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Welcome back to the course on Applied Elasticity. In today's lecture, we are going to talk

about the solution of the contact problems in elasticity.

Contact mechanics is the study of stress and deformation of two solid bodies (rigid/elastic), which are in contact with each
other.

Engincering applications:
*  Gears Cam-follower
* Beanings
*  Automobile clutch and brake
* Rail-wheel comtact
Differvnt types of contact conditions:

* Frictionless contact

*  Frictional sliding contact

* No-slip contact g

Contact mechanics is the study in which we are interested to find out the stress and

deformation of two bodies which are coming in contact with each other. If there are two



bodies which may either be rigid or elastic, at least one body is required to be elastic, but
both may also be elastic. For such cases, if two bodies are coming into contact at a single
point, along a line, or along a surface, for all those cases near the contact zone, there will
be local deformation of the two bodies which are coming in contact, and hence, there will
be a stress distribution generated around the contact patch. The study of these stresses

and the local deformation around the contact region is called contact mechanics.

In various mechanical engineering applications, different elements are coming into
contact, such as gear teeth. One gear tooth is mating with another gear tooth; there will be
a line or a point contact between those two gear teeth which is used for transferring
motion. To design the strength of the gear tooth, we need to analyze the contact stress

developed between a pair of gear teeth once they are in contact.

Similarly, for the cam-follower mechanisms, cams are coming into contact with the
follower. Also, in bearings, the bearing and the journal are coming in contact. In
automobile, clutches and brakes, the braking operation between the brake disc and the
rotor involves contact when we are applying the brake. For the design of the braking
torque, it is important to understand the contact mechanics for the brakes or the

automobile clutches.

Similarly, in the rail-wheel system, we have contact between the rail and the wheel. To
study the contact force, the stress generated, and the rate of wear at the contact patch, for
all these purposes, the study of contact mechanics is important, which is involved in

various mechanical applications as mentioned here.

There may be different types of contact conditions which we can assume between the two
bodies coming in contact. First is the frictionless contact. We may not assume friction to
exist at the contact surface between two bodies; that is called frictionless contact. Then
we may consider friction to exist. Due to friction, there may be sliding with the presence
of a non-zero friction coefficient. That is frictional sliding contact, where within the
contact region, two bodies may slide, and the slipping velocity will depend on the friction
coefficient between those two surfaces. There may also be no-slip contact; the friction

coefficient is sufficiently high to avoid any kind of sliding in the contact zone. Based on



the nature or value of the friction force, we may have different types of contact conditions

between the two bodies coming in contact.

Solution of any contact problem involves the prediction of contact area and the contact pressure distribution based on the

geometry, type of loading, and contact conditions
Types of contact problems

1) Contact of a rigid body with another elastic body

2) Contact between two elastic bodies

[
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Moving forward, the solution of any contact mechanics problem involves predicting the
contact area, the amount of contact patch generated near the point or line of contact, and
then there will be the generation of contact pressure. What kind of contact pressure
distribution is obtained once two bodies come in contact? These are predicted by solving
a contact mechanics problem. Depending on the nature of the geometry, the type of
bodies coming in contact, their geometry, the loading conditions, and the contact
condition - whether it is frictionless, no-slip, or frictional contact - based on these
parameters, the result of the contact problem - the amount of contact area and the contact

pressure distribution - will be influenced.

Now, we will discuss two different contact problems. In the first case, the contact is
between a rigid body, a rigid indenter, and another elastic body. Out of the two bodies,
the rigid one is not allowed to deform; only the elastic body is allowed to deform. In the
second case, we will consider where both bodies coming in contact are elastic. So, with

the contact near the contact zone, both the bodies will be having local deformation.
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a: Radws of the flat rigid indenter Indenter

In today's lecture we are going to talk about the first case, that is, contact of a rigid body
with an elastic body. Here, we are considering one flat rigid indenter. We are considering
one indenter which is rigid means it cannot deform once it is loaded. This is coming in
contact with an elastic half-space. The elastic half-space can deform as the indenter is
being pressed against it. Let us consider this elastic half-space where x-axis defines the
top free surface of the half space and y-axis is going vertically downward within the half-

space.

