Electronic Properties of the Materials
Prof. Somnath Bhowmick
Department of Material Science and Engineering
Indian Institute of Technology Kanpur

Lecture - 12
Quantum Free Electrons: Sommerfeld Theory (Part 2)
Hello friends, in this lecture, we continue our discussion on quantum free electrons and
Sommerfeld theory.
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k-space: key points to remember

@ Solved TISE for free particle in a cubic box: — 1= V(i) = £¢(i)
@ Eigenfunction: () = ‘i-- exp(ik - ), where k is wave vector
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@ Filling energy levels with electrons = filling k-space with electrons

o Pauli exclusion principle must be obeyed during filling

@ Filled portion of the k-space is a sphere of radius k: Fermi sphere

e kp (known as Fermi wave vector) is related to an experimentally
y

' : k
measurable quantity: electron density n = i_i

@ Quantum free electrons at OK have 100x kinetic energy than classical
free electrons at 300K because of Pauli exclusion principle

Let us briefly revise what we have done so for. So, we have solved time independent Schrodinger
equation for free particle in a cubic box. And then we had bounded Eigenfunctions in this form
exponential ik dot r where k is the wave vector. Now, we applied periodic boundary conditions
and that gave us these discrete or quantized k values where k x =2 pi n x by L and so on here nx,

ny, nz these are integers.

Now, using these discrete or quantize k values, we constructed a 3D k space with allowed values
of k x k y and k z. Volume occupied by each of these discrete points is given by delta k = 8 pi cube
divided by V, then we fill the energy levels and then we found that filling of energy levels with
electrons is same as filling of k space k electrons. During the filling Pauli exclusion principle must
be obeyed that means, we cannot put more than 2 electrons per energy level or per k point. Filled

portion of the k space is a sphere of radius k F.



And this is known as the Fermi sphere k F is known as the Fermi wave vector. And this is related
to an experimentally measurable quantity that is the electron density. Electron density n =k F cube
divided by 3 pi square. We also found that one term free electrons at 0 Kelvin have 100 times more
kinetic energy than classical free electrons at 300 Kelvin and this happens because of the Pauli
exclusion principle.
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Thermodynamic properties at 7' =0 K
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e @ Let F(k) bea smooth function of k
A t‘: __'_\ |- ] o Example: c(k) = -’%I-":-’j:-"' is a smooth
. A EREE S5 N | quadratic function of k

@ To get total energy we have to calculate
Nefefel-f-1-]| the sum: ) &(k)
= \:\\. ] Bl I, (A Il k<kp

B @ The sum Y, can be converted to integral

o S, Flk)= Y F(k)Ak, where Ak = 87%/V is volume of

B BT i M
Let us calculate some thermodynamic properties at ground state. Say we know some property as a
function of k and we have a smooth function of k. For example, energy = h cross square k square
divided by 2m is a smooth function of k. Now, we want to calculate the total energy of the system.
Now, this is the Fermi sphere with radius k F and the value of k F is given to us. To calculate the
total energy, we have to add up the energies of all the k states line inside the Fermi sphere. For

example, we know that all these steps, these are lying inside the Fermi sphere.

So, we have to add the energy of all the steps inside the Fermi sphere and then we can get the total
energy. So, we have to calculate this sum. Let us convince ourselves that the sum can be converted
to an integral under certain condition.
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So, we have to calculate this sum for all the allowed values of k. Now, we can take this so sum

over k F of k we want to calculate the sum. So

1o - v B,
EZ‘ F(R)Ak = %2 F(K)Ak

Now, we use some limit V goes to infinity, then you see that this box they become delta k becomes

very small.

So, each of these boxes it will become very small as V goes to infinity and then this discrete K
points they will become almost continuous and that is why in this limit we get convert this sum to
an integral so, what we do that in this equation correct being V to the left hand side so, that means,
this left hand side will become 1 by V sum over k less than k F of k. and then the right hand side
we have 1 by 8 pi cube. So, we have this term and we have delta k is now, we just write it as dk
dk and then we have this function F of k and then as I said that this discrete space becomes almost
continuous in the limit delta V going to infinity or delta k goes to 0. So, that means, we just we
can do this calculate this integral.
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@ To get thermodynamic property, we have ¢
calculate the sum: )", F(k)

o Thesum )", can be converted to integral

o Let us derive tofal # electrons using the
L’ above recipe

Let us derive total number of electrons using the above method; we have to find out how many
states are there within the Fermi sphere. And then we have to multiply with 2 as there are 2
electrons per state according to the Pauli’s exclusion principle that will give us the total number
of electrons in the system. In this case, the function the smooth function is F of k this is equal to 1
and then we write the volume element in the case space dk as 4 pi k square dk we can write it in
this form, because we have spherical symmetry. Now, let us calculate this.

