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Welcome back to the course of applied elasticity. In the previous lecture, we were talking
about the introduction to tensor algebra. We will continue with the same topic, tensor
algebra, in this particular lecture as well. So in the previous lecture we had discussed
about the summation conventions followed by an introduction to the Kronecker delta and
permutation symbol.

Now, we are going to give the definition of the second-order tensor. So, second-order
tensors are basically defined as linear transformations that map one vector into another
vector with the help of this particular transformation law. So, here T is a second-order
tensor which is acting over a vector a and that results in a new vector b. So both @ and b
are two vectors and here we were defining the vectors with on curl on top. This refers to a
vector, whereas second-order tensors

Second Order Tensor
It is a linear transformation that maps any vector into another vector defined as

Ta=h
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are referred with two curves on top. So, this T is a second-order tensor. So, the definition
of a second-order tensor is given by this particular linear transformation T acting on a
vector @, resulting in another vector b. So, you should understand that 7 is kind of an
operator, but it is a linear operator.



It is a linear transformation that maps any vector into another vector defined as
o A
Ta=h
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Now, in the With the help of summation convention, this can be written as T;;a; equals
b;, where i is the free index and j is the dummy index. i appears once in all the terms, and
J appears twice on the left-hand side term. So, the summation is assumed over j for the
left-hand side term, and i is the free index here.

It is a linear transformation that maps any vector into another vector defined as
b 0BT oW
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It is a linear transformation that maps any vector into another vector defined as
ek oY &
Tﬁﬁ\:}E =T;ja; = b; 7
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It is a linear transformation that maps any vector into another vector defined as
oy Wb T W

R

fa=b =T,a=b
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Coming to the properties of this linear transformation or the second-order tensor. As it is
a linear transformation, this follows the laws of linear superposition. So, if you consider
two vectors @ and b and then this tensor T is acting on @ + b, that will be equal to the
summation of T acting over d plus T acting over B, the individual operators. This is the
first property of linear superposition,

It is a linear transformation that maps any vector into another vector defined as
oy Wb 0T g

'i"ﬁ =h = Tijaj =b; [i: Free Index, j: Dummy Index]
A ;
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Properties:
I.7(a + b) = Ta+Th
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It is a linear transformation that maps any vector into another vector defined as
R
Ta=b = Tijﬂj =b; [i: Free Index, j: Dummy Index]
R e 4
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Properties:
I.7(a +b) = Ta+ Th
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Second Order Tensor

It is a linear transformation that maps any vector into another vector defined as
fa=b = Tia =D [i: Free Index, j: Dummy Index]

Properties:

I.7(a+b) = Ta+ Th

2. T(ad) = aTa
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Second Order Tensor
It is a linear transformation that maps any vector into another vector defined as
Tfa=b =Tyja =Db [i: Free Index, j: Dummy Index]

Properties:
I.7(a+b) = Ta+ Th

2. T(ad) = aTa
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and the second property is T acting over a times a (where a is

a scalar) equals «a

multiplied by T acting over the original vector @ only. So, these two properties are
satisfied for the case of second-order tensors, which is basically a linear transformation
that transforms any vector into another vector. Now, coming to the components.

So in this equation. These T;; are the components of a tensor T.iand j can take values 1,
2, and 3. So, we define the components of a tensor for any chosen base vectors é;, é,, é;,
with the help of this kind of equation, where this tensor T is operating on the unit vectors

é1, €,, and é;.



It is a linear transformation that maps any vector into another vector defined as
_— 2eb oTEC s
Fa =}5 = Tija; = b; [i: Free Index, j: Dummy Index]

X R

Q\m

Properties:
1.7(a +b) = Ta+Th
2. T(ad) = afa

Components of a Tensor:
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It is a linear transformation that maps any vector into another vector defined as

R TS x
f‘q_\:)ﬁ = T;a; = b; [i: Free Index, j: Dummy Index] e
FO
Properties:

1.7(a +b) = Ta+ Tb
2. T(ad) = afa

Components of a Tensor:
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It is a linear transformation that maps any vector into another vector defined as

PERpE @
fa =h = T‘jaj =b [i: Free Index, j: Dummy Index] e
R A
e \F
Properties:

1.7(a +b) = Ta+Th
2. T(ad) = aTd

Components of a Tensor:

& o AV A



It is a linear transformation that maps any vector into another vector defined as

o b ‘,wrﬂwv &
7.‘&‘\=;E = Ti[“j =b; [i: Free Index, j: Dummy Index] 5
e
Properties:
I.7(a +b) = Ta+Th
2. T(ad) = aTd

