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Welcome back to the course on applied elasticity. In today's lecture, we are going to start
our discussion on the bending of beams. In the previous lecture, we discussed the stress
function and how it can be used to solve any elastic deformation problem. In the lectures
of this particular week, we are going to talk about solving different bending of beam
problems subjected to various types of loading.

Bending of Beams

Any beam (one dimension is longer than rest two) undergoes bending when it is subjected to bending moment or
transverse shear load.

Bending of beam under different types of loading:

Beam under pure bending
Beam subjected to concentrated transverse load
Beam subjected to uniformly distributed load

Beam subjected to linearly varying distributed load

D

Beam subjected to sinusoidal transverse load
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So, beams are one-dimensional continua, meaning the length along one direction is much
larger compared to the other two dimensions, that is, width and thickness or depth.

Such structural elements are called beams, and beams undergo bending when subjected to
either a bending moment or transverse shear loading. So, when beams are subjected to a
bending moment or transverse shear loading, they undergo bending. Now, we are going
to consider the bending of beam problems under various types of loadings. So, the first
case is the bending of a beam when it is subjected to only pure bending moment, which is
called the case of pure bending of beams, where only a constant bending moment is
acting throughout the beam.

Then, the beam subjected to a single concentrated transverse shear load at a specific
section, then the beam subjected to a uniformly distributed load over the entire span.
Then, the beam subjected to a linearly varying distributed load. So, the intensity of the
distributed transverse loading is varying linearly, and the final case is the beam subjected
to a sinusoidally distributed transverse loading. So, these are the five different bending of
beam problems which we are going to consider in this particular week.
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(where R is the radius of curvature of the beam after bending)
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So, in today's lecture, we are going to talk about the bending of a beam when it is
subjected to only a bending moment, which is called pure bending of a beam. So, let us
consider this beam of length [ along the x-direction, width b, and depth or thickness d.
So, b is along the y-axis and d is along the z-axis. The length is aligned along the x-axis
of the beam. So, we are considering the origin at the left edge of the beam, at the
midpoint of the left edge of the beam. This is the origin point, let us say point O, and now
this is subjected to this bending moment.



So, this particular type of bending moment is applied to the beam, and depending on the
direction of the moment applied to the beam element, we can either take it to be positive
or negative, depending on the sign conventions. So, here we are choosing [ as length, b as
width, d as depth, M as bending moment, and let v be the transverse displacement along
the y-axis for any point of the beam. The assumptions for this bending of beam theory
are: The beam in the undeformed configuration was straight and had a uniform cross-
sectional area along its length.

The plane of loading and the plane of bending are the same. So, the plane on which the
load is applied merges, is the same, or coincides with the principal plane of the second
moment of area of the beam. So, the beam bends in that plane. So, if you simply consider
this figure, which is lying on this particular plane, and consider that to be the mid-plane.

So, let us consider the vertical mid-plane of the beam, on which this particular figure is
drawn. So, this xy-plane is basically the mid-plane of the beam, with respect to which the
beam is symmetric. So, this is a case of symmetric bending. This is the plane of the
principal second moment of area, and thus, if this external moment M is applied on this
particular mid-plane, then the bending would also be occurring on that plane.

And with this assumption, we can approximate the problem as a plane stress problem,
with b being much smaller as compared to length I. Now, plane cross-sections remain
plane after bending. So, if you consider any cross-section here before bending, let us say
two points P and Q are chosen. Now, after bending in the bent element, this PQ should
be a straight line. Let

us say it is going to P’ and Q'. So, after bending, if PQ was a straight line before bending,
after bending, that plane section PQ will remain another plane section P prime Q prime.
It will just simply be rotated—mnothing else. So, that is the third assumption: plane cross-
sections remain plane during bending. Out-of-plane shear deformations are neglected. So,
out-of-plane shear strains or out-of-plane shear stresses, meaning t,, and 7,,,, are
neglected to be zero.

The material is taken to be linear, elastic, isotropic, homogeneous, solid, with which the
constitutive equation is well known to us, involving only two independent elastic
constants. Now, under all these assumptions, the bending of beam theory is known as

Euler-Bernoulli beam theory, which | feel you are familiar with from your undergraduate
M d?v
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where v is the transverse displacement of the beam, and R is the radius of curvature of
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solid mechanics knowledge. And under these assumptions, we can write ==



the beam after bending. So, if this is the beam after bending, the radius of curvature for
this beam after bending is equal to R. E is the Young's modulus, and I,, is the second
moment of area about the z-axis. So, this equation can be derived from the Euler-
Bernoulli beam theory.

