32)
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Similarly, for this term ¢ k — b e power i k — b x we get this equation and for the last term c k+
b e power i k + b x we get this equation.
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o Each component ¢ must have same coefficient

on both side of equation

Thus, substituting Fourier series of U x and psi of X in time independent Schrodinger equation
we get these equations. I have shown for five terms in Fourier series of psi of X. So, this is the
first term and this is the corresponding equation this is the second term and this is the
corresponding equation, third term the corresponding equation, fourth term and the

corresponding equation, fifth term and the corresponding equation.

I have marked terms containing the components of € power i k — b x in blue and e power ikx in
red and e power i k + b x in green. Why we are doing this? Because each component of the
Fourier series must have same coefficient in both sides of the equation and we are going to
separate them in the next slide.

(Refer Slide Time: 23:05)
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o Each component ¢! sl must have same coefficient

on both side of equation
— e [
Uepeap + (Miep — £)epp + Uer + U(';—.ﬁ, +0¢i.5 =0~
Ocpegn + Uiy + (Ar —2)er + Uray + 0ty = 0 €=
2 () [ \ A1 d () &

Thus, we have five equations, let us collect all the components of e power i k — b times x from
these five equations. So, from equation one we have this term, U ¢ k — 2b from equation two
we have two terms this and this. And from equation three we have these terms U times ¢ k note
that e power i k — b x does not have components like ¢ k+ b and ¢ k+ 2b. Thus we write them

as 0 times ¢ k+ b and 0 times ¢ k+ 2b.

Similarly, we can collect all the components of e power ikx and then we get this equation and

we can collect all the components of e power i k + b times x and then we get this equation.

(Refer Slide Time: 24:11)
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Ueg—agp + (Ap-p = €)ek—p + Uk + Ocgyp + Oty =0
Ocpgp +Ukp+ (A —¢)ep + Uepip + Opyap =0

o We can express in the matrix form

e . . . Ch—2h

U Mp-¢ U () 01| ¢pp
10 U A —€ U 0 Ch

0 0 U ’\M-fr -z U Chtb

=\ - . . . . Ch42b

~
determinant

Collecting components of e power i k — b x ¢ power ikx and e power i k + b x. We get a system
of linear equations, as shown here. We can express the system of linear equations in the form

of a matrix, as shown here. Note that there are some non-0 terms in the first row and in the last



row of the matrix as well. I leave it as an exercise for you to complete the first and last row of

the matrix.

(Refer Slide Time: 24:47)

BLiaibbhard i a3

i ’ Tilzemzagp -ulllllinl'nl 10w
Uep—ap + (Ak=p — €)exb + Uk + Ocpp + Ocppon =0
Ocpegy + Ueg—p + (Ap = 2)er + Uepip 4 0cpsp =10
| ) ! l \ ( [ |

o We can express in the matrix form
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determinant

@ Solution of the determinant gives the energy eigenvalues

Now, the solution of the determinant gives the energy eigenvalues of the Bloch electrons.

(Refer Slide Time: 24:54)
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o Put () and U(x) in TISEv*

o Convert TISE to a system of linear equations
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Let me quickly summarize the most important steps for solving time independent Schrodinger
equation in case of Bloch electrons. First, we write the Fourier series expansion of U of x and
psi of x in this form. Using python codes, we have verified that if we expand in this way U of
x has the periodicity of the direct lattice and psi of x satisfies both periodic boundary condition

and Bloch theorem.



Putting the Fourier series expansion of U of x and psi of x in time independent Schrodinger
equation we convert time independent Schrodinger equation to a system of linear equations.

Solution of the determinant gives the energy eigen values.



