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Welcome back to the course on applied elasticity. In today's lecture, we are going to talk
about stress functions. We had already started our discussion on stress functions in the
last lecture.

Choice of Stress Functions in 2D Elasticity Problems

The stress function @(x, y) is required to be chosen in such a form that
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Different possible choices for stress function:

2. Fourier Form
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So, the stress function phi in the rectangular Cartesian coordinate system is required to be
chosen in such a form that it satisfies the biharmonic equation.



So, V¢ = 0. If this is satisfied by any chosen ¢ or stress function, which is a function of
x and y, then we can use that particular function as a stress function for solving any
elastic deformation problem. Now, this particular equation is valid only for two-
dimensional elasticity problems. That means, either for plane stress problems or for plane
strain problems, which we had discussed in previous lectures.

Now, in the rectangular Cartesian coordinate system, this biharmonic operator V*¢, if we

expand it, becomes ki + 2 ¢ + v _ 0. Now, in terms of this stress function ¢, the
P ! ox* 0x20y2 = oy* ' ! !
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three in-plane non-zero stress components can be defined as o,.,, = a—yf, Tyy = a_xf' These
2%

two are in-plane normal stresses and the in-plane shear stress 7,, = — 370y’

And if you replace these stress components in terms of the stress function in the
equilibrium equation, that would be directly satisfied. Now, for the choice of ¢, the stress
function, we have two possible options. The first one is the polynomial form of solution
for ¢ or power series solution that was discussed in the last lecture. Now, in today's
lecture, first we are going to talk about the Fourier form solution of ¢ (x, y) or stress
function. So, stress functions can be chosen either in polynomial form or in Fourier form.

Fourier Solution for Stress Function

Cholee of stress function P(x, ) = X(x)Y(y) ] (using the separation of vanables)
Exponentzal form of solutions are chosen as X(x) = ¢®,Y(y) = ¢

Bibarmonic cquation

P =0 = (a* + 20 + fY)e™ e =0 = (@ 4 fP)Y=0 ol = Fiff | [Double roots

$(x,y) = ¥ [AcPY 4 BeP 4 Cyel? + Dye Y] 4 e~ F*[A'eP? 4 B'e~FY 4 CyeP? 4 D'yeP?]
where A, B,C, D, A", B',C', D’ are the arbitrary constants to be determined using the boundary conditions

The 7 (@ = 0 or ff = 0)is a third order polynomial (which satisfics P*¢ directly) as

Paso (X, ¥) = Co + Cix + Coy + Cx7 4+ Coxy + Coy* 4+ Cox™ + CxPy + Coxy* + Coy
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Now we are going to talk about the Fourier form of solution for the stress function to
solve any 2D elasticity problem. Now, as I told, there are two possible options for the
choice of stress function. One is polynomial, another is Fourier. So, if you are going for
the Fourier form of solution, the first assumption is we are assuming a separated solution.
So, the ¢ stress function is a function of both x and y, two in-plane rectangular Cartesian
coordinates.

Now, ¢ is chosen as a product of two different functions, capital X and capital Y. Now,
capital X is a function of solely small x, a single Cartesian coordinate, small x. And



capital Y is taken to be a function of another variable, small y. So, ¢ was a general
function of both the Cartesian variables x and y, which is taken to be a product of two
separate functions, capital X, which is dependent only on the small x variable.

Small x variable, and then capital Y, which is dependent only on the small y variable. So,
this is the first function. This is the second function. The product of these two functions is
going to give us the overall stress function. So, as we are taking two separate functions of
x and y, we are calling it the separated solution or the method of separation of variables
is being used here.

Now, exponential form of functions are chosen both for capital X and capital Y. In this
particular manner, capital X is chosen to be e®*, and capital Y is chosen to be ef. So,
first we are separating the stress function solution: one is a function of small x, another is
a function of small y. Both these functions are chosen to be exponential functions as e®*
and eP.

So, if you replace them back. This phi would be e to the power alpha x times e to the
power beta y. Now, this particular ¢ or the stress function must satisfy the biharmonic
equation. So, V*¢ = 0. If you replace this form of phi in the biharmonic equation, the
expression would look like this: a* + 2?82 + p*.

This entire thing multiplied with e**ef¥ = 0. Now, this particular expression being 0 for
all values of x and y, this particular part e**ef¥ cannot be 0 always. So, hence the
coefficient, whatever is there within the bracket, that should be equal to 0, and then only
this equation can go to 0.