Now, instead of using this approach, here we are going to use the elasticity approach,
where a stress function will be assumed, and with that, we will try to get the same
solution as observed under this Euler-Bernoulli beam theory. For that, the first task is to
write the boundary conditions properly, based on which the stress function would be
chosen.
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Now, the first condition is at any bend, at any cross section of the beam, the bending
moment M can be written like this. So, let us consider any cross section of the beam at
any x. Let us see here at any particular value of x, we are choosing a small element which
is at a distance y, and the element length is dy.

Now, the g, is acting along this direction, that is the axial strength. So, o, acting on the
small element dy. is going to create a moment about the horizontal axis. About this
particular axis, the moment created by o, is equal to ya,... This much elementary
moment is created.

This much moment is acting on the small element of dy. Now, if we integrate it over the
entire width of b, then it would be by o, dy integrated over the entire area, y varying
from — % to +%. Bottom means y = — g; top faceisy = g. d on the right-hand side view.
If you consider this particular small area, this is dyb, that multiplied with this small
bending moment dm. Integrated over the total cross-sectional area would be giving us the



total bending moment at any section x. So, M equals to integral by o,.,dy with boundary
— % to +§ being the integration limits. So, this gives us the bending moment.

Now, you need to be you need to be careful regarding the sign. So, here if you consider
this a,.,.y, this creates a moment in this fashion, which is the same as our given bending
moment direction. So, thus sign is positive on the other hand if you are having another
problem where the given M is like this then a,,y. This moment created o,y is creating a

clockwise moment given moment M is anticlockwise.
d
So, in that case M should be equals to minus of — f_zg byao,, dy. Here as the bending

moment created by o,y and the given bending monfent M both are clockwise both are
matching the sign is positive if they are in different direction sign should be negative. So,
this is the first condition. Now, coming to the second one as it is only subjected to
bending moment no axial force is there, hence the total axial force at any section should
be 0 for this beam. So, o, is the axial stress if you integrate the axial stress over the
entire area that is integral [ z bya,, dy that will give us the total axial force o, was
axial stress that multiplied with the small elemental area b dy then integrated from —%
bottom fibre to top fibre + g.

This is the net axial force present at any particular cross section and that should be equals
to 0 as no external force P is acting along the x direction. This is the second condition.
Coming to the third one if you consider the top and bottom surfaces both of them are free
of any kind of surface tractions.

So, top face thisisy = %face bottom face is y = —g both of them are free of free of
normdal stress ay,, both of them are free from shear stress z,,,.. So, thus a,,, and z,,, for
X, is equals to 0. So, these are the conditions which The stress function or the stress
component should satisfy. So, based on these, we have to choose a proper stress function.
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Choice of stress function:  $(x,y) = azx® + byx?y + c3xy® +dyy®  [Third degree polynomial e
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Now, proceeding further, we are going to start with a choice of a third-degree polynomial
stress function ¢ (x,y) = asx® + b3x2y + c3xy? + d3y>. And while solving the cases
of different degree polynomial stress functions, we have seen that the pure bending
problem is suitable to be solved with the help of a third-degree polynomial. So, being
motivated by that, we are choosing phi to be a third-degree polynomial and now for the
case of pure bending.

As all the stresses must be independent of x along the x direction, no stresses are
supposed to vary because the beam is subjected to pure bending M, which is the same for
all sections for all values of x. We are having the Mx, the bending moment, to be
constant. Hence, The x-dependent terms, the coefficient for x-dependent terms, must be
set to 0, and ¢ should be only d;y3. Otherwise, the obtained stress field would be
dependent on x, which has to be avoided for the present problem of pure bending.

And hence, the stress components o, can be obtained as 6d;y, and the other two, a,,,
and t,,,, would come out to be 0. And these two, o,,,, and ,,,, being 0, the last boundary
condition would be automatically satisfied. Now, coming to the second boundary
condition, there is no axial force along any section of the beam. ffg bo,,dy = 0.

