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Welcome back to the course on Applied Elasticity. In this lecture, we are going to discuss
about the balance laws. In last three lectures, we were talking about the different stress
measures, and now, from the stress measure, we are going for the different balance laws.
Now, these balance laws include mass balance, linear momentum balance, angular
momentum balance, and energy balance.



Transport Theorem

For f(%,t) being a continuous and differentiable scalar-valued function,

Df (%, t)d —f afd +j v.adr

T f(x,t)dv = o v L fv.i
¢ Volume Surface
Integral Integral

V: Velocity vector

fi: Unit normal vector on surface I’
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Now, the first thing with which we are going to start is the transport theorem, and using
this, all these different balance laws can be derived. So, transport theorem states that
f(%,t) being a continuous and differentiable scalar valued function for deformed position
vector ¥ and time t. This is the statement of the transport theorem, where V is the

D( )

velocity vector and i is the unit normal vector on the boundary surface I'. So, l()t , total

time derivative of this f (%, t) integrated over the total volume of the body. So, we are

considering a body defined by this v and the boundary surface T'.

Now, f(%,t) is any property of the body which is a scalar valued function defined by the
deformed position vector X and time. So, total time derivative of integral of f (X, t) over

the total deformed volume dv is equal to summation of these two terms. First term is
. I of =~ . . =
local time derivative fvadv plus fFfV.ndF, the surface integral of f times V.1, where

V7 is the velocity vector, and i is the unit normal vector to the surface I'. So, one term on

the right hand side, the first term, is volume integral, and second term is surface integral.

So, first term takes care of the local changes of the property f within the volume or
within the body, whereas, the second term, convective term, takes care of the changes due
to property f due to change of the boundary surface, and in total, summation of these two

results the total time derivative of this property f (X, t) within the body.



Mass Balance

= S - = i . am
The density field (scalar) is defined as, p(%,t) = Ahm o
v—0 p
where, Av is the volume of an elemental mass Am
Total mass of the body is given by/ m)= f‘ p(%,t)dv  [in current configuration]

- J’v po()?,!)th [in initial configuration]

The principle of conservation of mass implies that the total mass of the system remains constant at every
configuration, i.e.,

D :
m)j=— % t)dv=0 [in current configuration]
Dt IL p(x,0) [
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Now, moving forward, first we are going to talk about the mass balance. Let us define the
density as a scalar field: p(X,t), which is defined as limy,,_, AA—ZL, where Av is the volume

of a small element whose mass is given by Am. Now, total mass of the body can be
obtained by integrating this p over the entire volume. Now, if this volume integral is with
respect to the deformed volume dv, then we define that mass with respect to current
configuration, and if this volume integral is with respect to the undeformed volume dV,

then we define the mass as integral of fvpo()?, t)dV, i.e., integration over the

undeformed volume in the initial configuration.

So, this expression, if p is function of ¥ and integral is over dv, then it is current
configuration definition of mass. If p is function of X and integral is over dV ,
undeformed volume, then this is the definition of mass in the initial configuration. Now,
for the principle of conservation of mass, this implies the total mass of the system

remains constant at each and every configuration.

Thus, rate of change of this mass, total time derivative of this mass of the system, must be

equal to 0. m - here, this dot refers to the total time derivative %, where D is all capital.

%—T, or m, rate of change of mass, equals to 0, and we are going to write the expressions
of all these balance laws in the current or the deformed configuration. So, we are taking
the definition of mass in the current configuration and thus, %fvp(f, t)dv = 0 is the

mass balance in the current or Eulerian description.