Now, this coefficient a* + 2a?p? + p* is nothing but (a? + £?)?, and that must be
equal to 0. So, from this, we would be getting a relation between a and 8. And that
relation would come out to be & = +if, and note that there exists a double root of a
because of this square. So, as (a? + $%)? = 0, we would be having 4 solutions of a: 2
solutions are plus if, another 2 solutions are —if3. So, plus if are repeated roots for this
particular equation. Now, substituting this relation between a and £ back in the
expression of a. For non-zero values of @ and . So, a not equals to 0 and £ not equals
to 0.

For non-zero solution of @ and g, if you replace this a equals to + with a double root
case in the expression of a here, that ¢ (x, y) would be having two terms. One first term
is e#* multiplied with AefY + Be™PY + CyePY + Dye=FV.



So, this entire set of term this is coming due to « = +if and that is repeated twice. So,
that is why this Cy term and Dy term these are the repeated root terms. if there was a
single root then only first 2 A and B terms would be coming as there are repeated roots
along with a Cy term is there along with b Dy term is also there similarly for « = +if
this similar second term the entire second term is there So, in total ¢(x, y) is having 8
terms 4 involving e*#* another 4 involving e~#* and in total 4, B, C, D, A', B', C’,
and D' total 8 arbitrary unknown constants are present which we need to solve by using
the boundary conditions of the elasticity problem. So, this solution is the general solution
for the non-zero roots a and S not equals to O with which the bi-harmonic condition can
be satisfied by this chosen form of ¢ as e™* efV.

Now, if you are looking at the 0 roots with « = 0 and § = 0, that may be another
possible solution with which this particular equation would also be satisfied. So, with

a = 0 and B = 0, this should be a third-order polynomial function. And that can be
written as Cy + Cyx + Coy + C3x2 + Cyxy + Csy? + Cex3 + Crx%y + Cgxy? + Coy3.
So, this is a general third-order polynomial containing all the zeroth-order, first-order,
second-order, and third-order terms with a total of 10 unknown constants. So, if we
combine both the non-zero root for @ not equal to 0, 8 not equal to 0, and the zero root,
the total general solution, the overall general solution, can be written as the summation of
these two terms.

Fourier Solution for Stress Function

il y) W be real © o sentials are repliced th w o {
x.y) W be real, the exponentials wre replaced with wquivalent 51 1 .

e and hyperbalic fooms in the

(6 y) = @aes (2. 9) + sinfix KA + CBy)smh Ry + (6 + Dgy) cosh fy] . [ S S ek 71 et R ] p i

+ cos fix |(A" + C'By) sinh By + (B' 4 D'By) cosh fiy] ;,
#sinay|(F + Gax)sinhax + (F + Hax) cosh ax| ’Z a vy

+cosay [(E' + Glax) sinhax + (F + H'ax) cosh ax]

This fomm of solution is useful for the problems subpected 10 simsordad lToadmg
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Now, here you can see we are having e*?*, e =A% terms. We also have e'#*, e =% terms.
Now, these terms can be rewritten in terms of sine and cosine. These trigonometric
functions, as well as sine hyperbolic and cosine hyperbolic, can be expressed in terms of
these two hyperbolic functions. If we rewrite that, the overall ¢ would be like this.



So, the first term of ¢ is the 0 solution, which is nothing but this—the general third-order
polynomial or polynomial up to the third order. Then, these two terms for the non-zero
solution are rewritten as this. We are having four terms here: sin fx, cos fx, sin ay,

cos ay, and they are multiplied with respective factors. This also contains eight constants,
which are required to be obtained with the help of boundary conditions. Now, this form
of solution is useful if the sinusoidal loading is acting on the system.

So, if you consider this example of a simply supported beam, which is subjected to a
transverse load of intensity q(x) = q,sin ”L—x you can see this load acting here has a
sinusoidal variation on the top surface. So, for solving such a problem, the polynomial
form of stress functions would not be useful—it cannot be used to solve such problems.
So, for this kind of problem, we can use this Fourier form of solution with the sin Sx
term being present, as the loading is of sin”Tx type. This sin Bx term should only be
there; the other three should be neglected.