Components of a Tensor:

o
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Soif T is acting over the unit vector or base vector é,, that results in three terms: T;, &, +
T,1€, + T3,€5. Similarly, if T is operated over the second base vector or unit vector é,,
that will result in three extra components: T;,€; + T,,€, + T5,€5. Similarly, if we act T
on és, the third base vector, then that would result in T;3€; + T,3€, + T33€5. So, with the

help of these three transformations,

It is a linear transformation that maps any vector into another vector defined as

oy W ot H et &
i‘ar =)E =) Tiia/' =b; [i: Free Index, j: Dummy Index] &
ol -
Properties:
I.7(a + b) = Ta+ Th
2. T(ad) = afa

Components of a Tensor: With respect to a set of chosen basis unit vector {&,, &,, &;},

Té, =Ty 18, + To18y + T3y 63

Te, = Tiz8, + To28; + Tazbs
- 9
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It is a linear transformation that maps any vector into another vector defined as

BRI Q- &
-far =}E = Tu‘j“i =b [i: Free Index, j: Dummy Index] 3
Sy 7\/
Properties:
I.7(a +b) = Ta+ Th
2.7(ad) = afa

Components of a Tensor: With respect to a set of chosen basis unit vector {&,, &, &},

Té, = Ty18, + To18y + Ta1 65
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It is a linear transformation that maps any vector into another vector defined as

b otET g &
-f-dr =’E = :I‘“:aj =b; [i: Free Index, j: Dummy Index] 3
3 »J.@QW LY
Properties:

I.7(a +b) = Ta+ Th
2. T(ad) = aTd
Components of a Tensor: With respect to a set of chosen basis unit vector {€;, &,, &;},

Té, = Ty18, + Tp18, + Ts1 85
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when the tensor is acting over the three base or unit vectors, with the help of that, we can
define the tensor components. So, the first equation's three terms can be combined or
condensed to a single term with the help of summation convention as Tj; &;, whereas the
second one is T}, &;, and the third one is T;3&;. And all three of them can be combined into

a single tensorial equation as T acting over &; equals T;;é;.

It is a linear transformation that maps any vector into another vector defined as

o b ol gnn X
'f“a'r =)'5 = .Tiiaj =b; [i: Free Index, j: Dummy Index] &
T yedks L3
Properties:
I.7(a + b) = Ta+Th
2. T(ad) = afa

Components of a Tensor: With respect to a set of chosen basis unit vector {é,, &, &},

Té, = T1y8 + Ty + T3185 = T4
T&, = Tioly + Tialy + Tas = Tpog
Té; = Tyay + Toaly + Tazés = Tjsé 9
T
'~
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It is a linear transformation that maps any vector into another vector defined as

ek o e &
'f‘ﬁ' =’E = :rij“j =b; [i: Free Index, j: Dummy Index] >
e
Properties:
I.7(a +b) = Ta+ Th
2. T(ad) = afa

Components of a Tensor: With respect to a set of chosen basis unit vector {&,, &, &},

T, = T8y + Toaly + Tay3 = T4
Te, = Tyo8) + Toaly + Tl = Ty
Tey = Tyaéy + Tpaly + Taals = Tj34 9
7
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It is a linear transformation that maps any vector into another vector defined as

e e e &
f& =h = Tij“j =b; [i: Free Index, j: Dummy Index] >
R !
Properties:
I.7(a +b) = Ta+ Th
2. T(ad) = aTd

Components of a Tensor: With respect to a set of chosen basis unit vector {&;, &,, &},
Té, = Tyy8y + a8y + Toydy = Tj &
Té = T8 + Tooly + Taba = Tjpg, T, = T;i&

Té; = Tialy + Taaly + Tazls = Tjsé
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So, with the help of this particular equation, we can define the tensor component Tj;. So,
T acting over unit vector é; equals to T;; times &;. Now, coming to the definition of
dyadic product or tensor product of two vectors.

