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Welcome to the course on Applied Elasticity. Myself Dr. Soham Roychowdhury, faculty
member from the School of Mechanical Sciences, IIT Bhubaneswar. In this course, we
will discuss the theory of elasticity followed by its various applications in the mechanical
engineering domain. Elasticity is the property of a material due to which the material is
getting restored back

to its original or initial configuration upon removal of the load or the external forces
acting on it which was causing its deformation. So, once the load is removed, the material
returns to its original configuration. This particular property is called elasticity. Now in
the mechanical engineering domain there are various applications, various problems

which can be solved with the help of theory of elasticity. Now what are some such
problems which we will be discussing in this course. So design and analysis of different
load bearing machine components. Different thermo mechanical problems in which along
with the mechanical stresses, thermal stresses are also present.

Contact stress problems for different indented geometries. The fracture mechanics
problem which deals with the initiation and propagation of the cracks in different
machine components. So these are different set of problems which can be solved with the
help of theory of elasticity. Now solution of any of this problem basically involves the
formulation of field equations of elasticity. There exist 15 field equations of elasticity
which are required to be solved with the help of suitable avialable boundary conditions
that we will be discussing

Now before going into the theory, we will have first some discussion on the mathematical
preliminaries related to tensor algebra and tensor calculus which will be used often in this
particular course So, in the elasticity formulation various quantities are involved which
are either scalars or vectors or tensors of different orders such as if you talk about the



scalar quantities we will come across the quantities like potential energy, the strain
energy stored within the elastic body due to its deformation, the total work done by all
the external forces acting on the body. These are all possible scalar quantities with which
we will be coming across during this course. Similarly, there are different vector
quantities mostly related to the kinematics of deformation such as position vector,
velocity vector, acceleration vector, angular velocity vector, angular acceleration vector
or displacement vector or we can also have the force vector or surface traction vectors.

These are the vector quantities related to the elasticity problems. We may also have some
tensor quantities like stress and strains which are second order tensors they cannot be
defined like a vector because these are associated with a plane and on the plane there are
different directions available along which we will be defining the stress and strain
components. Thus, they cannot be expressed as vector quantities. So, these are second-
order tensor quantities.

Now, if we want to relate the stress and strain tensors, that can be done by a fourth-order
tensor, which is called the elastic stiffness tensor, which describes the material behavior.
The material constitutive behavior is described by this fourth-order elastic stiffness
tensor. So, we can see there are various types of quantities which we will be coming
across within our discussion on elasticity which are either scalar or vector or tensors of
different orders. Thus, it is important to have an idea regarding this different order tensors
and the various operations that we need to perform on this tensor, tensor quantities during
this particular course. And also it is important or it is convenient to use the tensor indicial
notations for expressing all the field equations of elasticity because the indicial notation
should be independent of the coordinate systems whether we are using rectangular
Cartesian coordinate or polar coordinate irrespective of that.

The field equations will remain same if we are writing them in terms of the tensor indicial
notation. So, first, we are going to talk about the basic introduction to scalar, vector, and
tensors. Now, what is a scalar quantity? Scalar quantities are just having a magnitude not
having any direction. These are also termed as zeroth-order tensors.

And it is independent the magnitude of the scalar quantity is independent to the choice of
the reference frame or the coordinate system. now after scalar if we proceed for vector
that is known as first order tensor which is having magnitude as well as direction now
Any vector can be written in terms of its components. All the components of a vector
depend on the choice of the reference frame. However, the overall magnitude of the



vector is independent of the choice of the coordinate system. So, you can consider a
vector.

So let us say x,y is one choice of coordinate frame, and O to P is a vector with
components x and y. So, o to a this much is equals to x the x component of this vector.
Now, instead of x — y if you go for another choice of the reference frame let us say x’ —
y'. In that O to B this is the x prime component of the same vector. Now, here you can
see X is not equals to x prime. So the component of same vector is different in two

different coordinate systems.

Scalar, Vector, and Tensor

¢ Scalar: Zeroth order tensor

» It has only magnitude, but no direction
» Itis independent of the choice of coordinate system

* Vector: First order tensor

» It has both magnitude and direction

» The components are dependent on the choice of coordinate system, but overall

magnitude is coordinate independent
‘s-.
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Scalar, Vector, and Tensor

* Scalar: Zeroth order tensor

» It has only magnitude, but no direction ]
» It is independent of the choice of coordinate system

* Vector: First order tensor

» It has both magnitude and direction

» The components are dependent on the choice of coordinate system, but overall

magnitude is coordinate independent
E ‘

However, if you consider the overall magnitude of this vector this should be independent
to the choice of the reference frame. So, in the first x — y frame \/x2 + y2 is the overall
magnitude of the vector. In the second frame This should be \/m this entire
quantity and both of them must be same. So, overall magnitude of the vector is
independent to the choice of the reference frame whereas, the individual components are
dependent.
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Scalar, Vector, and Tensor

* Scalar: Zeroth order tensor

» It has only magnitude, but no direction
» Itis independent of the choice of coordinate system )

* Vector: First order tensor

» It has both magnitude and direction

» The components are dependent on the choice of coordinate system, but overall

magnitude is coordinate independent
‘s;,

Now, if we go for tensors, these are defined as a transformation. We will come to the
formal definition later. And you should understand now that tensors are having order 2, 3
or more. And the same property as discussed for the vector components is valid for the
tensor components. Tensor components are also dependent on the choice of the
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coordinate system that is choice of x, y, and z axis.

Now, first we are going to define the basis in a vector space. Let us consider a subset
involving n vectors é; , é,, é; till &, vector. any element of this vector space V can be
expressed as a linear combination of all these vectors. So, let us consider any arbitrary
vector i, any vector within this vector space V. If we can express u as the linear
combination of all these é, , é,, & till &, these vectors then we can call this €, , é,, &3
this set is forming the basis for this vector space where the u,, u,,u; these are the scalar
factors weighting factor attached with individual vectors é; , é,, é; forming the basis of
the vector space.