(Refer Slide Time: 07:07)
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o Let us derive tofal # electrons using the
v above recipe
o In this case, F(k) = 1 apd_dk = dxk*dk

N 7*’# Ark*dk
o — =9 -
V 0 871'*

So, total number of electrons N = 2 Z’,:‘;O F (E) Now, we multiply to because of Pauli’s exclusion

principle. So, this sum will give you the total number of steps within the Fermi sphere and then



we have to multiply with 2 because each state can have 2 electrons and now, we divided by volume
such that% = %Z’,ﬁio F (73) and I know that 1 by V sum over k less then F of k this is given by this

integral. So, that means, N by V can be better than in this form.

So, I just replaced this sum with the 2 [ % and then I know that this f of k=1 and then in place of

begin I just replaced 4 pi k square dk. So, this is the integral that we have to evaluate and this is
not so, difficult to evaluate. So, if we just do this, so, this is like 1 over pi square integral 0 to k F
k square dk and in that case, we see that N by V =k cube F divided by 3 pi square.

(Refer Slide Time: 09:22)
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e Let us derwe total energy E of electron gas
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Let us derive total energy of the electron gas again the Fermi sphere is given to us the radius of the
sphere. So, what we have to do is that, we have to find all the states lying within this Fermi sphere
and then we have to add the energy of every state to get the total energy. So, that means we have
to calculate this sum. And then we have F of k the function that we have to integrate is h cross
square k square divided by 2m known that this factor to these accounts for the Pauli exclusion
principle that means we have 2 electrons, but state now, let us calculate this.
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e Compare with classical electron gas:
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So, we know that the sum can be converted to some integral of this form and then we also know
that this is equal to E. So, this is where we are just adding the energies of all the states. So, this
will give E. So, that means, this factor on the left-hand side that is equal to E by V and then we
have this factor of 2 which accounts for that Pauli exclusion principle and in the right-hand side
we have this integral and then we know that dk = 4 pi k square. So, 4 pi k square dk and this is
because of the spherical symmetry and then we have this function f of k = h cross square k square

by 2m.

So, you have to calculate this integral and then this integral will be equal to
1 h? (ke A%k}
—— | k*dk=———
m?2m ), 10m?m
So, now, what we know is we know that N by V =k F cube divided by 3 pi square and we know

that this term is equals to E by V. E by V is equals to this term.

So, that means, we can also write this ratio of E by V and then N by V and that will turn out to be
3 5th of h cross square k F square divided by 2 m and then we know that this h gross square k F
square by 2m = E F square And the Fermi of the square 3 by 5 of E F and then E F we can convert
it to some temperature scale we can just write E F is equals to Boltzmann constant k B times T F
where T F is some temperature scale.

E/V 3h%kZ 3

NV 52m 5°7F




Now, we can compare this with classical the energy of the classical electron gas and that turns out
to be 3 by 2 times K B T whereas, this is of the order of 10 power for Kelvin and the room
temperature T this is of the order of 300 Kelvin. Thus, we again see that the quantum free electron
gas has almost 100 times more energy than the classical free electron gas.

(Refer Slide Time: 13:57)
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We already have calculated the internal energy of free electron gas, let us calculate few more
thermodynamic properties combining first and second law of thermodynamics we can write dE so,
this is the E is the internal energy equal to TdS, T is the temperature, S is the entropy minus PdV
the P is pressure, V is volume plus mu dN mean is chemical potential and N is the total number of
particles. Now, if we take this equation, then we can calculate the pressure exerted by the free

electron gas that T = 0 Kelvin.