It is a linear transformation that maps any vector into another vector defined as

> 2eb 0BT o gn x
'i‘&'r =)5 = 1}l-aj =b; [i: Free Index, j: Dummy Index] &>
TS
Properties:
I.7(a + b) = Ta+Th
2. T(ad) = afa

Components of a Tensor: With respect to a set of chosen basis unit vector {&;, &,, &;},
T8, = Ty18, + Ty + T3183 = Ty \
Té, =Tl + Ty + Tals = T8, >~ Té, = Tye;

Té; = Tyay + Taly + Tazls = Tj3€; [
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It is a linear transformation that maps any vector into another vector defined as
10 O, g

f’a/; b = Tl'ial' =b; [i: Free Index, j: Dummy Index] %:,
Rl ¥
Properties:
I.7(a +b) = Ta+ Th
2. T(ad) = afa

Components of a Tensor: With respect to a set of chosen basis unit vector {&,, &, &},

Fé, = Ty + Ty + Ty = T4

Fe, = Tialy + Toly + Tualy = T8,

Té; = Ty38; + Ty36; + Ta3é5 = Tj3é; ,
. A
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Consider two vectors @ and b. Their dyadic product or tensor product is defined through
this transformation rule for any other vector ¢ defined in the vector space as (a®b)
acting over ¢ is equals to @ times (b. ¢).

The dyadic product of two vectors @ and b is denoted by a®b or @b, and is defined through the transformation rule which says
for any vector ¢,

L —_ /4 - *
Dyadic Product/Tensor Product of Two Vectors

The dyadic product of two vectors @ and b is denoted by a®b or @b, and is defined through the transformation rule which says
for any vector &,

(a®b)é = a(b.¢) forany ¢ € V

& wsamms
P T it overs

The dyadic product of two vectors & and b is denoted by @®b or @b, and is defined through the transformation rule which says
for any vector ¢,

(a®b)é = a(b.¢) forany ¢ € V
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Here ¢ is any arbitrary vector in the vector space and this particular sign, this is called the
dyadic product sign. So, (@®b) acting over é. So, this (a®b) is basically a tensor. This
is resulting a second order tensor which is acting on any arbitrary vector ¢

The dyadic product of two vectors @ and b is denoted by a®b or @b, and is defined through the transformation rule which says
for any vector &,
(a®b)é = a(h.¢) forany ¢ € V

renm——. . AV 4
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The dyadic product of two vectors @ and b is denoted by @®b or @b, and is defined through the transformation rule which says
for any vector ¢,
(a®b)é = a(bh.¢) forany ¢ € V

re— .
P —

The dyadic product of two vectors @ and b is denoted by a®b or @b, and is defined through the transformation rule which says
for any vector ¢, Tente

(a®b)c = a(b.¢) forany ¢ €V

§
e— . 1

and that would result @ times (b.¢). So, (b.€) is a scalar. So, right hand side is a vector.
On the left, one second order tensor is acting over a vector. So, left hand side is also a



vector. So, dyadic product or tensor product is defined with the help of this particular
transformation law,

The dyadic product of two vectors @ and b is denoted by @®b or @b, and is defined through the transformation rule which says
for any vector ¢, Tente

(ae;E\)a =a(h.¢) forany ¢ €V

PR i

for any two vector @ and b. Now, with the help of this dyadic product, we can define the
components of a tensor. So, as this transformation is linear and the dyadic product of
these two vectors @ and b is a second order tensor.

The dyadic product of two vectors @ and b is denoted by @®b or @b, and is defined through the transformation rule which says
for any vector ¢, Tots?

(a@i ¢ = a(bh.c) forany ¢ € V

Second Order Tensor

& v R Sy
Dyadic Product Tensor Productof Two Vectors

The dyadic product of two vectors @ and b is denoted by a®b or ab, and is defined through the transformation rule which says
for any vector ¢, Tents

(a®b)c = a(b.¢) forany c € V
Second Order Tensor

Tensor components using dyadic product:

As this transformation is linear and the dyadic product of two vectors is a second order tensor, any second order tensor can be
written in terms of its components as:

rem— AN



Any second order tensor can be written in terms of its components with the help of
dyadic product as T tensor equals to T,,,, (&,®&,) so é,, and &, are two basis vectors we
are taking the dyadic product of two base vector é,, é,

Dyadic Product / Tensor Product of Two Vectors

The dyadic product of two vectors @ and b is denoted by @®b or @b, and is defined through the transformation rule which says
for any vector ¢, il

(a®b)é = a(h.¢) forany ¢ € V
Second Order Tensor
Tensor components using dyadic product:

As this transformation is linear and the dyadic product of two vectors is a second order tensor, any second order tensor can be
written in terms of its components as:

T = Tn(Em®2n)

9
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Dyadic Product / Tensor Product of Two Vectors

The dyadic product of two vectors @ and b is denoted by @®b or @b, and is defined through the transformation rule which says
for any vector T, "

(a®b)é = a(h.¢) forany ¢ € V
Y
Second Order Tensor

Tensor components using dyadic product:

As this transformation is linear and the dyadic product of two vectors is a second order tensor, any second order tensor can be
written in terms of its components as:

T = Tyn(Em®@n)
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that multiplied with the corresponding tensor component T,,,, this would results the
second order tensor T. So, definition of tensor component with the help of dyadic product
is given by this particular expression. Now, we will try to prove this with the help of the
definition of the dyadic product. So, é; dot



The dyadic product of two vectors @ and b is denoted by @®b or @b, and is defined through the transformation rule which says
for any vector ¢, TeatsC

(d@b ¢ =a(h.¢) forany é € V
Second Order Tensor
Tensor components using dyadic product:

As this transformation is lincar and the dyadic product of two vectors is a second order tensor, any second order tensor can be
written in terms of its components as:

T = Tyn(Em®2n)

[
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The dyadic product of two vectors @ and b is denoted by a®b or @b, and is defined through the transformation rule which says
for any vector ¢, Tonts®

(a®b)c = a(b.¢) forany c €V
Second Order Tensor
Tensor components using dyadic product:

As this transformation is linear and the dyadic product of two vectors is a second order tensor, any second order tensor can be
written in terms of its components as:

T = Ty (En®2n)

ren—— . S
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The dyadic product of two vectors & and b is denoted by @®b or @b, and is defined through the transformation rule which says
for any vector ¢, Tens
(a®b)c = a(b.¢) forany ¢ € V
Second Order Tensor
Tensor components using dyadic product:
As this transformation is lincar and the dyadic product of two vectors is a second order tensor, any second order tensor can be
written in terms of its components as:

T = Tn(Em®@n) <

Consider, &. (7‘5,) = & [Tyn(En®2,)8)]

O xR £ WS

T acting over &;, we are starting with this expression. Now, T acting over ¢&; is S|mpI|f|ed
and for that this particular dyadic product definition of T is replaced. So, T in this
equation is written as T,,, (€,®&,) that is acting over & and outside we have dot
product of &;. Now, this part can be simplified with the help of definition of the dyadic
product. So, that would result &; dot T,,,, &, &, dot é;.



The dyadic product of two vectors @ and b is denoted by a®b or @b, and is defined through the transformation rule which says
for any vector ¢, Tets

—
(a®b)c = a(b.¢) forany ¢ € V
Second Order Tensor

Tensor components using dyadic product:

As this transformation is linear and the dyadic product of two vectors is a second order tensor, any second order tensor can be
written in terms of its components as:

T = Ty (En®n) <

Consider, & (T¢)) = & [T (6n®20))

P g

The dyadic product of two vectors @ and b is denoted by @®b or @b, and is defined through the transformation rule which says
for any vector ¢, Tets ™

—— .
(a@b)c = a(b.c) forany c € V
Second Order Tensor

Tensor components using dyadic product:

As this transformation is linear and the dyadic product of two vectors is a second order tensor, any second order tensor can be
written in terms of its components as:

T = Tyn(6n®n) <

Consider, & (T¢)) = &1 [Ty (En®20)3)

PY— - — .

The dyadic product of two vectors @ and b is denoted by @®b or @b, and is defined through the transformation rule which says
for any vector ¢, Tets

/-/“?
(a®b)¢ = a(b.¢) forany ¢ € V
Second Order Tensor

Tensor components using dyadic product:

As this transformation is linear and the dyadic product of two vectors is a second order tensor, any second order tensor can be
written in terms of its components as:

T = T (En®n) <—

Consider, & (T¢)) = & [T (6n®20))

rymm— . S



The dyadic product of two vectors & and b is denoted by a®b or @b, and is defined through the transformation rule which says
for any vector ¢, Tes®

(a®b)c = a(b.¢) forany ¢ € V
Second Order Tensor
Tensor components using dyadic product:

As this transformation is linear and the dyadic product of two vectors is a second order tensor, any second order tensor can be
written in terms of its components as:

T = Tun(m®2n) <

Consider, &. @e,) =4 [Tl,@l)é,] = &.[Tném(én-&))]

e— . SN

So, these two are equals. So, this part (&,,,®¢é,), (é,®&,) acting over &; is becoming é,,.
into é,.¢; and é,.¢; dot product of two base vector &, and & is nothing but &,;
kronecker delta n j so this in total becomes é;. [Tmném(?nj] now T, and &,; both are
scalar quantities and with the help of the property of Kronecker delta,

The dyadic product of two vectors @ and b is denoted by @®b or @b, and is defined through the transformation rule which says
for any vector ¢, Tente

(a®b)c = a(b.¢) forany ¢ €V

Second Order Tensor
Tensor components using dyadic product:

As this transformation is linear and the dyadic product of two vectors is a second order tensor, any second order tensor can be
written in terms of its components as:

F = Tnn(m®2n) <

Consider, &. @é,) = 8. [Trn@n®20)8)] = & [Tanem(@n- )]

resm——. . S
Dyadic Product/ Tensor Productof Two Veetors

The dyadic product of two vectors @ and b is denoted by @®b or @b, and is defined through the transformation rule which says
for any vector ¢, Tente®

(a®b)c = a(b.¢) forany ¢ € V
Second Order Tensor
Tensor components using dyadic product:
As this transformation is lincar and the dyadic product of two vectors is a second order tensor, any second order tensor can be
written in terms of its components as:

F = Tnnen@E) <

I~ o -
Consider, &. (7)) = & [Tun@n®2)é)] = & [Tném(en-4))]
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The dyadic product of two vectors & and b is denoted by @®b or @b, and is defined through the transformation rule which says
for any vector ¢, TentsC

(a®b)z = a(b.c) forany ¢ € V
Second Order Tensor
Tensor components using dyadic product:

As this transformation is lincar and the dyadic product of two vectors is a second order tensor, any second order tensor can be
written in terms of its components as:

T = Tyun(em®) <

Consider, é,.@é,) = é(.[rm,,(é,;;eg,gé,] =8. [Tm,ém(é". &)

%1

. S

this two T, and &,,; can be combined to a single term of T,,,; n is replaced with j here as
it is multiplied with the Kronecker delta. That overall expression becomes é;. [ijém].
Once again, T;,; is a constant that we can take out and é;. &,. This is nothing but §;,. So,
T, times &, once again using the property of Kronecker delta this is

The dyadic product of two vectors @ and b is denoted by a®b or @b, and is defined through the transformation rule which says
for any vector ¢, Teate®

(a@ﬁ)e =a(b.¢) forany ¢ € V
Second Order Tensor
Tensor components using dyadic product:

As this transformation is linear and the dyadic product of two vectors is a second order tensor, any second order tensor can be
written in terms of its components as:

T = Ton(em®2n) <

~ 555
Consider, &. @é,) =& [Ty @n®20)] = & [Traném(en&))]

= &.[Tynn@mbny] = & [Tmjem)

. |

The dyadic product of two vectors @ and b is denoted by @®b or @b, and is defined through the transformation rule which says
for any vector ¢, TentsC

(a®b)c = a(h.¢) forany ¢ € V
Second Order Tensor
Tensor components using dyadic product:
As this transformation is lincar and the dyadic product of two vectors is a second order tensor, any second order tensor can be
written in terms of its components as:
F = T (en®) <
) ~ e — >
Consider, &. @e,) = & [Tan@n®2)8)] = éi.[Tném(en-¢))]

=é. [ngémsn/] =& [Tm/ém]
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The dyadic product of two vectors & and b is denoted by @®b or @b, and is defined through the transformation rule which says
for any vector ¢, Te

(a®b)c = a(b.¢) forany ¢ € V
Second Order Tensor
Tensor components using dyadic product:

As this transformation is linear and the dyadic product of two vectors is a second order tensor, any second order tensor can be
written in terms of its components as:

T = Tn(en®2n) <

~ i P—— .
Consider, &. @E,) = & [Ty @n®20)] = & [Traném(én. )]

=8 [r,,,‘,'.z,,,o,,,] = &1.[Tonsem)

re— . |
ot TPt T Veos

The dyadic product of two vectors @ and b is denoted by a®b or b, and is defined through the transformation rule which says
for any vector ¢, Tent®

(a®b)c = a(h.¢) forany c € V
Second Order Tensor
Tensor components using dyadic product:

As this transformation is linear and the dyadic product of two vectors is a second order tensor, any second order tensor can be
written in terms of its components as:

F = Tnn(m®20) <—

~ e e
Consider, é,.@e,) = é,.[j,f&,gl)é,] = & [Tnném(n-))

= él.[r,,,,,r,a,,,o,,,] = & [Tonj@m] = Tmjéi-€m

rem— - |
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The dyadic product of two vectors @ and b is denoted by @®b or @b, and is defined through the transformation rule which says
for any vector ¢, Teats

(a®b)c = a(b.¢) forany ¢ € V
Second Order Tensor

Tensor components using dyadic product:

As this transformation is lincar and the dyadic product of two vectors is a second order tensor, any second order tensor can be
written in terms of its components as:

Consider, é,.@e,) = é[.[ﬁ@g)é,] = & [Truntm(en-3))]

= él.[T,,,l,r.E,,,G,l/] = &.[Tonsem] = Tmjét-8m = TinjOim

5
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equals to T;;. So, &; dot T acting over &; this is equals to T;; for any tensor its component
T;; can be written as unit vector é; dot the capital T tensor acting over &;. This expression
defines the component of any tensor which can be which can be obtained with the help of
dyadic product. Now, coming to the definition of identity tensor. So, identity tensor is a



tensor which transforms a vector into the same vector and it is denoted with the help of
this I. So, this I is used to denote the identity tensors.