Basis in a Vector Space

A subset {€,, é,,..., €,} is said to be a basis for vector space V if,

<)
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Basis in a Vector Space
Asubset {€;, é,,..., €,} is said to be a basis for vector space V if,

a) €, é,,..., &, are linearly independent

b) Any element of V' can be expressed as a linear combination of {€;, é,...., &,} , i.e

U=u €y + uyé, + uzésy + -+ u,é,
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Basis in a Vector Space
A subset {é,, é,,..., &, } is said to be a basis for vector space V if,

a), 181,85, €, are linearly independent

b) Any element of V can be expressed as a linear combination of {€;, é;...., é,} , i.e

U=Uyé; + Uyl + Uz8y + - + U, 6,
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., ift €V then

., if 1 €V then

a
R

[

So, if this set of &, , é,, é; are linearly independent and With the help of them if it is
possible to express any vector u as a linear combination of those then we call é; , é,, é;
till &, is the basis for a vector space. So, rectangular Cartesian coordinate system unit
vectors along x,y,z let us say i, j and k they forms the basis for the vector space in

rectangular Cartesian coordinate system. And,

we can go for different choice of basis or

base vectors for a vector space but the number of elements, number of components
present in a base vector system should be same for all possible choice.



Basis in a Vector Space
Asubset {€;, é,,..., €,} is said to be a basis for vector space V if,

a) &y, é,,..., &, are linearly independent
b) Any element of V can be expressed as a linear combination of {é,, é,...., é,} ,i.e.,ifti €V then
U= Uy €; + Uy + U383 + - + U, E,

where the scalars uy, uy, ..., u, are known as the components of @ with respect to basis {é,, é;,..., é,}.

?
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Basis in a Vector Space
A subset {é,, é,,..., &, } is said to be a basis for vector space V if,

a) &, é,,..., €, are linearly independent
b) Any element of V can be expressed as a linear combination of {é,, é,...., &,} ,i.e.,ift €V then
Y 1. €2
U=uy€; + Uyl + Uzfy + - + U, 6,

where the scalars uy, uy, ..., u, are known as the components of & with respect to basis {€,, é;,..., é,}.

v
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So if we are having three components in one base vector choice, then for all other
choices, three elements will only be there. Now coming to linear independence of
vectors. Let us consider iy, i,,%5 till %, a set of vectors in vector space IV and if you
consider this equation a,1i,, a,ii, continuing till a,i,. So, Y.i~; a;ii; equals to O that is
a zero vector. Now, if a set of vector iy, ii,,1i5 till &, is able to satisfy this equation then
they will call linearly independent only if there exist a set of scalar a4, a,, ..

are not all Os.

.., &, which



Linear Independence of Vectors

A subset {11y, Ul,,..., Uy, } of V is said to be linearly dependent if and only if there exists scalars @y, a3,..., @y, not
1 “2 n Y 1 n
all zero, such that

a, iy + ayliy+..t adyil, =0

¥
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Linear Independence of Vectors

A subset {il;, i,,..., U, } of V is said to be linearly dependent if and only if there exists scalars a;, a3,..., @, not
all zero, such that

il + ayiiy+.+ apil, =0 (Zero vector)

-~
v
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So, if it is possible to satisfy this particular equation with a4, a,, ...., a,. All of them not
being 0, some of them 1 or 2 may be 0, but all of them cannot be 0. If we can find any
such combination, then we call those set of vectors ii,, i, to be linearly dependent. On
the other hand, if this equation can only be satisfied with the help of a4, a, ..
these scalars being O, then in such condition we call those vectors to be linearly

independent.



Linear Independence of Vectors

A subset {ity, U,,..., U, } of V is said to be linearly dependent if and only if there exists scalars a;, a3,..., @y, not
all zero, such that

a iy + ayilyt...+ aptl, =0 (Zero vector)
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Linear Independence of Vectors

A subset {il, U;,..., U, } of V is said to be linearly dependent if and only if there exists scalars a;, a3,..., @y, not
all zero, such that

a, il + ayiiy+..+ anil, =0 (Zero vector)

§
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A set of vectors to be linearly independent this equation can be satisfied with all 0 values
of a; coefficients for the case of linearly independent vectors. However, for the linearly
dependent vectors this equation can be satisfied for a set of «; values where at least one
of the a; is non-zero. This is called the linear independence of vectors in a vector space.
Now, coming to the indicial notation, so normally the previous expressions what we have
written that is i vector is u;é; + u,é, and so on that can be represented with the help of

a summation sign.



Indicial Notations

Summation Convention, Dummy Indices:

-~
v
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And summation is always assumed over a repeating index. So, if you consider this
equation dot product of two vectors @ and b. So, dot product of two vector will be a
scalar which is defined as S here. So, S equals to @. b. So, we can expand this with the
help of vector components of vector @ and b. So, let us say a;, a,, as are the components

of & vector by, b,, b, are the components of b vector. So, we can expand this dot product
as a;b,+ a,b, + asbs.

Indicial Notations

Summation Convention, Dummy Indices:

Summation is assumed over a repeating index,

S=a.b

«)
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ion is d over a repeating index,

PY——" AT
T

Q tion Convention, D y Indi

Q

ion is d overa

ing index,

P

S=a.b = ajb;+ayb, + azbs

Dr. Soham : !