Mass Balance

D[
m[ p(% t)dv =0
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Using the Transport Theorem in Eulerian description, f Dt [p(%,t)]dv = f 0_,:dv S f p(V.R)dr
[Choosing f(X,t) as p(X,t)] d 4 d Jl

o Velocity
Using divergence theorem,

rh=f
v
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For dv being an arbitrary volume element, (0—‘) + div(pV) =0
t

dp
= +(pV),;=0
Mass balance in Eulerian description
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Now, we are simplifying the left hand side of this equation - D%fvp(f, t)dv - using the

transport theorem, where f (%, t), that scalar valued function, is chosen as p(X, t). So, if
you look back at the transport theorem, and replace f with p, where f can be any scalar
valued function, and for mass balance we are choosing that function to be the density p as

a function of % and time. So, substituting that in the transport theorem, we will be getting
. D o _ (9 ~ . .
this — [, p(%,)dv = [, ~dv + J.p(V.7)dT. Now, using the divergence theorem for

the last term.

If we use the divergence theorem, we can convert this last term from surface integral to
volume integral, and that would be, this term [ p(V.7)dT, would be [ div(p¥). So,

whatever is the coefficient of i, divergence of that would be added and dT" term would be

changed to dv term. Surface integral will be changed to volume integral if you are
invoking divergence theorem. Thus, the left hand side m becomes [ ['Z—f + div(pl?)] dv,

where V is the velocity.

Do not get confused with the undeformed volume. We are not involving undeformed
volume in this particular calculation because all our description is in the Eulerian

description. The volume is dv whereas, V refers to the velocity field. Now, for dv being
an arbitrary quantity and this integral to be 0, we must have Z—‘: + div(pV) = 0. So, in the
indicial notation, we can write div(p¥) as (pV;);. So, ‘3—‘;+ (pV)); =0 is the mass

balance expression in the Eulerian description.



Mass Balance
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For incompressible materials with D—‘t = 0, the mass balance equation becomes

@
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Now, we can further simplify this. This ', i' quantity can be expanded into two terms: once

Dp ap

=—+p;V
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taking the derivative of p, and another one taking the derivative of V;. So, two terms
would be resulted and it would be ‘;—’t’+ p.iVi + pV;;. Now, combining these two terms

and using the definition of the material time derivative of p. In the Eulerian description,

Dp

D
Dt D

= ‘;—’: + p;V;. So, first two terms in total results this —’;, total time derivative of p, or

density of the material, and next term is pV; ;, where V;; = div(V).
So, second term is p div(¥V). So, mass balance can also be written in this alternate form

as I;—’t’ + pdiv(V) = 0. And if the material is incompressible, p is constant; Z—’t’ is 0 for

such cases. The mass balance equation becomes div(¥) = 0. So, for incompressible

material, this is the mass balance equation.

Linear Momentum Balance

dv: Elemental volume with boundary dI" in the current configuration

=

fi: Unit outward surface normal vector g [/

t: Surface traction acting on the boundary I’

S

b: Distributed body force per unit volume
V: Velocity vector

The linear momentum of the body is f Vdm = J pVdv
v

The principle of conservation of linear momentum implies that rate of change of linear momentum
is equal to the net resultant force acting on the body, i.e.,

Df . _ =

— dev:J’ tdl‘+f b dv

Dt ), o v )
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Now, moving forward to the linear momentum balance. So, let us consider a body.
Within the body, we are taking a small volume element dv bounded by small surface dr.
Now, 7 being the unit outward surface normal vector on this surface dI', £ being the
surface traction force acting on this boundary T, b being the uniformly distributed body
force defined per unit volume, and V being the velocity vector, we can write the linear
momentum of the body as mass times velocity integrated over the entire mass. So, V, the
velocity integrated over the entire mass defines the linear momentum of the body.
Writing dm = pdv in the Eulerian or the deformed configuration, the linear momentum

would be [ pVdv.

Now, principle of conservation of linear momentum states that the rate of change of

linear momentum, which is this particular quantity, is equal to the net resultant external

force acting on the body. And it can be mathematically written as %, rate of change of

linear momentum. So, D%fvdev is the rate of change of linear momentum, which is
equal to net work done. So, there are two terms: one is fr tdr, surface integral, and

another is vadv, volume integral.