One flat rigid indenter, flat means the face of the indenter which would be coming in
contact with the half-space is flat; it is parallel to the free surface of this elastic half-
space. That indenter is being vertically pressed on the elastic substrate such that there will
be a finite patch of contact area generated. We are considering this flat rigid indenter
which is now pressed within the elastic half-space and thus the elastic half-space is
getting deformed like this. This is the deformed profile of the elastic half-space. Earlier, it
was a flat elastic half-space; free surface was flat. As this rigid indenter is pressed against
the elastic half-space, the local deformation around the contact region is achieved and the
free surface profile looks like this.

We are considering the applied load to be W, which is applied normal to the free surface
of the elastic half-space, which is basically along the positive y-axis. Then, the radius of
this flat rigid indenter of circular cross section is taken to be a. Total contact patch
diameter becomes 2a. So, a circular contact area of radius a or diameter 2a is generated

as we press this flat rigid indenter on the elastic half space with a normal load W/



We are assuming that domain of the contact by x varying between —a to +a. This point
refers to x = —a whereas, this point refers to x = +a. As we are varying x from —a to
+a, the entire contact patch is defined in the rectangular Cartesian coordinate system,
and the contact condition is assumed to be frictionless. There is no friction between the
rigid indenter and the elastic half-space. With this assumption, we will try to solve this
contact mechanics problem between one rigid body and an elastic half-space.

The Flamant solution with normal line loading is used bere, fo

which the stress components are
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Moving forward, we will just recall about the Flamant solution which we had discussed
earlier. Flamant solution is the solution of an elastic half-space problem, where the elastic
half-space is subjected to normal line loading of, let us say, some intensity W. If we are
having this elastic half-space, where the normal line load of intensity W in the vertically
downward direction is applied, following the St. Venant's principle, the effect of W will
be localized around the point of application of the force that is at point 0. So, we are
considering the semicircular region within which the stress distribution coming due to W
would be valid for this elastic half-space, and beyond this, we are considering it to be far

field, where the stresses will not get affected due to application of this load W.

If we solve this Flamant problem in the polar coordinates, we can obtain the stress
components a,.,., dgg, Tr9. We can also obtain the displacement components u, and ug
that we had solved earlier. For the solution of this Flamant problem, we had obtained one
purely radial stress distribution, where only o, is non-zero and other two stresses aggg

and 7,9 are 0. That is a purely radial stress distribution, where o,,. is obtained as

2W cos 6

, and rest two stress components are 0.



Using this Flamant solution, we will try to extend this for solving the present contact
problem. This W would be the load coming on the elastic half-space from the flat rigid
indenter, which is pressed against the elastic half-space in the normal direction. But this
Flamant problem solution was considering a line loading which was acting only at a
single point on the elastic half-space, that is point 0. However, in the present problem,
we have a finite patch of contact, where x varies between —a to +a. For that patch of
contact, we need to find out the stress generated and the deformation due to it. We will

try to obtain that by extending this Flamant solution.

Flamant solution was obtained in polar coordinates. Here, for solving the present problem
of contact between a flat rigid indenter and an elastic half-space, we will use the
rectangular Cartesian coordinate system with x and y, x being oriented along the free
surface of the elastic half-space and y going vertically downward within the elastic half-
space, with this choice of x and y, and 8 being measured from the y-axis. The y-axis is
the line of 6 = 0.

For that, we can relate r, 6, x, and y using these two equations: y = r cos 8, x = rsin#,
i i = _axi isY cin@isZ i 2 2
for this choice of 8 = 0 along the y-axis. So, cos @ is ~ sin 0 is =) where 7 is \/x2 + yZ2.

Using these coordinate transformations, we can rewrite the stresses along the x and y

directions.

Two normal stresses, oy, and a,,,, and shear stress 7,,, can be obtained, where the radial

. . . 2w [Z]
component of stress a,.,- is known, which is — =———

, and the rest two, gy and 7,9, are
0. As ggg and 7, are 0, those cannot have any contribution to gy, gy, and T,,,. oy, In
the stress transformation formula will have only one non-zero term, that is o,, sin? 6.
Replacing sin 6 as f we can write g,,, the normal stress generated along x or the

tangential direction. x is the tangential direction to the free surface, so, oy, IS the
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tangential normal stress. That is coming out to be —

Similarly, transforming to g,,, it can be written as g, cos? 8, and replacing cos 6 with %

2w y3
ayy would be —— )

Lastly, 7,,, the shear stress in the Cartesian coordinate can



be expressed as a,,- sin 8 cos 6. Replacing sin 8 and cos 8 in terms of x and y, this would