O oot e . A4
S ion C ion, D y Indi
S ion is d over a repeating index,

S=a.b = ab+ayb, +azby

[

Pys—" A4

Now, it can be written as a Y';_, a;b; where i varies from 1 to 3. So, with the help of this
summation convention, instead of writing all those components individually with this
plus sign, we can write it using a single term with the help of this summation sign. Now,
here you can see i is a repeated index; it is appearing twice. So, summation is always



assumed over repeated index, this is named as a dummy index. So, i is called a dummy
index which is

Indicial Notations

Summation Convention, Dummy Indices:

Summation is assumed over a repeating index,

3
S=a.b = ayby+ayb, + azb, :S:Zu,b,
=1

v
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repeated ones appearing twice in the equation or repeated ones and this number this name
i is just a dummy one instead of writing this in terms of i we can write in terms of some
other index let us say j so we can write this as summation j from j equals to 1 to 3 a;b; so
in that case j is the dummy index summation is assumed over j So, this name is arbitrary;
if it is repeated once, then we call that a dummy index. So, any index which is repeated
once is called a dummy index, and using the summation convention S = ¥7_, a;b; can be
just written as a;b;, we can drop this summation sign for the case of repeated dummy
index So, this is called the Einstein summation convention.

Indicial Notations
Summation Convention, Dummy Indices:
Summation is assumed over a repeating index,

3
S=a.b = ajby+ agby +azhs :S:Za,b,
=1

[i: Dummy index which can also be replaced by any other letter]

<D
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s ion'C ion, D y Indi
S is d over a repeating index,
c 3 ] Indee
S=a.b = ajb;+ayb, + azbs =S=Za,b, = Z & L)é ¢ > Dt 1

=1 A
[i: Dummy index which can also be replaced by any other letter]

Dummy Index:
When an index is repeated only one time, then we may write
3

S= Za,b,

i=1

E

re— . £

So, S equals a;b; basically refers to the summation of a;b; over the dummy index i and
this index i can appear only twice. It can be repeated once, not more than that. In any
tensorial expression, we cannot have an index appearing more than twice. So, that cannot

¥

define the summation convention.

Q Convention, D d
S is d over a repeating index,
: 2 ] Tndee
S=ab = ayby+azby +asbs =S=Za,~b, = ) Yk &~ Dummgt In
=1 +4
F=I

[i: Dummy index which can also be replaced by any other letter]

Dummy Index:
When an index is repeated only one tume then we may write

{Z a,b, = a;b; (Einstein’s Summation Convention)
=1

B oo ooy i iy AT

Summation Convention, Dummy Indices:

S is d over a repeati mdex
S=ab = ayby+azby +azbs =S—Za,b, Z Q, by & Dumrgg Tndee
=1 A

ﬁ:l

[i: Dummy index which can also be replaced by any other letter]

Dummy Index:
When an index is repeated only one ume !hen we may write

{Z a;b, = a;b; (Einstein's Summation Convention)

This is allowed only when the index appears twice.
3 !
re— . "



Now apart from the dummy index we also have something called free index. So free
index is defined as the index which is appearing only once in each and every term of the
expression. So this is important. In all the terms if one index is appearing once for every
term then we call that to be a free index. So if you consider this expression right hand
side expression y; equals to k;;x;here left hand side is having one term in which i is
present right hand side is also having one term k;;x; where i is present once whereas j is
present twice in this particular term so j is repeated

Indicial Notations
Free Index:

It is an index which appears only once in each term of an expression, e.g., index i in the expression y; = k;jx;.

)
v
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appearing twice whereas i is appearing once in all the terms both on Ihs left hand side as
well as right hand side so i is a free index here j is a dummy index here so now we are
going to consider few examples so let us say in this one a; plus b; equals to c; so i is
appearing once in all the terms Both the terms on left hand side and on the right hand side
c; terms so thus i is a free index. For the second example we are writing a vector d as
a;é; vector, é; are the base vector or basis whereas a; are the components. So here We
can write any component a; of this vector as a dot product of the vector and the
corresponding base vector é;. So, a; equals to d. é;. Here also you can see i is appearing
once on every term.



Free Index:

Itis an index which appears only once in each term of an expression, e.g., index i in the expression y; = ki;x;.
S A K

Sai+b =c

B orsommmononsuey  Aophed ity A " N
CmndicialNotadons

Free Index:

Itis an index which appears only once in each term of an expression, e.g., index i in the expression y; = k;;x;.
——— A L&)

Sai+b=c

B onsommmornontury Mottty 5* e
CmndicialNotadions

Free Index:

Itis an index which appears only once in each term of an expression, e.g., index i in the expression y; = k;jx;.
= A / LS

Sa+b=c

re— ATh



Indicial Notations
Free Index:

It is an index which appears only once in each term of an expression, e.g., index i in the expression y; = ki;x;.

o a; + bx =¢; i: Free Index]

SPd=q >aq;=adé¢

~
%
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Indicial Notations
Free Index:

It is an index which appears only once in each term of an expression, e.g., index i in the expression y; = kijx;.

@ a;+b =c; [i:Free Index]

S d=aé =>a =aé [iiFreelndex]

S
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So, both left hand side and right hand side they are having single term and i is appearing
once in each term. So, that's why i is a free index here. Now, in the next example u;
equals to v;k;m; = w; where i is appearing once in every term and j is appearing twice
in one particular term. So, as j is appearing twice or repeated that is dummy index
whereas, i appearing once in every term makes i to be a free index. If you consider next
example T;; = A Bmj. SO, here T;; is a second order tensor.



Free Index:

Itis an index which appears only once in each term of an expression, e.g., index i in the expression y; = ki;x;.
- LN

@ a;+b; =c; [i:FreeIndex]

S d=aé >a; =aé [i:Freindex]
+ q

P— .

Free Index:

Itis an index which appears only once in each term of an expression, e.g., index i in the expression y; = ki;x;.
= A L)

@ a;+b; =c¢ [i:FreeIndex]

@ d=a;é >a;=aé [i:FreeIndex]
3 ~

T .
e

Free Index:
Itis an index which appears only once in each term of an expression, e.g., index i in the expression y; = ki;x;.
= Ir L
@ a;+b; =c; [i:Free Index]
& d=a;é >a;=aé [iFreeIndex]
3 ~

@w o+ vikgmy = wy

reme— -



Indicial Notations

Free Index:

Itis an index which appears only once in each term of an expression, e.g., index i in the expression y; = ki;x;.
@ a;+b; =c; [i:Free Index

Sd=0ai =>a =aé [iFrelndex]

S u+vikim; = wy

7
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Indicial Notations
Free Index:

It is an index which appears only once in each term of an expression, e.g., index i in the expression y; = kijx;.