So, by calculating this partial derivative del E del V that constant N and S that is equal to pressure.
Let us calculate this term. So, we already know that E = %N erwhere N is the total number of

particles, total number of electrons and E F is the Fermi energy. Now, we know that the Fermi

A2 k2
energy can further written as = N mF .Now, we also know that

3m2N\ "3
ko =
=)




So, that means,
_ 3Nh*(3nN)?/3
~10m V23
so0, thus energy increases as V decreases. So, energy is proportional to V power -2 by 3.
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Now, we can take log of this equation and then we can write log of E = log of C - 2 third log of V
and then we calculate this derivative, del we calculate the partial derivative del log E divided by
del V=-2 by 3 into 1 by V. So, this implies that we can further write del E by del V=-2by 3 E
by V. So, this is what we have and then we can further write this term like this. Since, energy goes

as V power minus 2 by 3 then from this equation write from this equation.

We can see that all we can find out that pressure goes as V power -5 by 3. So, pressure increases

as volume decreases thus, as one tries to compress a metal free electron pressure is going to resist.
(Refer Slide Time: 18:38)
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Thermodynamic properties at T =0 K

T

@ Bulk modulus (inverse of compressibilityh}}dﬂ = —f] w"
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o Taking derivative of In(P) wrt. V: B=3P= L}J{-
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The resistance to compression is known as the bulk modulus. It is defined as the ratio of
infinitesimal pressure increase due to the decrease of volume. Let us calculate these all. So, again
we get log such that we can write log of P is equals to, so, we are just taking log of this equation
s0, log of P = log of some constant minus 5 by 3 log of V and again we calculate the derivative
points which is equal to -5 by 3 into 1 by V and then we can write this in this form del P by del V
=-5by3PbyV.

Thus we can write bulk modulus B is equals to -V. So, minus V will cancel this V and then del P
del V. So, it is like 5 by 3 of P. So, that means bulk modulus will be 5 by 3 times P and then we
can further express it in terms of energy as well as Fermi energy.
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Li [4.70x10% | 111x10% | 1.20x10° | 472 |5.48x10°
Na | 265 0.92 1.07 33 | 375
Cu| 845 136 1.57 700 | 812
Ag | 585 120 1.38 548 | 6.36
Be | 242 1.93 2.3 1414 | 1641
Mg | 860 1.37 1.58 113 | 82
AT 1806 1.75 2.02 1163 | 1349

So, that means, you see the bulk modulus can be expressed in terms of the electron density as well
as the Fermi energy, but now, note that we already have estimated the value of n electron density
and the value of the Fermi energy thus, we can compare the calculated value with the experimental
value.

(Refer Slide Time: 20:45)
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@ Let us compare with experimental values _~

Element | Free electron theory | Experiment |
L | B9GPa | 115GPa |
Na 9.3 6.42
K 319 281
Rb 2.28 192
G 154 143
Cu 63.8 | 1343
Ag 345 99.9
Al 228 76

In this column, we have the experimental values of bulk modulus for different metals and then in
this column we have the values calculated from free electron theory. So, what we did is that we
calculated the value of an electron density we calculated the value of E F and from that, we can
find the value of bulk modulus.
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K 3.19 281
Rb 228 192 v~
Cs 1.54 143~
Cu 63.8 1343,
Ag 345 909
A 228 76

@ For certain alkali metals, very good agreement
[
o As we try to compress metal, pressure of free electron gas resists

: : - :
@ But this can not b&the only source of resistance to compression —
thus mismatch expected

v
o However, free electron gas pressure is as important as other effects

And then you will see that the values for certain alkali metals like rubidium and cesium the
agreement is really good. It is not so, good for say like copper or silver and so on. So, what we can
conclude from this as we try to compress a metal the pressure of free electron gas will resist, but
this cannot be the only source of resistance to compression. So, the mismatch that we find here is

expected.

But you see that the filling on gas pressure is as important as other effects because, if you at least
look at the order of magnitude, these numbers they are of the same order of magnitude. So, that
leads to the conclusion that that free electronic gas pressure is as important as other effects.

(Refer Slide Time: 22:19)

BLiailbanami ) an

fe sTuBmens gl -svaBRRURRREDDE -

; oy MR .
o Thermodynamic variables (like .V, £) TG

calculated from sum: ), F(k) AT _I'“\'-:'_ .
I )

o F'(K) depends on what we want to calculate [ L7 | I

» Example: F(K) =1 if we want to calculate N -4+

AU . ]
» Example: F(k) = - if we want E N

|
i
* el |-
o Not easy to sum far«JQ;f\tEys A AHE

i L W Vo[-
o Analytical calculations simpler if we convert Z = P f:Hr

o S F(R) = I_r [JEF(E]



Before we go further, let us review what we have done so, far. So, we have found that
thermodynamic variables like the total number of electrons or the energy of the electrons can be
calculated from this sum and this sum needs to be calculated up to the Fermi sphere. Now, F of k
depends on what do you want to calculate for example, F of k =1 if we want to calculate the total
number of electrons, F of k is h cross square k square by 2m if we want to calculate the total energy

and so, on.