Here, we have obtained the stress generated in a Flamant problem in the rectangular
Cartesian coordinate system, where W is the line loading acting at a single point of the
free surface on an elastic half-space. Now, we will try to extend these solutions for
finding the solution of the flat rigid indenter with the elastic half-space, where instead of

a single point contact, a finite area contact is coming, which is defined by x varying

between —a to +a.

plx): Distributed normal load intensity within ~a € x < a

Stress components at any point A (at a distance x from y axis)
within the contact span can be obtained as o0
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Once again, considering that same figure, here the deformed free surface profile is
shown. Let us say as the indenter is pressed with some load W, & is the amount of
deformation for the free surface within the contact region. This portion refers to the
contact region; this is the contact span.

As the flat indenter is rigid and flat, so, the face which is coming in contact with the
elastic half-space of the indenter is parallel to the elastic half-space free surface. Thus,
this § would be a constant. So, in the y-direction, the deformation of the free surface is
constant over the entire contact span for the present case of contact between a flat rigid

indenter and the free surface of an elastic half-space.

Due to this contact, there would be a pressure profile generated on the contact span or
contact patch over the elastic half-space. Let us consider p(x) to be the distributed

normal load intensity, which is valid between the contact span from x varying between



—a to +a. This is the pressure distribution generated within the contact span of the
elastic half-space as the rigid indenter is pressed. Note that the contact span is flat and the

indenter is rigid; there is no deformation of the indenter.

Now, considering the stress components, at point A. We are choosing one point 4, this
point, which is the point of our interest. We are interested in finding out the stresses or
displacements at any point A within the contact span. Point A is defined by its position
vector X, which is located at a distance x from the y-axis. From the y-axis at a distance x,
we are choosing a point A, and due to this contact pressure distribution p(x), we are
interested in finding out what is the deformation and what are the stress components

generated at point A.

For that, first we will take a small patch of length ds. As shown here, we are considering
a small patch of length ds at a distance s from the y-axis. On the small patch, p(s)ds
amount of line load intensity is acting, and first we are going to consider the deformation
of point A due to the pressure acting on the small patch of length ds, that is net load

intensity of p(s)ds, which is acting at a distance s from the y-axis.

The point of interest A is at a distance x from the y-axis. If we are able to find out the
deflection at point A due to this small line load intensity p(s)ds, then we can integrate it
over the entire span, and that would give us the net displacement, or net stresses

generated at point A due to the entire pressure distribution for the total contact span.

For a single line loading, we know from the Flamant solution the stress distribution in the
rectangular Cartesian coordinate system is obtained like this. For our case, this W =
p(s)ds. A small load is acting on the patch ds, which is p(s)ds, that is load intensity
(load per unit length). This oy, 0y, and 7, would first be obtained for the small patch
of load, and then we will integrate this for the entire contact span, where ds would vary

from —a to +a.

Hence, for the total contact span, the pressure distribution o,, at any point A can be
written like this. Here, in this set of equations, these x and y, y is the y coordinate. As the

contact span is flat, the y-coordinate of all the points is the same. However, this x-



coordinate, x, is the distance between the point of interest and the point on which the load
is applied. Here, the load is applied on a point at a distance s from the y-axis. The load is
applied here, which is at a distance s from the y-axis, and the point at which we are
obtaining this distribution is at a distance x from the y-axis. Hence, the mutual distance
between the point of interest and the point of loading s is x — s. This is the quantity that

you should replace here as x.

In all these x quantities, we should write this as x — s, which is the distance between the

point of interest and the point of loading. With that, integrating it over the entire contact

+a p(s)(x-s)?

2 . . .
span, we can get o, as: —;yf zds. Using this o, expression, we have

—a [(x—s)?+y?
simply done that, y being the same over the entire contact span, that is treated as a
constant and taken out, and W for the small patch is p(s)ds. Then we are integrating it

over the entire span from —a to +a.

In a similar fashion, a,, and ,,, that is normal stress along the y-direction and shear
stress in the xy plane, can be obtained like this, using this set of equations. These give us
the total stress distribution for all three components in the Cartesian coordinates for the

present problem due to contact over this patch of radius a with a pressure distribution of

p(x).
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Moving forward, following Flamant solution approach, we can also obtain the
displacement after the stresses. Following a similar method, similar to the stress case as

we had discussed, extending the deformation of the Flamant problem, which was for a



single point loading of load intensity W, to this pressure distribution intensity p(x), we

can obtain the x and y components of the displacements like this. u,, that is, the

displacement along x direction, tangential displacement, is —(12;V){f_sap(s)ds—

fsap(s)ds} + Ay, where A; is integration constant. Then, u,, the normal displacement,

2 a
would be —Ef_ap(s) In|x — s| ds + A,.