If you have a loading of cos Bx type, then the cosine term should be chosen. So, based on
the type of loading, only those set of constants can be chosen to be non-zero, and by
setting the rest of the constants to 0, we can get a proper Fourier form of solution suitable
for the problem. So, for solving this particular example, we should have only A, B, C, and
D—these four constants—to be non-zero, which are associated with the sin fx term. That
would be added with the 0 polynomial form solution, and that would give us the actual
solution for this particular elasticity problem: the deformation of a beam subjected to
transverse sinusoidal loading.

Fourier Solution for Stress Function

Instead of a single sinusoidal loading, if & more gencral loading and boundary condition are cxisting then Fourier series
solution is used for stress function ¢(x, ¥) = X(x)Y(y) as

1 = nmx nnx
DX(x)= a0+ l(u,un»‘—-oh,,\lnl—) X (x) is periodic function of period 2L in interval {—L, L))
2 —~ J

nml y q(x) ~» Any arbitrary
- Y a
d¢
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with ay l' q({)xcos i n=012, . function

17 5 na{
by =7 , () sin—d(,n=1.2,3

Similar expression for ¥ (y) can be assumed
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Now, instead of this simple sinusoidal loading, we may have some complex loading
where the loading is not just a single sine. Along with the sign, there may be multiple
other functions appearing. So, for such cases of a more general loading or more general




boundary conditions, a Fourier series solution is used for the stress function ¢. So, ¢ is
written as capital X, which is a function of small x, and capital Y, which is a function of
small y.

Now, capital X and capital Y are both chosen as Fourier series solutions. So, first we are
writing capital X as %ao e (an cos "LL’C + b, sin "LL’C) So, you can see this ao, a; till
A, b1, by till by, these are the constants for the Fourier cosine and sine series that we
need to evaluate. This capital X can be written in terms of this Fourier series only if itis a

periodic function of period 2L.

over an interval of —L to +L, and for such cases, the constants a,, and b, can be obtained
like this: a,, the cosine function constants or coefficients, can be obtained as

%f_LLq({) cosnTnZd{. n=0,1, 2, - oo, and b, is obtained as %f_LLq(Z) sinnTn{dC, n=
1, 2, 3, to oo. Note that for a,, we have n varying from 0 because we have this a, term.
For b, it starts from 1; no b, term is present.

So, once we are given some arbitrary loading g (x), we can use that g here, and with that,
obtain the corresponding a, and b, the coefficients of this Fourier series. Then, with
respect to that, we can express this capital X. Similarly, in a similar fashion, the
coefficients of sine and cosine of capital Y can be obtained, and a similar expression can
be written. So, for any general periodic function if that is acting as loading on the system,
then we can use this Fourier form of solution.

Let us once again consider a simply supported beam which is subjected to a general
periodic transverse loading q(x). So, this q(x) is any arbitrary function acting on the top
face, but it must be periodic. So, that constraint is there. So, let us say the total length is
2L. So, this much is L, this much is also L, so the total length being 2L, and q(x) being
periodic with period 2L.

We can write this g (x) with the help of a Fourier series, and then this particular choice of
Fourier series form of the stress function can be used to solve this problem.



Example: Long Rectangular Bar Under Uniform Axial Tension

Roandary conditions
A ' ¥ D
. . o

L P L
(1)Oncdges AB and CD: 0y (25,) =5, T (23.3)=0
2Y) =7 2

b b i3 :
(2) On edges AD and BC: 04y (.45 ) =0, 1y (x,2 ,) 0 — )

f stress function ] ' '~
P(x,y) = Agy? :

‘ P: Uniform axial tension

Sccond order stress function directly satisfying V¢ = 0 L: Length
Stress components A: Cross-sectional area

¢ : e ¢

- = LAgz y =0, 7 lyy = =0
Tex = 557 W e " dxdy
Following St. Vena d le, this stress field is valid for all points away from the boundaries
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Now, we are going to take one example problem, which is a very simple example of a
thin rectangular bar. It has quite a large length as compared to its width and thickness,
and it is subjected to uniaxial tension. So, x is the axis along the length of the bar, and z
is along the thickness, which is very small. We are considering the bar subjected to
uniaxial tension of load P along the x-axis, along its length.

Now, we are interested in obtaining the deformation solution, the stress distribution, and
the displacement fields generated within this particular bar subjected to uniaxial tension
with the help of the stress function or elasticity approach. From undergraduate solid
mechanics, the solution is well known. It should only have tensile stress of a,, = g,
where A is the area of the cross-section, and we can also get the deflection.