Now, note that this is not an easy solve to calculate, because the number of electrons that we have
in the system is huge it is of the order of 10 power 23. Analytical calculation it becomes simpler
if we convert the sum to the integral

(Refer Slide Time: 23:29)

BLiaititnamir« an

[ ) rTERmenn sEEEEREEERR
» Examplel FR) = 1 n We Walt 10 caicuiae & L e
» Example: F(k) = __,m‘ if we want E {4 Pa
@ Not easy to sum for “WS 1 ‘ 1
v { -
0 Analytu:al calculations 5|mp|er if we convert Z 7 [ dk
¢ T
5
= /fu,,f z) M;‘J
» Correct in the limit di >(l;l - “C.

. . " " " . L/ W
» In this limit, discrete points in k-space becomes almost continuous

dk -
9 ‘ETL —-ZI -/@MH &

J

And then this is how the sum can be written as an integral and this conversion is correct in the
limit delta k dk goes to 0 or that means in the limit V is going to infinity. So, that means, so, this
is like delta k right the point and occupied other volume occupied by one point. So, we see that as
V goes to 0. So, delta k = 8 pi cube by 3. So, as V goes to infinity, the volume occupied by each

point this will go to almost 0.

So, that means the discrete space now can be looked at as some almost continuous space and then
we can convert the sum to this integral and then we can write it in this form. And we have used

this to evaluate the total number of electrons as well as the total energy of the electrons.
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o Fermi wave vector related to electron density: I = (322918

; _ B2 0 2 w2
o Define Fermi energy: &7 = —£ = X (3z%n) %3

?m 2m

o Ground state thermodynamic properties expressed in terms of n

Property General expression | In terms of n.zp.
=4 Energy per unit volume - Tney -
+  Energy per electron L Sep e ,
:. TE S '
IH Pressure P=:p ENiFe
) y
= Bulk modulus B=:P ; nipe

o Values of n and = for selected metals
I (crn' ';] A; (cm l] UF (cm 5 t) &F (e‘v’] | Tp (K] |
Li |470x10% | 1.11x10° | 129x10° | 472 |5.48x10?
[ Na| 265 0.92 1.07 323 3.75

Let me summarize some of the thermodynamic properties of free electron gas at ground state. The
beauty of free electron gas model is its simplicity, we need only one parameter in the electron
density and from that we can calculate k F the Fermi wave vector and from Fermi wave vector we
can calculate E F the Fermi energy and once we have this n and E F, we can express all the

thermodynamic properties.

For example, energy per unit volume, this is given by 3 5th n times E F, energy per electron this
is given by 3 5th F, pressure is given by 3 5th n times F, bulk modulus is given by 2 3rd n times F.
Now, although we are using both n and E F, actually we have only one independent variable and
because E F is related to n by this equation.
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Property General expression | In terms of

~4 Energy per unit volume ¢ gne,v =

+ Energy per electron -fv E P

- Pressure P=%5 ;er A
5 o

= Bulk modulus B=3P iNEre

o Values of n and ¢ for selected metals
Ylem™) ke (e ) [ op (ems ) [ 52 (&) | T (K)
Li [470x10% | 1.11x10° | 1.29x10° | 472 [548x107| |

Na| 265 0.92 1.07 3.23 3.75
Cu| 845 1.36 1.57 7.00 8.12
Ag| 585 1.20 1.38 5.48 6.36
@ Theoretically predicted and experimentally measured [: order of
magnitude matches

So, now, if you look at this table, once we have found the value of n, we can find the value of F
and from that we can calculate all the ground state properties listed in this table. Among all the
properties, we can actually compare with experimental result in case of bulk modulus. And then,
we already have seen that the theoretical predicted and experimentally measured value of bulk
modulus for most of the metals the order of magnitude matches. This provides us some kind of

validation of quantum free electron gas model.