2
Now, in this o,,, let me replace it with 6d;y and If you evaluate this integral, this would
come out to be 0. So, this particular boundary condition is satisfied. No axial force is
existing with this particular choice of stress function, and as both o, = 0 and 7, = 0.
The third boundary condition, top and bottom surfaces being free of surface traction, both
normal traction and shear traction, is also satisfied. So, both boundary condition 2 and 3
are directly satisfied for this chosen form of ¢, results o, = 6d3y and g,,,7,, = 0. We
are only left with the first condition with which we should be able to obtain this unknown



constant d5. d5 should be related to the applied bending moment M that will be done
with the help of remaining boundary condition 1.
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First boundary condition was the bending moment at any cross section M is equals to
integrgal of byo,, dy. Now, substituting o,, = 6d5Yy, this integral can be evaluated as

dy >~

So,M =d; b;LB and using this we can write d; = %. Similarly, we can also define this
d; interms of 1,,, I,, is the second moment of area of the rectangular beam cross section
about z axis which is equals to — and keeprng that in mind this partrcular term. d3

can be rewritten as this 6ds1,, where I,, = and hence d; = and replacing that
back in the expression of ¢ in the stress functron So, these obtarned ds is replaced back
in the stress function and stress function ¢ can be obtained a
if you are wrrtrng in terms of l and if this is the ¢ the stress components can be

IS oy, all rest of the stress components are 0

zZZ
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gyy 04, and all 3 T components are 0.

Now if you recall about the Euler Bernoulli beam theory the axial stress was derived to
be 22 Y here also using this particular approach of elasticity we are gettrng ~ to be our
axral stress or stress generated due to bending along x d|rect|on =2 So, th|s is providing
the exact solution of the bending stress distribution as obtained from the strength of
material approach. However, you may feel this is a lengthy approach. Why go for this?

Now, if you proceed further with the displacement, then we can understand this is giving
us a much more general result in terms of displacements. So, from stress, now we would
first go to strain with the help of constitutive relations. So, €,, = =, because gy, and
o,, are both 0. So, ¢, = oL And Eyy, €22, the normal strains in the two lateral



directions, would be — =&z =&, =0
because all three shear stresses were 0. So ‘these are the strain components obtained.

Now, we are going to relate these strain components— &, = Ely gyy and g;, — T
zZZ

and the three shear strains as 0—to the corresponding displacement components with the
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help of the strain-displacement relation. So, writing ¢, = % = #
zZZ
Similarly, e,, = 2%, ¢, =2 ¢ Ju Frwia ov , and so on. All the strains are written in
Y: &yy = ay' %2 Bz’ Sxy T oy

terms of displacement components Wlth the help of strain-displacement equations, and
then they are related to the obtained strain fields. Now, note that even though we had
assumed the plane stress condition, the displacement may be three-dimensional—
meaning we are not forcing w to be 0. w may not equal 0; we are allowing w to be non-
zero, and then we will see if it comes out to be 0 or not.

We are not only considering u and v, the axial and transverse displacements, but also the
out-of-plane displacement. In general, it is non-zero, and then we will verify what we get
for w. Now, starting with the first strain-displacement relation, &, = Z—’;, which also
equals % Integrating this with respect to x, we get u = IZI—’Z + uy(y, 2).

That constant would be a general function of y and z because this integral is with respect
to x. So, I am choosing that constant as u,(y, z). Thus, u = :fli + uy (v, z). Now, using
the &,,, relation. which is - (ay + Z—z) = 0, and that Would glve @ = —g—; Now, this
obtained form of w is replaced here, and with that, Mx
au(;(y 2) . Now, this equation can be integrated with respect to x, which would glve us v. v
Would be — ZME—’ICZZZ — au(;_(yyz) x + vy (y, z). So, this integral is once again with respect to x.
So, the general integral function or the constant coming out due to integral can be a
general function of y and z, which I am writing as v, as a function of y and z. So, we got
one expression of u, one expression of v, where uy, vy are unknown functions at this

stage.
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Now we are proceeding further to the next strain-displacement relation: €,, = 0. So,
E + a_ = 0 means & = — a_ Now, putting this expression of u here. we would be
getting a_ to be just ——— fho 0.2 because the first term of u is independent of z. So, — ‘;—Z
%Z and integrating this once again with respect to x, we can get a
general expression of w = — %x + wy (y, z), which is a general function of y and z,
which is coming due to this integral with respect to x. So, now, we have expressions of u,
v, and w involving three unknown constants wu,, vo, wo, Which are functions of y and z.
Now, three more strain-displacement relations are left, with the help of which we should

be able to obtain uo, v, and wy. Let us start with &,,, which is z—; = - 1;1\1/13/

would only be —

Now, v is known; we had already obtained one expression of v by using one of the strain-
displacement relations. Replacing that v here, we would be getting one particular
expression to solve for v,. Similarly, €,, being dw/0z equals t