Easily with the help of Young's modulus E. Now, here using the stress function approach,
we would try to get the overall solution of this particular simple problem. Let us consider
the boundary conditions: the length of the bar is taken to be L, the width of the bar is
taken to be B, and the thickness is negligible along the z direction. So, as the thickness is
negligible, this is basically a plane stress problem. The origin O is chosen at the center of
the bar.

Thus, x varies between — % to + % and y varies between —g to + g. So, that defines the
domain of the problem. So, P is the uniform axial tension acting along the x direction, L
is the length of the bar, and A is the cross-sectional area of the bar. Now, let us write the
boundary conditions. So, there are four boundaries defined: AB, BC, CD, and AD. These
are the four boundary edges.

First, consider the edges AB and CD, which are parallel to the y-axis or these are the x-
plane and minus x-plane, the left-hand side and right-hand side boundaries. So, first, we



are considering these two boundaries, AB and CD. Both of them are free of any kind of
shear stresses. So, thus T, for those two edges So, the x value for AB is —- and the x
value for CD is + =

So, these two planes AB and CD are defined with x = Wlth any value of y y can be
anything because for all these points on AB, y value is changlng between — - to + -
Now, shear stress is O for all the points for + ,¥. Whereas, normal stress axx = %
because P is the axial load applied for both the faces A,B and C, D. So, 0, (+ y) = %
whereas, shear stress 7,,, = 0 for those two edges.

Nlb‘

Now considering other two edges AD and BC those are completely stress free. No

external traction is acting on top and bottom faces AD and BC. Thus both normal stress

gy, and shear stress 7., would be 0. Now how are we defining these two edges? here x is
. L L - . . .

varying between —- Sto+- along this edge x is varying that is not constant.

However, y is constant as +3 2 for edge AD y is constant as -— for edge BC. So, thus
Tyy (x + ) = 0 means these 2 edges are free of any normal traction. 7, (x + ) 0
means these 2 edges AB and BC are free of any shear traction. And note that here | am
using t,, because these are y planes as these are y.

The first index should be y and the second index is x, which is the direction of shear
stress along the x on y plane. So, that is equal to 0. However, we know from the equality
of cross shear we can always write 7,,, = 7,,. Now, moving forward to the choice of
stress function here, motivated by this set of boundary. We should choose our stress
function to be having only a single non-zero term as A4,,y2.

This is a polynomial form, second degree polynomial, and with only one non-zero term
that is A,,y2. Because if you go with this stress function, which obviously satisfies the
biharmonic equation as it is second order, the stress component a,,, can be obtained as
327(2 = 24,,. Both g, and 7, are 0 with these chosen form of ¢. We are getting o, =
0, 7., = 0, and that would satisfy this set of boundary conditions automatically. We need
to choose a stress function in such a way.

The boundary conditions, all the boundary conditions are satisfied. So, we know that we
are expecting a constant stress along x direction, normal stress along x direction, and rest
of the stresses should be 0. So, that is why this particular choice of some constant y
square L stress function would give us that solution. So, you can take other terms like.



A,ox?, but that constant will go to 0 as soon as you impose this boundary conditions of
Ty Tyx aNd gy, 1o be 0.

And now, following the Saint-Venant principle, we know that this particular stress field,
the stress components defined through these equations are valid away from the boundary.
So, near this region, the effect of stress concentration may be present. So, apart from the
region of loading, for all the far-field points, this particular stress component or stress
field solution is valid.

Example: Long Rectangular Bar Under Uniform Axial Tension

{ P 5
B.C.(1) ""(?7"):i {a,»x__. L
P

> Px
Ee = 52 AE f’»lfx’j‘f-(,\l

v vP vPy
Eyy ¥t ".”_ = ¥ AE + fi(x)
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Now, the only boundary condition left to be satisfied is this: g, ( ,y) = 2. Now, we
had obtained this particular stress field where g, is a constant 24,,, putting it here. 4.,
would come out to be i So, if you put this back in the stress field, our o, would be %,
gyy = 0,and 7, = 0. Usmg this, we can obtain the strain fields. &, = % — D e =

o E 'Yy
Vo
% —=, and &,,, which equals =*

ny

So, &, Is tensorial shear strain, and y,,, is engineering shear strain. So, tensorial shear
strain and engineering shear strains are related such that half of the engineering shear
strain equals tensorial shear strain, and engineering shear strain equals the shear stress by
G. SO, &y = 2y Now putting this o, = %, = 0, and 74y, = 0, we would get &, to
be %, £y, 10 be — and gxy tobe 0as 7y, is 0 Now, moving forward after obtaining
the strain fields, usmg the strain-displacement equations, we would like to get the
displacement fields.