@ a;+b; =c; [i:Free Index]
Sd=a;8 >a; =aé [iFreeindex]

@ up +vikim; = wy

S
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So, i is appearing once on the left-hand side and once on the right-hand side. Similarly, j
is also appearing once on the left-hand side and once on the right-hand side term. So,
both i and j are free indices here. However, m is a dummy index because m is repeated
twice on only one term of the right-hand side, and it's not appearing on the left-hand side
term. If we have p number of free indices, then that particular indicial expression is the
condensed form of 37 equations. For example, if you take the first one here, we have
only one free index i, so p = 1. The number of free indices is 1, so this is a condensed
form of 3 equations like



Indicial Notations
Free Index:
It is an index which appears only once in each term of an expression, e.g., index i in the expression y; = k;;x;.
@ a;+b; =c; [i:Free Index]
*d=aé = a; =aé; [i:Freelindex]
@ u; + vikjmj =Wy [i: Free Index, j: Dummy Index]
1™ s

 Tij = AimBm;
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Indicial Notations

Free Index:

It is an index which appears only once in each term of an expression, e.g., index i in the expression y; = kijx;.
@ a;+b; =c; [i: Free Index]

" 7 5 i

% d=aé =a; =aé [iFreeindex]

@ u; +vikmy; = wy . 8

% w; + vikjm; = Wi [i: Free Index, j: Dummy Index]

@ Tij = AimBmj [i and j both are free indices, m is a dummy index]

If p is the number of free indices in any expression, then the expression

is a condensed form of 3P equations. e
h N

& Dr. Soham Roychowdhury Applied Elasticity '

\

a; + by = ¢4, a, + b, = ¢y, az + b; = c3. Whereas, for the last example here, we have i
and j as 2 free indices, and thus this will be a condensed form of 9 equations. So,
depending on the number of free indices present in the expression, we can expand and
find out the number of total number of expressions which are represented by using this
single indicial expression. Now, coming to the concept of Kronecker delta. This is
basically the elements of an identity matrix, a matrix which has 0 at all non-diagonal
terms and 1 at diagonal locations. So, §;; = 1, if i = j, that is at the diagonal locations,

and 6;; = 0 if i # j, that is at the non-diagonal locations.



Kronecker Delta
It represents the elements of an identity matrix and defined as,

o [tifi=j
“"'{Oirix,'

?
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Now, if we are having both the indices to be same §;; this term. Now here i is a repeated
(a dummy) index and summation is always assumed over the repeated index. §;; refers to
the summation of §;; with i varying from 1 to 3, meaning 8;; + 85, + 833, and what will
this be? This equals 3, as each of them All these individual terms equal 1, the 3 different
diagonal terms. So, §;;, this quantity, equals 3. Now, if you multiply this Kronecker delta
d;; with any vector component a;, that will result in a;, the ith component of the vector.

Kronecker Delta

It represents the elements of an identity matrix and defined as,
lifi=j

8 = {n ifi#j

& 8y = Oy + 6y + 633

<)
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It represents the elements of an identity matrix and defined as,
Sm lifi=j
U=\0ifi # )

& 8y = 8y + 8y, + 65,

& s, A '
T

It represents the elements of an identity matrix and defined as,

_[Lifi=j
5”'{0ifi¢j

k

& Sy = Oy + 8y + 03y

re—— - A '
evsssarna

It represents the elements of an identity matrix and defined as,

[1ifi=j
6”_[0ifi$j

L

@6y = 0y +0+0=1+1+1=3

@ oy =

Pye— . AT

So, here what happens is whenever you are multiplying &;; with any vector then i is
replaced with j in this vector indices. Same happens for the case of multiplication of
Kronecker delta with a tensor quantity. &; multiplied with Ty;. So, for this case k is
replaced with i and this results a tensor with i, j subscripts. So, this i and k these two



It represents the elements of an identity matrix and defined as,

5. [1if=]
YE0i0fi #j

@8y = 0 +8+03=1+1+1=3

& Sy = ag

B orsommmnonsney  popted ity Qo

It represents the elements of an identity matrix and defined as,
S lifi=j
U=10ifi #j

SOy =0 +0+83=1+1+1=3

@ Sy =aqg

B ocsohamchonan, iy Y

It represents the elements of an identity matrix and defined as,

s [Lii=]
UE0i0fi #j

SOy =0+ +063=14+1+1=3

& Sy = ag

R L —_ A



It represents the elements of an identity matrix and defined as,
5= lifi=j
UT\0ifi # j
SOy =0 +8+0853=1+1+1=3
< 6,,1@: [

* 8Ty =Ty

[ ’

= — | B

are same then only &;; will be unity 1 for rest of the cases this is 0. So, thus we are having
T;; here k is replaced with the help of i in the tensor component. Now, if you multiply
different Kronecker delta with different indices 6;;8;, 8y, So, if you first multiply first
two that will give you delta §;. j is replaced with i now

It represents the elements of an identity matrix and defined as,

s, [Aifi=]
UT0i0fi #j

@Oy =0+ +83=14+1+1=3

L S‘/%= ag

&+ STy = Ty

—— Y
KemeckerDeta

It represents the elements of an identity matrix and defined as,

o [LHI=]
U=\0ifi#j

SOy =0+ +83=1+1+1=3
46,,(;@:&4

* STy = Ty



It represents the elements of an identity matrix and defined as,

s ofLifi=i
U 0ifi # )

SOy =0 +8,+83=1+1+1=3
06,,4@:01
& STy =

Wi~y

& 8;j0d =

O st b e . 2
KeomeckerDeta

It represents the elements of an identity matrix and defined as,

s Litt=]
U=0i0fi #j

S8y =0+ 0 +03=1+1+1=3
éb’u@=a;
& STy =Ty

i =

& 80 =

B s iy g iy

It represents the elements of an identity matrix and defined as,

5= {1H=]
E0i0fi # )

SOy = 0y +Opt+d=1+1+1=3
06,,@:&1
@ & =

Ll

& 80 =

PR —_ AT



It represents the elements of an identity matrix and defined as,

5= [1H=]
JE0ifi # )

SOy = 0y +Opt+d=1+1+1=3
06,,@:&1
@ & =

Ll

& 8;j0d =

T - AT%
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It represents the elements of an identity matrix and defined as,

5 UL
UT0ifi#j

SOy =0 +0+83=1+1+1=3
06},@:@
< =

851‘,,, E!