form of w here and then integrating with respect to z, we would be getting another
equation. So, first integration equation, if you replace v on the left-hand side, dv/dy
would be —x 1;"(3’ 2 4 6v(:3(y,z) whereas the second equation would be xa’;"—(zyz) +
aw(;—(zyz) Now, if you carefuljlly look at both these equations, in the first equation, only the
first term is having a variable x; in the second equation, also, the first term is having this
variable x. The second and third terms of both equations are independent of x, and for
such cases, both the equations to be true, we must have these coefficients of x in both

equations to be 0. Then only for all values of x, these two equations can be satisfied

because the second and third terms are functions of y and z. Here also, the second and the
right-hand side terms are functions of y, z. Now, if you have only a single term involving
x and those equations are required to be satisfied for all values of x, there are no other
options apart from setting the coefficient of x to be 0.
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Thus, 2002 120(3 2 = 0. And putting that back we would be getting Eyy =

3y and from that if you integrate with respect to y we would be getting
vo(y,2) = ~ 25, + f1(z). Now as this integral is with respect to y this constant is
coming in terms of z only. Similarly, usmg Ezz = aw"(y D — ™Y and integrating this
with respect to z, w, can be obtained as — —2= + f, (y) where this integral is with
respect to z, thus this integration function is functlon of y only. Now, these two v, and
w, can be replaced here and here in the expression of v and w.

av(yz) ¥ vm
~ El
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So, we had expressions of u, v, w where v, and w, are already replaced, u, is still left
and the last strain displacement equation left with us is this. replacing v and w in this, the
last trend displacement equation would be coming like this. Now, this equation is also
required to be satisfied for all values of x, only first term is having x, rest of the terms are

and the remaining part fl(z) vMz

— should be equals to — 10) Now, if you carefully
compare the left and rlght hand side of this equation, the Ieftjhand side is function of z
whereas, right hand side is function of y. In general, for all values of y and z a function
of y is equals to a general function of z only if both the functions are constant for all
possible values of y and z. So, left hand side of this equation should be equals to right
hand sides of this equation equals to a constant C, and using this C, constant we can
obtain f; (z) and £, () by simply mtegratlng it. So, dfl(z) vz
respect to z we would be getting f;(z) =

— = = (C, integrating it with
and here this last one is the
integration constant coming due to z integral f2 (y) can be obtained as —C,y + Cg.
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These constunts are determined by using the displacement boundary conditions.

TR ... .

So, this f;(z) and £, (y) these are now explicitly obtained in terms of 3 constants C,, Cs
and C, we are still left with u,(y, z). So, whatever is obtained that is already written here.
Now, on u, we have this 3 conditions available. a;;" , '3;2”2", z;gz all 3 we had obtained to
be 0 which are coefficient of x in 3 previous equations. Now, if all these are 0 that means,
you cannot be cannot be having y? z?2 or yz term it can only be a linear function of y and
z. Then only the all second order partial derivative of u, with respect to y and z would
go to 0. So, u, must be a linear function of y and z of this particular form u,(y, z) =

C; + C,y + C5z and putting this back here. The overall displacement field u, v and w

would be looking like this.

Here you can see we are having 6 constants C; to C, and all 3 displacement components
are in general non-zero. Now, these constants are required to be obtained by putting the
displacement boundary condition. So, for the beam we would be having either cantilever
beam or simple supported beam that displacement boundary condition would help us to
solve for this constant C; to Cg.
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The displacements along the longitudinal axis of the beam with y = 2 = 0 are given as

Mx*
u(x,0,0) =0, v(x,0,0) = = pmee, w(x,0,0) =0
Ely,
2|
The transverse displacement at the free end (x = [) 15| v(£,0,0) = - T (Identical as simple beam theory )
| =
Al any given x, u is proportional to y, which confirms the assumption of plane section remaining plane due 1o bending

& i



Now, here let us consider the pure bending of the beam which is having left edge to be
fixed. So, we are considering a cantilever beam now earlier this was a beam without any
displacement boundary condition. Now, we have to enforce it to find out this constants.
So, for x equals to 0 edge being considered as the fixed edge or we are considering a
cantilever beam at the origin that is at the centre point here, point 0, 0, 0, 0. for the fixed
beam that point must have zero displacement in all three directions so u v w all should be
zero at that origin zero zero zero point and this would result three of the constants going
to zero ¢, cs, ¢ Would be zero now apart from this particular point all the points on that
fixed edge all the points on the fixed edge x = 0 for all values of y and z should have 0
axial displacement. So, none of the points of that fixed edge can have any axial
displacement along x axis. So, thus you 0, y, z for all values of y and z, this should be 0,
and that would result in ¢,y + c3z = 0. This can be true only if we force ¢, and c3 both
to be 0. So, 5 constants are coming out to be 0, and only 1 non-zero constant is left,
which is c,.