Now, we know that &,,., that is the normal strain along the x-direction (longitudinal axis),
IS equal to — and we had obtained ., as— Slmllarly Eyy = =2 which is obtained as
—— So We are going to substitute it in the expression of straln dlsplacement relations.



So, u L and v _vP Now, integrating the first equation with respect to x, we can get
ox AE dy AE
the expression of u.

Similarly, integrating the second equation with respect to y, we can get the expression of
V. So |f you integrate the first equation, —x = — Wlth respect to x, we would be getting
u=— + f1(¥). Now, what is this f; (y)? fl(y) is the integration function. So, as we are
going for the integral with respect to dx, we can have a constant present as an integration
constant, or we can have any general function of y present as an integration function.
Now, if you differentiate this du to get r— that Would glve us — |rrespect|ve of the
form of f;(y). So, the general solutlon of uis taken to be — + fi (y) Slmllarly,
integrating the next equatlon ——— Wlth respect to y. Thls integral is with respect to y
because we were having the derlvatlve of v with respect to y.

So, this would give v = — %y + f,(x). Here, the arbitrary function coming from
integration is a function of x because the integral was with respect to y. So, we got these
u and v expressions as u = Z—Z +fi(y)andv = — % + f,(x), and we are left with a
shear strain condition &, should be 0, which is half of (du/dy + 0dv/dx).

Example: Long Rectangular Bar Under Uniform Axial Tension

a [Px
[z +7
Iy LAE

dfi(y) dfi(x) dfy(y) (dfs(x) 2
B~ e - = - 4 = = =(
dy dx dy dx

= fi(y) = —Cy + u,, f(x) = Cx + v,

=
O o tertomne, ‘

So now, these obtained forms of u and v, which are derived from the normal strains, are
substituted back into the expression for &,. If you simplify this by substituting u and v
expressmns here, it would look like this. So, d/dy of— term would go to 0. Similarly,
d/0x of 22 term would also go to 0. So, we would onIy be left with two terms involving
frand f,as d’z(y) + d%ix) = 0, which alternately we can write as minus =22 fl(y) equals to
d’z(x) and this Ieyft hand side of this is only function of y whereas right hand S|de is only
function of x and this is one function of x is equals to another function of y is valid for
all values of x and y only if those two functions are constant. Otherwise, this being a

function of y cannot be equal to another function of x for all values of x and y. This is



possible only if both the functions are constant. Let us choose that constant to be € and
hence, we can get f;(y) = —Cy + uy and f,(x) = Cx + vy, where u, and v, are two
arbitrary integration constants. So, after obtaining f; (y) and £, (x), if you replace them
back in these expressions of u and v. The total displacement field is obtained as u =

Z—z —Cy+upgandv = — %V + Cx + v,. So, these are the axial and transverse
displacements of the bar subjected to uniaxial tension. Now, this involves three constants:

C, uo, and vy.
Example: Long Rectangular Bar Under Uniform Axial Tension

1 A : D
- T =

ty: Rigid body motion along x

vy Rigid body motion along y 2 r -

C: Rigid body rotation about point 0

fi(y) = f2(x) = 0,1l the centre of the beam (point 0) does not move and the beam does not rotite

& s st &

These are required to be obtained with the help of displacement boundary conditions. So
far, we have not considered any edge of the bar to be fixed or the center point to be fixed.
Once you add such displacement boundary conditions, we can obtain the values of C, u,,
and v,. Here, uo refers to the rigid body motion of the bar along the x-direction, v, refers
to the rigid body motion of the bar along the y-direction, and C refers to the rotation of
the bar about its center point 0. These are the physical interpretations of these terms. If
you restrict the bar from x-axis, y-axis motions, and rotation, then all those constants
would be zero. So, both f; (y) and £, (x) would be zero if the center of the bar is not
allowed to move in space and the bar is not allowed to rotate about its center. For such

P P
cases, u would only be ﬁ, and v would be — %.



Summary

* Stress Function of Fourier Form

* Uniform Axial Tension of a Bar
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So, in today's lecture, we discussed the general Fourier form and Fourier series solution
for stress functions and then solved an example problem of uniform axial tension of a
long, thin bar using the stress function approach. Thank you.