& 8;j0b =

T AT
KemeckerDe

It represents the elements of an identity matrix and defined as,

5= {1H=]
E0i0fi # )

SOy = 0y +Opt+d=1+1+1=3
06,,@:&1
@ & =

Ll

& 80 =
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It represents the elements of an identity matrix and defined as,

[1ifi=j
6”_[0ifi$j

SOy =0 +0+83=1+1+1=3
¢6,,qp=a‘
@ 6Ty =

ully =Ty

- sl/b)ksu =
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It represents the elements of an identity matrix and defined as,
5im lifi=j
UT0ifi#j

@by =8 +0+8y=1+1+1=3
46‘/“\0:“‘
@ 0Ty =Ty

o <

& 8;j0b =

re— . /’

their dot product can also be written with the help of §;;. If &; is dotted with &; then only
we will get a unity when i = j. If we are taking dot product of two different unit vectors
é, and é, then that will be equals to zero. So, if i not equals to j this vector will be zero.
Thus, dot product of any two base vectors or unit vectors can be written in terms of §;;.

It represents the elements of an identity matrix and defined as,

o [1HfE=]
U=\0ifi # j

L

SOy =0, +0+0653=1+1+1=3
4~6,,a@=a‘
@ OuTiy =Ty

- =2

& 8100k = Sk = Su
With & and é; being unit vectors, é;. g = 6,1

L
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It represents the elements of an identity matrix and defined as,

b 1HE=]
U=0ifi # )

B8y = 0y +Opt+dy=1+1+1=3
06,,@::1,
& STy =

]

@ 8;j0b = by = du
ol NS

With &; and é; being unit vectors, &;. & = §;;

‘**wm‘

It represents the elements of an identity matrix and defined as,

s, flift=]
U0ifi # )

SO = O+ 0+ =1+1+1=3
06},@=a‘
& STy =Ty

N 2l

& 86k = Sixdu = O
W2 ——

With é; and & being unit vectors, é;. & = & i

Pp— - AT
e

It represents the elements of an identity matrix and defined as,

b 1HE=]
U=0ifi # )

B8y =0+ t+dy=1+1+1=3
06,,@::1,
& STy =

]

& 8;j0b = b = du
e ——

With &; and é; being unit vectors, &;. & = §;;
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It represents the elements of an identity matrix and defined as,
lifi=j
i [o ifi]

@8y =03 +8+03=1+1+1=3
06uahn=a,
@ 6Ty =

ully =Ty

@ 8;j0b = by = du
ok S

With &; and & being unit vectors, &;.¢; = &;;

re— . ,
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It represents the elements of an identity matrix and defined as,
S lifi=j
U=V0i0fi #j
SOy = 8+t =1+1+1=3
< Gua\l,= ag
@ 0Ty =Ty
- 22

& 800 = Sidia = du
pilidt ifor

With &; and & being unit vectors, é;. & = 6}1
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Now, coming to the definition of permutation symbol. Permutation symbol is defined
with e;having 3 indices, 3 subscripts, and this is equals to 1 when i, j, and k are not
equals to each other and they are in cyclic order. So, let's say we are considering this
i,j, k to be in cyclic order, then it will be equals to 1. Permutation symbol equals to 1.

It represents the elements of an identity matrix and defined as,

o [1HfE=]
U=\0ifi # j

—

SOy =0, +0+0653=1+1+1=3
4~6,,a@=a‘
@ OuTiy =Ty

- =2

& 8100k = Sk = Su

With & and é; being unit vectors, é;. g = & j

L
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1 ifi#j+#kandi,j k arein cyclic order
Itis defined as, e = {—1 if i # j # kand i, }, k are not in cyclic order
0 otherwise

re—— .
T

1 ifi#j+# kandi,j,karein cyclic order
Itis defined as, ey = {—1 if i # j # k and (,j,k are not in cyclic order
0 otherwise

PY—— . I , )
e

i
1 ifi#j+#kandif k arein cyclic order Ay
Itis defined as, ey = {—1 if i # j # kand i, }, k are not in cyclic order k ¢
0 otherwise R

[

T—— . N

So, let's say i equals to 1 j equals to 2 k equals to 3, and these subscripts are appearing in
this order 1, 2, and 3 then it will be equals to 1. If it is not appearing in the cyclic order,
so first is 1 which is followed by 3 then followed by 2. This should be equals to minus 1.



Permutation Symbol

1 ifi#j+#kandij,kareincyclicorder
Itis defined as, e = {—1 if i # j # kandi,j,k are not in cyclic order
0 otherwise

& Dr. Soham Roychowdhury Applied Elasticity 5 / a

So, we are not following the cyclic order of 1 after that 2 after that 3. If this is not
followed then permutation symbol is equals to minus 1 and 0 otherwise. So, if any 2 or 3
indices of the permutation symbol are same then that would be equals to 0. So, we can
write this explicitly as e;,5 = €31 = €315 = 1,€132 = €513 = e3,; = —1 and all rest are
0.