Now, to determine that, we are going to invoke this principle: during pure bending, there
would be no torsion of the bar, as we are only applying a bending moment about the z-
axis, so there should not be any twisting of the bar. So, if you consider two identical
points, let us say at z; and —z,. About this midline, we are considering two points here:
one at z; and another at —z,. The displacement of those two points in the y-direction,
that is, v(x,y, z;) and v(x,y, —z;), must be identical; only then would there be no
torsion. If this point is moving by some extra amount compared to this, then the body is
going to get twisted, which is not allowed for pure bending. So, to avoid torsion for all
values of x and y, we should have v(x,y, z;) = v(x,y, —z;). Putting that condition in
the expression of v would result in ¢, = 0.

So, for any arbitrary z,, this can be true only if the last constant, c,, is 0. So, for pure
bending of a cantilever beam, we have all 6 constants to be 0 in the displacement field,
and the overall displacement field would come out to be this. u, v, and w. Note that even
if we are considering the plane stress problem, the out-of-plane displacement w is non-
zero. This is the advantage of this particular elasticity approach, where we can get the
complete displacement and stress fields, which the Euler-Bernoulli beam theory and
strength of material approach are unable to predict.

If you consider the displacement along the longitudinal axis, meaning the displacement of
this—how is it going to deform with y and z to be 0? u and w would be 0, and v is
2

ZI\Z . Putting x equal to [, that is, at the free end, we would get the vertical




displacement as —
negative y-axis).

2
lei , meaning this point is coming down (negative means along the

. . M2
So, it is coming down by an amount of T
zz

bending, through that, the displacement for the cantilever beam subjected to pure bending
2

moment M at the free end would be ZIZ; in the negative y-direction, same as we are able

to obtain from here also. So, the results are identical to the results obtained in simple

beam theory.

. Now, if you recall the simple theory of

Also, you can see that u is directly proportional to y. So, the u versus y plot will be a
linear curve as shown here. This confirms our assumption of plane sections remaining
plane during bending, as u is proportional to y. A straight line PQ, if you consider here,
will remain as a straight line; it will just tilt. It is not going to get deformed from a planar
to a non-planar section. So, the plane section will remain plane during bending of this
particular beam.
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The lateral curvature of the beam is in opposite direction to the
longitudinal curvature. This effect is known as anti-elastic curvature
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Now, let's look at another important or interesting phenomenon: anticlastic curvature. So,
if you consider the expression of v, let us consider the top and bottom surface vertical
deformation. So, y = + g. For that, the transverse displacement v (x + %, z) can be
obtained like this. If you plot it, the top particular figure will be bent like this, and the
bottom fiber will be bent like this. Now, if you consider the curvature, the curvature is in
this particular fashion, whereas if you look at the beam length M applied in the counter-
clockwise direction, for that, the curvature would be in this direction. So, if you
understand, the curvature of the beam along its length is along one direction; the center of
curvature is on the top of the beam. Now, if you consider the cross-section, for that, it is

getting bent in this fashion.



So, the center of curvature is lying at the bottom of the beam. This is the major bending
in this particular xy-plane. We are having the bending of the beam depending on M. For
this given direction of M, it is bending in this fashion where M is counter-clockwise.
Now if you consider the cross section for that So, the center of curvature is above the
beam, whereas if you consider the cross-section.

So, the center of curvature is lying at the bottom of the beam. This is the major bending
in this particular xy-plane. We are having the bending of the beam depending on M. For
this given direction of M, it is bending in this fashion where M is counter-clockwise. So,
the center of curvature is above the beam, whereas if you consider the cross-section. If
you just have the view in the y — z plane, that particular curvature in the deformed
section is below the beam.

So, that is called the effect of anti-elastic curvature. The lateral curvature of the beam is
in the opposite direction to the longitudinal curvature. This figure, the top figure, shows
the lateral curvature. Whereas the bottom figure shows the longitudinal curvature. As the
centers of these two curvatures are in opposite directions, this effect is known as anti-
elastic curvature.

Summary

* Pure Bending

* Bending Stress and Deflection

* Anti-elastic Curvature

& st

So, in this lecture, we discussed the pure bending problem, obtained the bending stress
field and the deflection using the stress function approach, and also discussed the concept
of anti-elastic curvature. Thank you.