Dyadic Product / Tensor Product of Two Vectors
The dyadic product of two vectors @ and b is denoted by @®b or @b, and is defined through the transformation rule which says
for any vector ¢,
(a®b)¢ = a(h.¢) forany ¢ € V
Second Order Tensor
Tensor components using dyadic product:

As this transformation is linear and the dyadic product of two vectors is a second order tensor, any second order tensor can be
written in terms of its components as:

T = Tyun (e ®2n)
Consider, alA(To/) = &. [Tnn(Em®E,)E] = &.[Tmném(én.&)]
=& I'l‘rvx(x‘jrvxlsvl/] = 8. [Tinjm] = Tmj@i-8m = Tnjdim = Ty
{l} Dr. Soham Roychowdhury  Applied Elasticity '

Now, by definition as the identity tensors transforms any vector into the same vector. So,
let us consider a vector @, identity tensor acting over a vector @ would result the same
vector & as written here, acting over a is equals to @. Now, by the definition of tensor
components, T;; is &; dot T acting over ¢;. So, similarly, we can write [;;, the &; &
component of identity tensor I as €; unit vector dot capital I identity tensor acting over ;.
Now, by definition of identity tensor, facting over & would result only é&;.

So, this expression would be & dot &, which is Kronecker's delta, 6;;. So, the
components of the identity tensor capital Tare nothing but the components of the
Kronecker delta, 6;;. Now, coming to different tensor operations. So, the first one is the
summation of two tensors. Any two tensors having the same order can be summed up,
and that would result in another tensor of the same order.

So, Tand S being two second-order tensors, there summation should result in a second
order tensor T + S = W and in the indicial notation it can be written as Ty + S = Wy; If
this T + S, the summation of two tensors, is acting over any vector @, that would be equal
to the two individual tensors T and $ acting over @ individually and then summing them
up. So, T+S acting over a equals T acting over a plus S acting over @. And also, this
can be written as W acting over a.

This will result in one vector, and then 7 will be acting on that vector. On the other hand,
if S appears first in the product, S times T acting over @ is S acting over T acting over d.
So, out of these two tensors whose product we are taking, any one will be picked up; the
second one will be acting on the vector first, and then that output will be subjected to the



second tensor operation. Now, T into S;j, the component of the product of two tensors
TS, to obtain this, we first use the basic definition of tensor components: é;. [(?5) ~]
This particular part (TS) g; is written as S acting over &; and then T operator is acting
over that. Now, S acting over & can be written as Sy ;é; by definition of the tensor
components acting over the unit vectors. Now, Sy ; is a scalar here that we can take out
and this T operator will be acting over é;. So, if we are taking out Sy ;, then it would be
Sy ;€; dot T acting over éy.

Now, this total thing é; dot T acting over é;, this is nothing but the tensor component Tj,
by defi~nition~of the tensor components. (7‘Sz)ij the components of the product of two
tensor T and S this is equals to T;,Sy;. So, the first index of the first tensor is same as the
first index of the product. Second index of the last tensor is same as the second index of
the product. Whereas, second index of the first tensor and first index of the second tensor,

these two are same and that is a dummy index. So, (7:‘§)i. = Ty Sk;. This is the form of
product of two tensor with the help of the inditial notation or its components. Now
coming to the transpose of a tensor. So transpose of any tensor T which is denoted by T
transpose another capital T written on the superscript. This is defined to be a tensor which
satisfies the following identity for any two vectors @ and b. If @ dot T acting over b,

can be written as b dot T transpose acting over a, then T and T7 transpose are the
transposes of each other. Now, @ and b being two arbitrary vectors, we can choose them
to be anything. So, let us choose d as &; and b as é;, two unit vectors. And replacing them
in this particular identity, é;. (%Téj) and using the definition of tensor components, the
left-hand side term can be written as Tj;. The right-hand term can be written as Ti? (fT)ij
is equal to (7:")ﬁ; basically, here we are flipping the two indices. i is going in the location
of J,

j is going in the location of i. And also, the tran§pose of the product of two tensors (TS)T
follows this particular identity: STT7. So, (TS) is equal to STTT. So, the order in which
these two tensors appear on the right-hand side is flipped. Now, coming to the definition
of the inverse of a tensor. For any given tensor Yz‘,

if another tensor S exists such that product of Sand T is equals to an identity tensor I,
then we call that $ to be inverse of T. So, S times T is equals to . S equals to T inverse. If
we multiply both the sides with Yz‘, the left hand side will become S times f‘, whereas right
hand side will become T inverse T that is equals to identity tensor I