Permutation Symbol

1 ifi#j+#kandi,j, karein cyclicorder
Itis defined as, ey = {—1 if i #j # kand,j, k are notin cyclic order
0 otherwise

Thus, €133 = €31 = €352 =1

g

/
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Whenever the index is repeated, you can see here 1 is repeated, here 1 is repeated, 1 is
repeated, 2 is repeated, 3 is repeated. For all such repetitions of index, the permutation
symbol will result in 0. So, ijk being in cyclic order, they are equal to 1; ijk being
opposite to the cyclic order, all of them are equal to minus 1. Now, with the help of the
permutation symbol, we are able to express the cross products.



1 ifi#j# kandi,j,karein cyclic order oy ’3' }
Itis defined as, e = {—1 if i # j # kand,}, k are not in cyclic order k ¢ ~
0 otherwise Ll 0.e
123 /
e. . =-|
Thus, ej23 = €231 =€312=1 132.
€132 = €13 = €32 = —1
€131 = Clag = S138 = M Bilgyy S0 = G S 0

& ek = e = €xij = —€ikj = —€jx = —€xji

am— = ~
Al =

So, if you consider a right-hand basis é;, &,, €5, these are the 3 unit vectors of a right-
hand basis, then é; x é, = é5, é, X &, = —é5 and so on. These are known to you. Now,
this can be combinedly written with the help of the permutation symbol as, The unit
vector &; X &; is equal to the permutation symbol e; ;. into the unit vector é.

1 ifi#j# kandi,f,k arein cyclic order W '2\ )_’
Itis defined as, e = =1 if i # j # k and i, j, k are not in cyclic order k ¢ [
0 otherwise ~ e -
123
€327

Thus, €33 = €31 = €32 =1
€13z = €213 = €331 = —1
€111 = €112 T €133 T T €222 T T €333 = 0

- €ijk = Cjki = Ckij = —C€ikj = —€jik = —C€xji

< For a right-handed basis {&,, &, &;), we have & X & = &3, & X & = —&; and soon

PRT— -

i I
1 ifi#j# kandi,j,k are in cyclic order a ';\ }
It is defined as, ejj = {—1 if i # j # k and i, j, k are not in cyclic order k ¥ [
0 otherwise =~ =
123
€322

Thus, €123 = €31 = €32 =1
€13z = €213 = €3 = —1
€111 S €11z T €113 = S € =S €333 = 0

ek = €k = Exij = —€ikj = —Cjik = — ki

< For a right-handed basis {&,, &,, &;}, we have &, X &, = &, &, X & = —é; and soon

TR .



i
1 ifi#j# kandij,karein cyclic order R G \{
Itis defined as, e = {—1 if i # j # kand i, }, k are not in cyclic order k ) ~
0 otherwise = e.=|
123
€,,=-
Thus, ey23 = €331 = €312 =1 e
€132 = €13 = €3 = —1
€11 = €1y =yy3 = =€y = =333 =0

- Cijk = €jki = Ckij = —Cikj = —Cjik = —Cxji

< For a right-handed basis {&,, &,, &}, we have &, X &, = &, &, X & = —&; and so on

Thus, & X & = eyéy

9
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So, the cross product of any two unit vectors can be written with the help of the
permutation symbol. Now, using this, we can express the cross product of any two
arbitrary vectors. Let us say d and b are two vectors, and ¢ is the cross product of those
two vectors. So, ¢ equals @ x b. This equation, if you expand and write in terms of their
components.

wé=axh

“)

Ps—— . e

ee=axh

remm— .



So, ¢; IS ayb; — asb,, ¢, is azb; — a, b3, c3is a;b, — a,by. Now, if we try to condense
all three of these equations into a single indicial notation (or indicial expression), that will
become c; = e;jxa;by. So, the ¢ vector can be written as ¢;é;.

wé=axh
¢ = azby — azh,

=

rem— -
.

eé=axh
¢ = azby — azb,

= ¢ =azh, —aby

re— -

eé=axh
¢ = azby — azb,
= G =agby—abs = ¢ = epaphy

€3 = arb; — azby

re— -



we=axh
€ = azby — ash,;
= ¢ =agby—aybs = ¢ = epazhy

€3 = ayb; — azby

T—— .
emsgm

Sé=axh
¢y = azby — azh,
= =agby—abs = ¢ = epazby

€3 = ayb; — azb,

“C=cé = euka,b,,én

PY— .. AR

Sé=axh
€ = azby — ash;
= ¢ =ashy—abs = ¢ = epapby

¢3 = ayb; — azb,y

o & = ;8 = ejiajbyé;

O oo, b . YR



Permutation Symbol

ecé=axb
¢, = azby — azb;

= ¢ =azhy—aby = = epapby

¢3 = @b, — azby

& & = ¢;8; = ejjxajbyé

)
V.
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That is the unit vector along the i-direction as e; . a;byinto &;. So, for this equation here,
if we take i equals 1, for that case c; will be e, j, a;b,. Now, j and k can take two values,
2 and 3; in the rest of the cases, the permutation symbol will be 0 because the indices are
the same. So, this is basically e;,3a,b3; + e;3,a3b,, and we know that the first quantity
e1,3 IS 1, whereas e, 5, is -1. So, ¢; can be written in terms of a,b; — as;b,, which is the
first equation.

Permutation Symbol

wé=axh
¢, = azby — azh;

= g =azhy—ayby = = eypaphy

¢3 = ayb; — azb,y

& € = ;8 = ejxajbyé;

«)
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@é=axh
€ = azby — azh;
= ¢ =aghy—abs = ¢ = epapby

€3 = arb; — azb,y

o & = ;8 = ejiajbyé;

—— .

wé=axh
€ = azbs — azh,
= c=aghy—aby = ¢ = epaphy

€3 = ayb; —azb,

wE=ci = euka,bké‘

P—— - — %
T

wé=axh
€ = azbs — azh;

= ¢ =ashy—abs = ¢ = epapby

=11 G=Culby, = ~

€3 = ayb; — azb,y

& & = ¢;8; = ejjxajbyé

L — rifl



Secé=axb isils G =Cuntily, = <
€ = azby — azh,; A
= =ahy—abys = =epab,
€3 = ayb; — azby
o &= ¢ = ejiajbyé;
!
Q Dr. Soham Roychowdhury s “

In the same fashion, using i equals 2 and 3, the next two equations can also be expanded.
So, thus the ¢ vector, which is the cross product of two vectors & and b, can be written as
e;jka;byinto &, which is the unit vector along the i-direction. And it can be shown or
proved that this permutation symbol e and the Kronecker delta, they can be related with
the help of this particular expression: e; times e;,,, €quals 8,6k — 8jnOrm.