Linear Momentum Balance

D r , .
e »I‘ pVdv = , b dv A N /i
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=J” —(p?) dv+J’ oV (V.7) dr =f Gi dr+J’ b dv [Using the Transport Theorem with f (%, £) as p¥?
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Considering the material to be incompressible and using divergence theorem,

:f p—dv f (div(é) + b)dv ‘)]‘ ':!
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So, this first term, fr tdr, that is the total work done by the surface traction forces acting

on the boundary surface I', whereas, the second term, fvEdv, is the total work done by the

body forces which is spanned over the entire material volume. So, these are the two

components of work done. Two external forces are acting on the system: ¢ is acting on



the surface, and b, body force is acting within the body. Work done by both the forces are

included here; total surface traction and total body force are added.

So, the rate of change of linear momentum, this left hand side, is defined to be the net
external force acting on the body, that is the surface traction integral, fr tdr, and volume
integral, fUEdv. Now, using the Reynolds transport theorem with f(%,t) = pV. So, here
the scalar valued function f is chosen as pV and substituting that in the transport

theorem, left hand side becomes fU% (pV)dv + [.pV(V.7)dr.

So, these are the two terms coming by using the transport theorem on the left hand side of
the equation with £ (%, t) replaced with p¥, and right hand side remains the same. Now, |
have written f as 67 by using the definition of the Cauchy stress tensor integrated over
drl’, and last term on the right hand side is fvEdv. Now, considering the material to be

incompressible and also using the divergence theorem.

So, there are two surface integrals: the second term of left hand side and first term of
right hand side, both of them are surface integrals. These are required to be converted

into volume integral with the help of divergence theorem, and considering the material to
be incompressible, this p can be taken out. %(pV) can be written as p‘;—'t/, as p is not

changing with time. So, by assuming material incompressibility and using divergence
theorem, this equation would be reduced to this particular form.

So, if you use the divergence theorem for this particular term, this would be
[, pVdiv(V) dv, whereas, this particular term would be [ div(&)dv. So, with this, if you
are substituting both of them in the final equation, and then use the definition of this
4

material total time derivative l;—t = ‘Z—Z+ Vdiv(V7). So, Vdiv(V) term comes from this.

and this gterm is already there in the first term, combining both of them, the left hand
. . . . . DV DV _ . =~ 7~ .
side is having a single term: p—. Thus, [ p—dv = J|div(&) + b]dv integrated over

the total deformed volume. So, this is the linear momentum conservation expression.



Linear Momentum Balance

I‘ ,”v’ i(i-‘ b)dv =0
1} ,;mu—f.’l div (6) + b)dv =

o s = o DV .
= f (pa — div (6) — b)dv =10 where @ = 7~ = Acceleration vector
5
As dv is an arbitrary volume element,

[pa = div(§) + b= pa; =ay;; + b,-}\‘
Linear momentum balance in Eulerian description

For static problem with velocity field (V) being zero,

div & 4= E =0 Static equilibrium equations ﬁ
i V.

Now, simplifying that further, we can define @ to be the acceleration vector, which is
total time derivative of V7, i.e., velocity vector. So, in the first term, this % IS written as d.

So, pd, i.e., p times acceleration, minus div(&) minus b integrated over total volume is
0. Now, as this elementary volume dv is quite arbitrary, to have this integral to be always
0, we must have the total integrand: p@ — div(&) — b to be 0. So, pa — div(6) —b =0

implies pa = div() + b. In the indicial notation, pa; = a; ; + b;.

This is the linear momentum balance in the Eulerian description and this is valid for both
static as well as dynamic problem, because we are considering the acceleration
component a; in this particular linear momentum balance. Now, if we are just
considering the static problem, V7, the velocity field is 0, thus, acceleration field is 0. The
left hand side of this equation would go to 0; thus, it would be div(&) + b = 0. This is

called the static equilibrium equation, one very important equation which will be used

multiple times within this course.

So, for solid mechanics or elasticity problems, as we are not considering the dynamics of
the system, div(§) + b = Ogives us the static equilibrium equation. In the indicial
notation it would be gy ; + b; = 0, where i, the free index, varies from 1, 2, and 3. So,
we can have three static equilibrium equations along x;, x,, and x5 directions. So, linear
momentum balance is basically giving us the static equilibrium equation for strength of

material or elasticity problems.