So, this is the definition of tensor inverse and this exists only if determinant of this
second order tensor T whose inverse we are taking is not equals to 0. If determinant is
equals to 0, then tensor inverse cannot be defined. Now, coming to the definition of an
orthogonal tensor. An orthogonal tensor 5 is defined as a linear transformation.

for which the transform vectors preserve their length as well as the internal angle between
them. Let us consider two vectors @ and b. Now by definition of this orthogonal tensor, if
we are having 5 acting on @. So, a was the original vector magnitude of @ should be
equals to magnitude of 5 acting over d. So, @ was the original vector.

5 acting over a is the transformed vector. The magnitude of both of them must be the
same by the definition of an orthogonal tensor. So, the magnitude of 6& is equal to the
magnitude of a@. Now, coming to the second point or second definition, which is that the
angles between two vectors are also preserved. So, let us take two vectors & and b, and
their angle is basically defined as their dot product.

So, d. b is equal to 5 times d dot 5 times b. If these two transformations are satisfied,
then 5 can be defined as an orthogonal tensor. Now, if you simplify the second
expression, the second point. @ dot b can be written as a;b;, whereas 5 acting over a dot
5 acting over b can be simplified as Q;ja; dot Qyyby.

Now, here, writing a; at the beginning and by, at the end. It can be written as a;Q;;Qx by.
Now, this particular term, i and j locations are now flipped by the definition of transpose,
and we are writing this as anﬁTQl-kbk. Now, the left-hand side of this equation a;b; to
this particular expression.

Now, right hand side is taken towards the left hand side. So, a;b; — anjiTQikbk equals
to 0. Now, in the first term, this aibi, this can be written as ajbj because i and j both are
dummy index. This can also be written as a;8;, b, with the help of a Kronecker delta
where j and k are identical. So, the first term is written as a;&y b, minus second term
remains as it is.

Now, taking a; and b, common and for any arbitrary vector a and b for this equation to
be 0 we must have & ; equals to QﬁTQl-k. That means, éTé is equals to identity tensor.
This is the definition of orthogonal tensor. For any orthogonal tensor 5 this identity must
be satisfied. 5 transpose (3 is equals to identity tensor.



and from that taking 5 on the right hand side keeping only 5 transpose on the IeftQ:
transpose can be shown to be equals to 5 inverse. This is also another property of the
orthogonal tensor. Now 5§T that is equals to (zzéT is equals tof. If we take the
determinant of this equation on both the sides. Left hand side will be product of two
determinants, determinant of 5 and determinant of (:ﬂ, whereas on the right hand side
determinant of identity tensor I equals to unity.

Now, the determinant ofé is the same as the determinant of 5 transpose, and thus the
left-hand side is the square of the determinant of 5 and that is equal to 1. So, the
determinant of é the determinant of an orthogonal tensor, can be either plus 1 or minus
1. Now, if the determinant ofé is plus 1, then physicallyé refers to a rotation tensor. If
the determinant is equal to minus 1, then 5 refers to a reflection tensor. Now, after
discussing orthogonal tensors, we are going to talk about symmetric and anti-symmetric
tensors.

Any tensor T can be called a symmetric tensor if T is the same as its transpose. So, if T
equals T transpose, we call Tto be a symmetric tensor, and in the indicial notation that
can be expressed as T;; is equals to Tj; T can be called an anti-symmetric tensor if T is
equal to minus or negative of T transpose, and thus the T;; component is equal to minus
of Tj;. So, if Tand T transpose are the same, then it is called a symmetric tensor.