In the first term of u,, you can see this integral is same, only limits are different and sign
is different. As sign is different, we cannot write the total integral for —a to +a, for that
case a signum function is required to be used. It is written by breaking the integral into
two parts: for one side it is positive for another side it is negative. This gives us the
displacement components along x and y directions for any particular point within the

contact patch.

Now, A,, A, are two integration constants which can be determined by using the rigid
body motion. For example, here the entire rigid indenter is just having a motion along y
direction. Initially indenter was here at top, and along the free surface this is pressed till
this point by an amount . § is the rigid body motion of the indenter along the y-axis.
This constant A, can be obtained by this information. Similarly, if the body is having any
motion along x-axis, that would give us the non-zero value of A;. In this case, that
motion we are not considering. We are only pressing the indenter normal to the substrate

or the elastic half space, and that will only give rise to a non-zero value of A,.

To avoid these A; and A, in the displacement components, instead of writing u, and u,,

we can write the displacement gradients, i.e., the rate of change of u, and u, over the

contact patch, which will be ‘Zﬂ and %. Simply by taking the derivative of these two

X
equations of u, and u,,, we can get the displacement gradients along the x direction, %,

(1-v)

2 ra p(s)
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p(x), and along the y direction, %, as — —

nEJ-a (x-s)

as —

Note that for the present problem, the contact patch is flat. u,, refers to the y-directional

displacement for the free surface, from the undeformed to deformed configuration, the

difference between their coordinates along the y-axis. This contact patch being flat in



both the undeformed and deformed states, u,, must be a constant. All the points within

the contact patch are moving down by the same value; thus, this quantity % must be 0.

And this % Is nothing but ¢, that is, the tangential strain of the free surface. Whereas,

due to rigid body displacement, § being constant, u,, must be constant over the entire
contact patch, and that would result in % being 0. Thus, this particular integral

f_‘la%ds must be 0 for the present problem of a flat rigid indenter coming in contact

with the elastic half-space.
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This integral equals to 0 gives us the value or the profile of the pressure distribution

within the elastic half-space in the contact span. From this integral being 0, we can get

p(x), the pressure distribution, to be = So, due to the application of this normal

load W, this kind of pressure profile distribution would be generated, which is valid

between —a to +a, i.e., the contact span.

If you plot this pressure profile, it would look like this. This is minimum at x = 0, and as
you go towards the end, the value increases and finally, this has singularities, a very large
value of stresses, at x = +a. These two points are the points of singularity for this

particular pressure profile.



Substituting this expression of p(x) as in the surface displacement components

w
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u, and u,,, we can obtain the final equation of u, as — sin™? (g) and u,, to be

x x2

2 N e 1] + 6. 4 is the rigid body displacement, which is coming due to the
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movement of the rigid indenter. This additional term is the elastic displacement occurring
due to the elastic nature of the half space.

Now, for v > 0.5, which is the common range or restriction on the value of the Poisson's
ratio, this horizontal displacement u,., the free surface tangential displacement, is always
found to be towards the centre of the indenter. All these points will try to move towards
the centre of the indenter. u,, will give us such a value that all the points on the contact

will move towards the centre of the indenter.

Now, if the friction coefficient value is large, which is the case for practical problems,
here we had considered it to be frictionless. If friction is present, obviously, some value
of friction exists in all real-life problems, that will prevent this kind of tangential motion

towards the centre for the free surface points coming in contact.
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Putting this expression of p(x), the contact pressure distribution, in the stress equations,
we can obtain the final form of stresses oy, gy,,, and t,,, like this. This is the final stress
distribution generated for this contact problem, where a flat rigid indenter is coming in

contact with an elastic half-space, and the contact condition is assumed to be frictionless.



* Contact Mechanics

* Flat Rigid Indenter in Contact with Elastic Half-space

S

In this lecture, we discussed the basic contact mechanics formulation and solved one

problem of contact between a flat rigid indenter and the elastic half-space.

Thank you.