AR =11 G =@l = Gasaby + €5, 0 by
€ = azby — azb,; A et
= Gby—A3h,
= g=ab—aby =c=epab L (-2
Cs = a1b; — azb, o
o &= ;8 = eijiajbyé;

!
re— . (%
#e=axb =1 3 C’ﬁ&;ﬂ&bx = euu“’zhs*eluazl’z

¢, = azbs — azb,

‘//) . = O b= 30,
= =ah-aby =Sc=epab, T =%

~s (=2
€3 = arb; — azb, 2

o € = ;8 = ejjxajbyé;

L — l;,“;



So, the first two subscripts for both the permutation symbol on the left-hand side are the
same for such cases. The product of two permutation symbols can be expressed with the
help of these two Kronecker deltas. So, this particular expression is called the e-6
identity. Now, let us consider a few example problems. a is given as K;* + K, + K.

Permutation Symbol
Sé=axh
¢, = azby — azh;
= ¢ =azhy—ayby = = epaphy

¢3 = ayb; — azby

= = o
€ = c;€; = ejjkajbyé

* ejjkeimn = OmOkn — OmOkm

& Dr. Soham Roychowdhury  Applied Elasticity
Examples
() a = K2 + K% + K32
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So, here in each term, we have K; multiplied by K;. So, this can be written as K; times K;,

where summation is assumed over this repeated index i, with i varying from 1, 2, and 3.
2 2 2
If you have the second example as 09,2¢,9 ‘l;, this can be written as ¢ ;. So, any

i 9 ax_lz -asz . 6x3
quantity comma i refers to Py the derivative with respect to x; once.
i




) a =K%+ K2 + Ky

e {

8 oo AT

M a=K?+K>+K? = = KK,

O oxsomertonte, e L NI}

D a=K?+K?+K%2 = a=KK;

g 09 0%
(z)éx,’+ axy? F,z

0 oxsoum ychoncvry " Rty [ o 7:‘_



M a=K?+K?%+K? = a=Kk

3¢, ¢, 3%
@ Bx|3+ ax31+ dx3?

re— .
T

M a=K2%+K2*+K? = a=Kk

20 2% ¢ -
(Z)K‘i* 'a?+ ) =2¢u=0

3

>

rem— -

So, comma double i refers to the derivative with respect to x; twice. So, here such
examples, such expressions can be written in terms of ¢ ;; = 0. Now, coming to the third
one, a scalar « is considered, which is @. (b x ¢). So, for the dot products, if we write
that with the help of indicial notation, this is a;(b x ¢)..

M a=K?+K?%+K? = a=KK

@28, Fe 2 L4 g (==

0xy2  Axy?  Oxs?

re— -



(D a=K?+K?+K? =a=KK;

>
2% | 2%¢ % _ )
Omitanitomn: = =0 ( ),:‘ %

O ot s,

(D a=K?+K?+K?* = a=KK

>
3¢ *¢ ¢ . .
2) S ;:;"r e ¢u=0 ( ).;. >

Ba=a.(bxé)

© s ATA
e

(D a=K?%+K?2+K%? = a=KK;

>
29, 2, - (), =
@ o omt om =0 W Ry

B a=a.(bxé)

& wsann



(D a=K?+K?+K* = a=KK;

2
% | 3% . ¢ _ .= —=
@57t ot am = a0 Ou= g

3 a=a(bxc)

res—— . ATA

) a=K2+K?%+K? = a=Kk;

>
3¢ ¢, ¢ = L =
) S T aea bi=0 ( ).u >

Ba=a.(bxé)

L —_ N\ YL

(N a=K?+K?+ K = a=Kk

@88, Be, B L, g G )y B

Axy?  Bxy?  Axy?

(Ba=a(bxe) sa=aq(bxe),

ammm



Na=K2+K?2+K;? = a=KK

2
ap % 8% _ (). ===
@2 a_z,=+ ‘m;_‘mz =>¢1“7 0 i 2%

(Ba=a(bxe) sa=aq(bxe),

- ] !
L

(D a=K2+K+K?* =a=KK

>
LD, CHLY O = E )y & 5
(2) 61,2+ 6x;z+ 2132 = Qﬂ_?_ = 2%

Ba=a(bxe) =a=a(bxe),

Tl — ] ‘

So, @ was first vector b x & is second vector we are attaching i to both the vector a;
(b x¢), and then (b x ¢) can be simplified with the help of permutation symbol. And
thus total a will become a;e; j, b;c,. Similarly, if you consider the next example a equals
to (@ x b). (¢ x d). So, this is dot product of two vectors, this is first vector @ x b, this is
second vector.

Da=K2+K2+K;® = a=KK

2, 2, 2, 2
@I58 2t 2 4u=0 (i = 35

12 dxp? dxg?

Ba=a(bxe) =a=a(bxe),
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(N a=K?+K?+ K =a=Kk

B
2o, 2%, % _ ().==
2 ax,=+ 6xg=+ axy? = ¢'“ 0_

@a=2(bxs) =a=abxe),

0”‘“‘"""’_

) a=K?+K?%+K? = a=Kk;

2
2, 2, 2, =
QL8 28,04 g4=0 ( ),;z 2%

0x42  9xp?  Oxy?