If T is equal to the negative of T transpose, then it is called an anti-symmetric tensor.
Now, any tensor T can be written as a summation or superposition of one symmetric
tensor and one anti-symmetric tensor. So, consider any tensor T, and that is the sum of
two tensors: one is 75, another is T4. 75 stands for a symmetric tensor, and 74 stands for
an anti-symmetric tensor. So, TS plus T4 will give the total T. Any tensor can be written
in terms of 75 plus T4, where

TS is the symmetric part, which is defined as T plus T transpose divided by 2, and T4 is
the antisymmetric part, which is defined as T minus T transpose divided by 2. Now,
corresponding to all the anti-symmetric tensors, we can define a vector quantity known as
the dual vector for that anti-symmetric tensor. So, let us say this small ¢t with superscript
a, this is the dual vector for the anti-symmetric tensor capital T.

So, we are considering one anti-symmetric tensor capital 7‘, which has a dual vector small
t with superscript a. Now, how is this dual vector defined? If small @ is any other vector,
and if | operate the anti-symmetric tensor capital T on any vector small @, that can be
expressed as small t, the dual vector, cross small @, the arbitrary vector. If this relation is



valid for such cases, small t can be named or called the dual vector of the anti-symmetric
tensor capital T.

So, for any vector a, if this expression is valid, then small t with superscript capital A is
the dual vector of the anti-symmetric tensor 7. Now, if | expand this in matrix form, all
these three equations if | write then component wise the antisymmetric tensor T can be
written like this, for the antisymmetric tensor T must satisfy this property T;; is minus of
Tj;. So for that particular case all the diagonal elements must go to 0. Then only, for the
anti-symmetric tensor Tij equals to minus Tji, can be satisfied.

So, all diagonal elements for all antisymmetric tensors are 0, and non-diagonal elements
these cross elements are equal with the opposite sign. So, these 0, Ty, Ty3, - T12, 0, T3, -
T;3,- T»3, O these refer to a typical antisymmetric tensor multiplied with this a4, a,, as,
the components of the arbitrary vector small @ and that would be equal to the cross
product of the dual vector and this small vector d.

So, the components of this cross product of these two vectors can be written as t5a; —
tia,; the second component is t{a, — tiaz, and the third component is t#a, — t5a,.
So, using this equation, the components of the antisymmetric tensor are related to the
components of the corresponding dual vector. Now, this equation can be simplified on
the left-hand side by taking the product of this T matrix and the a vector, and then in the
indicial notation, this can be written as t'.

The ith component of the dual vector is equal to minus half of the permutation symbol
e;ji Tjk- S0, simplifying this expression, we get these three components of the dual vector.
Now, if we expand this indicial notation with i equals to 1, T;, would be minus half of
e123T>3 minus half of e,5,T5, and this would be minus T, by 2 minus T,; by 2; in total,
this is minus T,5.

Why? Because this fellow is equal to minus 1, e;3, is minus 1, e;,3 is 1, and with the
property of an anti-symmetric tensor. T5, is minus T3, . So, this expression can be
expanded, and with that, we can show that all the components of the anti-symmetric
tensor can be represented with this equation. t;* dual vector of an anti-symmetric tensor,
is equal to minus. Now, coming to the eigenvalues of a tensor.

If a vector a transforms under a linear transformation T into a vector parallel to itself, as
T acting over @ equals 2 times @, so the T acting over @, the resultant vector is parallel to
the actual vector a with a scaling factor A. Then we call that A to be the eigenvalue and a



to be the eigenvector of the second-order tensor T. For definiteness, we assume all the
eigenvectors to be of unit length, and n being the unit eigenvector,

this expression becomes T acting over 7 equals A times 7. Now, 7 equals a;é;. As i is a
unit eigenvector, we define this a with the help of this expression: a;é; a_j equals 1.
Where 7i is a;¢€;, so a; are the components of the unit normal unit vector eigenvector .
Now, with this, with the help of this 71, as a;€;, we can write this expression T acting over
fi equals A 7 in the initial notation as this: (T;; — A6;;) a; equals 0.

So, A times 71 is written as A times the identity tensor | acting over i, and that | is here
represented as &;;. Now, if [ expand this and write all three equations separately, then it
will be of this particular form. Now, these three equations can be condensed to a single
determinant equation: determinant of T — AL, where | is the identity tensor, equals 0. So,
the determinant of T minus A, is 0. This is known as the characteristic equation of the
second-order tensor T, and by solving this,

we can obtain all three eigenvalues A for this particular second-order tensor 7. And then,
by putting those A values back into these three expressions, we can get the components of
aq, @y, and a3, which would help us determine the eigenvectors 7i. So, in this particular
lecture, we discussed the definition of a second-order tensor, followed by different tensor
operations. We also discussed the orthogonal tensor, symmetric and antisymmetric
tensors, and the eigenvalues of second-order tensors.

Thank you.