Angular Momentum Balance

The principle of angular momentum balance states that the rate of change of angular momentum about the
origin is equal to the net moment of all the forces acting on the body about the origin.

X: Position vector in the deformed configuration

D . _ 2
— IxpV)dv = (Xxb)dr + XX b)dv
thv(\'pv)v f’_x fv(r )du

D v v
= —f ejjxpx;jVy dv = f ejjiXjt dl + f ejjxXjby dv X24
ptJ, 5 , f :

Considering the material to be incompressible,
X3 /0 Xy

D
= j pe,,kD—[(x,Vk) dv — f ejjiXjoyn dl' — f eijkXjbe dv =10
v v
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So, after the linear momentum balance, now we are going to discuss about the angular
momentum balance law. So, let us consider the same body where we are considering
origin here for this x;, x,, x5 axes and body force b per unit volume is considered acting
over the small volume dv and the surface traction £ is acting over the surface dI" with 7i

being the unit normal on the surface.

So, the principle of angular momentum balance states that the rate of change of angular
momentum of the continuum about a fixed point, that is origin O for this case, is equal to
the net moment of all the forces acting on the body about that same fixed point origin. So
if you are calculating the angular momentum of the body about point O, rate of change of
that angular momentum is equal to the net moment created by all the forces acting on the
body about that same origin. Now, two types of forces are acting on the body: one is

body force, another is surface traction force.

So, the moment created by the body forces and moment created by the surface traction
forces, their summation is equal to the rate of change of angular momentum of the body.
Considering X to be the position vector of any point within the body in the deformed
configuration, the mathematical statement for this angular momentum balance principle
can be written like this. So, left hand side of this equation is the rate of change of angular

momentum.

So, this V7 is the velocity and this fv pVdv is the linear momentum. Now, as we are taking

the angular momentum, here that is written as the moment of linear momentum. So, if



you are taking the moment of linear momentum about point O, that would be fv(f X
pl7) dv. So, this total thing is actually angular momentum of the body and total time

derivative of that, %fv(f X pl7)dv is the rate of change of angular momentum.

Now, this should be equal to the moment of all the forces. So, first term on the right hand
side is moment of surface traction, fr(f x t)dr, plus the second term is the moment
caused by the body force b, which is [ (¥ x b)dv integrated over the entire volume of

the material.

D ~ ~ ~ ~
So, rate of change of angular momentum, Efv(x x pV)dv = [ (% x D)dT +
fv(f X V)dv. Now, writing this equation in terms of the indicial notation, ¥ x pV, | am
writing using the permutation symbol as e, px;Vy, volume integral of that and %, rate of
change of this quantity on the left-hand side. Similarly, this ¥ x £ can be written as

ejiXjty, and X X b can be written as e;jkxjby. All these cross products are written with

the help of permutation symbol.

Now, considering the material to be incompressible, this p is a constant. So, we can take
that p out of this time differentiation. e, the permutation symbol is also constant. So, the

left hand side term can be written as fvpeijk[%(Xij)dV minus second and third terms,

which are the terms coming from right-hand side to left-hand side, and thus are having a

change in sign.

So, this t;, the surface traction component can be written in terms of Cauchy stress
resultant as t,, = ai;n,;, and using the symmetry or removing this transpose, we can write
ofm, = oyn,, where n; are the components of the unit vector. So, hence, the second

term becomes minus fF e;jkxjoyndl’, and finally the last term remains as it is, that is, the

moment due to body force is minus fv e;jkXjbydv.



Angular Momentum Balance
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Now moving further, the first term can be rewritten in this fashion. This time derivative,

=f ejjk x,[p——a,k, bl—rr,,‘)dv=0
5

is first acting over x; and then acting over V. If we treat x; as constant, the first term is

DVk

x; —=, and then keeping V}, constant, this would be Vk— Now, x; being position vector,

Dx,- —_ . . .
- = Vi the velocity in j.
So, the second term would be V;V;. So, — (x]Vk) is having two terms xj L+ ViV inthe
first integral term. Now, the second integral term, which was a surface integral, is now
converted into volume integral using the Gauss divergence theorem like this. So, surface

integral e; jxx;joy,n; is now written as (eijkxjalk)l integrated over volume and last term

remains as it is.