Ga=a (E_xf) sa=a(bxe), =a=aebic

O oxsom oo, R

M a=K?+K?%+K? = a=KkK

2¢ . 229 . 9%¢ _ = —
(Z)ﬁJr Frechi e 2>¢u=0 ( ).;‘ %

Ra=a.(bxe) =a=a(bx ¢), =a=aejbic

@) a=(axb).(xd)

T nTa



M a=K?+K?%+K? = a=KkK

2¢  2%¢ . 3¢ ( ) )ﬁ
(2)azlz+—+3x—:; =2¢;=0 sl 2%

ax,? 2

Ba ='d.(_5 xg) sa=a(b xe)l = a = a;e;jb;ci

@) a=(axb).(Exd)

ree— -
T

M a=K?*+K?*+K* = a=Kk

2

¢ , %, ¢ - =
@t ont oy 94"“?70 ( >.:. 2%

Pa=a(bxe) =a=afbx ), =a=ae; b

@a=(axb).(xd

O oo, ity | !
awos

() a=K?%+ K2+ K% = a=KK;

%

o/

2%¢ | 0% 3% _ =
(2)m+ﬁ+r,2 =’¢,iij9 ( >,:.

e
B a =.a.(_E x &) sa=afb x&), =a=ae;bjc

@ a=(axb).(Exd)

>

.

re—

So, any dot product can be written as i component of first vector into i component of
second vector. (@ x E)i (¢ x d); and both of them can be expanded with the help of two
permutation symbols. So first one @ x b is written as e;;,a;b, whereas second one
(¢ x d); is once again written as e;,,,,c,,d,,. Note that while expanding the first term, we
had already used j, and k these two dummy indices.



() a=K?+K?*+K? = a=KkK;

R ) _ e
(Z)ﬁ‘fw“rw 2¢u=0 € 2%

Ra=a.(bx¢) =a=a(bx ¢), =a=aeibic

(4)a=£a\3<_15).(exd)

O ottt :

) a=K2+K?%+K? = a=Kk

228,20, 0 L4 o ()= ==
@5t ot a5t i = Y
Ga=a(bxe) sa=a(bxe), =a=aejbc
= ) =(axb)(Exd
@a=(axb).@Exd) =a (@xb),Exdy
L =
M a=K?+K?%+K? = a=KkK
P L T SR ()= ==
D5 ini oy L= LA

Ba=a (E_Xf) =a=ay(bx E)‘ = a = a;e;jbjcy

(4)a=£axv_s).(axd) sa=(axb)@Exd
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M a=K?+K?%+K? = a=KkK

>
@28, P, P 4 g )=

AR, ST AL
axy2 9xp?  0xy?

Ba=a (ﬁ_xé) = a=aibhx E)‘ = a = age;jbjcy

@a=(axB).@Exd) sa=(@xE)Exdi = a=epenabind,

r— .
e

(N a=K?*+K?+K?* = a=KK

>
a2 63¢ 624 - = —
(z)g:*;;;;*w =2¢i=0 @ =

Pa=a(bxe) =a=af(bx ), =a=ae; b

@a=(axb).@Exd) »a= (@xB),Exd)y = a=ejkeimnabicmdn

& wsann

() a=K?*+K?+K?* = a=KK;

2% 2% ¢ _ ==
OLLI LT 540 ()a = >

B3a=a (Ef) = a=abx i')‘ = a = age;jbjcy

@) a =M, @x d) @a=(axb)(Exd); = a=ejeimnajbicndy

ras— . L4



M a=K?+K?%+K? = a=KkK

2, 0% 0% (), = ==
Osit it = 0u=0 O,

B3a=a (Ej g) s a=a(bx a)l = a = a;e;jpbjcy

@a= (g "j!,)- (Ex d) sa=(axb)Exd) = a=ejemnabicmdy

P — L
CBamples

Ma=K?*+K*+K?* = a=KkK

L Bt el = Q=
(z)ax.2+ ax2’+0x,’ =¢“‘,9 "

Pa=a(bxe) =a=af(bx ), =a=ae; b

@ a= (d x‘E) (@ x J_)) s>a=(ax 5),-(5 xd); = a=ejxeimnabiCmdn

& oo, | & '

Thus j and k cannot be repeated for expanding the second cross product. So here two
new indices m and n are used. first one is e; ., second one is also e; ; that is not allowed.
The name of dummy indices for the second term must be different than the dummy
indices coming due to the first term. So, you can use any letter, but not the same which
was already used.

M a=K?+K?%+K? = a=Kk

22¢ . 3% . 9% _ = =
(Z)m*rf*w =¢,'“,_E ( ),:. %

Pa=a(bxe) =a=af(bx ), =a=ae; b

@a=(axb).@Exd =>a=(ax B)I.(E xd); = a=exemnabiCmdn
A IR =R

rem— .



Now, if you consider the determinant of any matrix A, the determinant of A;;, where i, j
are the matrix components. This can also be represented if you expand the determinant.
Then, this can also be proved to be represented with the help of an expression. D equals
to e;xA1;A2 A3k, SO With the help of the Kronecker delta and permutation symbol, it is
possible to condense many of these expressions into this single indicial form with the
help of summation conventions.

Examples
) a=K?+K?2+K? = a=KK;

) Cin —”“p] Ll ¢u=0

“Pox? ax;? 0xy?

Ba=a(bxé) =a=albx ¢), = a=aebc
@a=(axb)(@xd) =a=(axb)Exd)y = a=ejeimnabicndn

(5) D = det([A]) = det(4;;)

-
v
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Examples
() a = K2 + K,% + K32 = a = KiK;
O gt oot s =0
Ba=a(bxé) =a=albx €), =a=aejbc
@a=(axb).(Exd) 2a= (ax 5)1(5 xd);, =a= Euke,,,,,,albkcmd,}
(5) D = det([A]) = det(A;;)
-
v
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So, in this particular lecture, we have discussed the fundamental concepts of scalars,
vectors, and tensors. We have also discussed the summation convention or indicial
notation, and introduced the concepts of the Kronecker delta and permutation symbol.
Thank you.