Now, these can be simplified further like this. So, consider this particular term, e;; V;Vy.
This is nothing but the cross product of the same vector ¥V, V x V. So, cross product of
the same vector ¥ is simply 0 and thus, this term is not going to have any contribution.
So, first term we are having as it is, i.e., el]kx]p % Then, coming to this term (x]alk)

this can be expanded into two terms: once we are taklng partial derivative with respect to
x; for the first term x;, and another once for the second term oy, keeping another term
constant. So, one term would be x;, constant, then gy, ;. Another term is gy, constant, and

ax
we have a—’



. ax; . . . .
Now, this term a—’;’ is nothing but §;;. So, this is the Kronecker's delta. Now, using the
l

property of the Kronecker delta, we can write &0 = oj,. So, this particular term

(ijZk)l is replaced with this. Hence, combining all the terms which have one x;

common, and clubbing them together, we have these three terms. So, fv eijk [xj (p% -

Ok — bk) - crjk] dv = 0.

Angular Momentum Balance

’ A DV,

DV,
p—=— 0, — b «;‘)‘h =0 lu.
Dt . J Dt

= f €ijk (x, [pak = Ok, — bk] = a,k)du =0 = j ejkOjkx dv =0
L S o >
0 [From lincar momentum balance]

As dv is an arbitrary volume element, 57

€ijkOjk = 0 2eijkOjk)= —€ijkTjk = —exjOkj =(€jkOk;

The angular momentum balance equation ensures the symmetry of the Cauchy stress tensor. @

Now, once again starting from this, and writing %as ay, the acceleration component,
the first term would become [ e;ji[x;(pax — oy — bi) — oj]dv = 0. Now, if you

recall the linear momentum balance, which was pay, = oy, + by.

So that was nothing but pd@ = div(&) + b, this was the linear momentum balance. In the
indicial notation, if you express that, that would be resulting this particular term, and
thus, this entire term goes to 0. Hence, we are left with only a single term for the angular

momentum balance, that is fv e;jkgjxdv = 0. Now, dv being a small arbitrary volume

element, for this volume integral to be 0, we must have e;j,gj, = 0.

Now, if we are having this element to be 0, we can write that this element is same as
minus of that element. So, if you are able to write A = —A, that implies A = 0 because

2A = 0 and then, A should be 0. We are trying to write the same thing here. So,

€ijkOjk = —CijkTjk-



Now, slightly manipulating this term by changing the indices, first | am flipping k and j,
so j is replaced with k and k with j. Interchanging these two indices, this becomes
—e;joy; and then, this —e;,; can be written as +e;j,, which is equal to —ey ;. This
initial quantity e;j; gy is shown to be equal to e;j, 0% ;. Now e being common, we can
cancel that, and thus, we will have g, = gy;, which means G =67, i.e., the Cauchy
stress tensor is symmetric. So, from the angular momentum balance equation, we are

once again coming back to the symmetry of the Cauchy stress tensor.

So, angular momentum balance equation ensures the symmetry of the Cauchy stress
tensor in the deformed coordinate. We are writing all these balance equations in the
deformed coordinate and as Cauchy stress tensor is the deformed stress measure, we are
getting the symmetry of the Cauchy stress tensor by the angular momentum balance

equation in the deformed coordinate.

Summary

* Transport Theorem

* Mass Balance
* Linear Momentum Balance
* Angular Momentum Balance
M
%
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So, in this lecture, we had first introduced the transport theorem and with the help of that
in the deformed coordinate, we had derived the expressions of mass balance, then linear
momentum balance, which basically results the static equilibrium equation for the static
problem, and then finally, angular momentum balance resulting the equality of the cross

shear of the Cauchy stress components.

Thank you.



