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Lecture - 11
Finite Volume Method-3

Good afternoon, everyone, today we will cover the last part of general methodology related

to Finite Volume Method.
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Equations with Second derivatives

The finite volume method requires some modification, when the second derivatives
are present in the governing equation. The integration of those terms are to be
performed on the finite volume and are to be evaluated over the segments AB,
BC,CD and DA:

We will call the domain
ABCD as the main
integration domain

And specifically, we are going to cover the issues that arise out of presence of second order

derivatives in the governing equation. Again, you can see the domain; we have zeta equal

to constant and eta equal to constant lines, and we have defined ABCD control volume,

which has a center at i, j, and the segments are AB, BC, CD, and DA.
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Equations with Second derivatives

Let us consider Laplace’s equation:

£ Bp? (202)
Ox? oy?

The finite volume method follows the application of the subdomain method
to equation (20).

4)2 0 4)2 5
/ ((,. ,(‘,) } (,. (,)) dr dy = / H-nds=10 (20 b)
aBcp \ 072 dy*? ABCD

Using Green’s theorem the above equation can be written:

d ¢ ad ¢

H-nds=—dy— — dx (21)
ox Ay
. . R . 9%¢p . 9%¢ craL L
We will consider Laplace’s equation, P 77 = 0, and if this equation is integrated over

ABCD, then we can write applying Green's theorem, that this is integral ABCD, H.n ds

3¢ 8¢

equal to 0, where H.n ds is &= " ™ Thisis following Green's theorem and so, we

will integrate basically equation 20 b.

52 .'; az :.'
f ( , ;J + - :)) de dy = f H-nds=10
ABCD dx dy ABCD

(20b)
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Equations with Second derivatives

AB, BC,CD and DAby:
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The line integral in Egn. (20 b) can be evaluated approximately over the segments

And then this integration can be written as we have seen that we if this integral means we

have to integrate along the segments AB, BC, CD and DA. So, exactly we have done that.

8o , 08¢
. == dy— = dx L : . :
The quantities are &= "By g0, [‘;—f .. So, this is basically we are integrating over
l’]_E
ABCD. [g—f ~, has been defined at this point, which is basically between A and B and
l']_E

coordinate of this point is i,j-1/2.

So, [%] ~,into Ayag; that means, A and B point their vertical distance Ayag -

i'J_E
[%] . Axas, Axag means horizontal distance between A and B point. So, this is the first
Lj—5
line, that means, integration of [g—i’], -, Ayas - [g—dy’] , MXag.

L] _E i’j_E



Next, we have to go along BC segment, that means, we have to define the quantities [%]

1, into again Ay and this Ay is the
l+5,j

and [Z—i]here. So, [z—f] at i+1/2, j and so, [Z—f]

i+5,]
vertical distance between point B and C. And then again, [%] at this point, which is i+1/2,]

into the horizontal distance between point C and point B the horizontal component.

So, basically, we are multiplying [%] at this point (i+1/2,j) into Axgc. So, this part is the

second line. Similarly, third line will be [%] has to be evaluated at this is at this point,

which is basically i,j+1/2, [a—¢] ,and they will be multiplied by again Aycp and Axco.
vliiv1/2
Then at this point, that means, [%]. Py and [% and [%] will be multiplied by
i=1/2,j i-1/2,j

Aypa, Ay is basically the vertical distance between point A and D. And so, Aypa and then

AXpa the horizontal distance between point D and point A. Axpa. So, [%] ati-1/2, j into

AXDA.

So, this is the basically we if we perform the integral along the segments AB, BC, CD and
DA. If we can evaluate this, we are through our integration is over and basically, we have
evaluated this integral and that is what is our target. So, we will see how we can do it step

by step.
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Equations with Second derivatives

- B'B C'D’'AA'B’is the
' domain for interpolation

First we will evaluate first line
of Eqgn. (22)

i+l

Here is ¢ [(‘)6‘5 / (‘)-‘"] i, j—1/2an value over the area

B BC'D AA B and defined at the point (i, j -1/2). Refer to the Figure

So, in order to first we evaluate the first line of equation 22, which is given by

[% Ayas — [%] AXaB , SO, at this point we have to find out the gradients
oxlij-1/2 9ylij-1/2

[Z—f] and [Z—f] we have to find out here. We will multiply it with a verticals distance

between point A and B and then we will find out [%] here and multiply with the horizontal

distance between A and B.

Now, in order to do that, we have to find this quantity [Z—f] at i, j-1/2 and [g—i] ati, j-1/2.

Now, how we can do that is the question. So, we can do that by considering the mean value

of for example, if we calculate [Z—f] at this point by calculating mean value of [g—f] over

this domain.

This domain is not ABCD it is rather if we take this point as the midpoint then the cell
which is being defined is A’, B’, C’, D’. This is a pseudo definition rather we will not this

is not being used to evaluate the Laplace’s equation over the domain of interest.



Domain of interest is still ABCD, but since we have to find out Z—f at this point or 6¢/0y at

this point what we will do? We calculate mean value of % over this domain. If had this
been the center of a cell then this would have been A’, B’, C’, D’ would have been the
element surrounding that cell and then we have to find out mean value of % on this area,

A’, B’, C’, D’ and that will be eventually defined at i, j -1/2.

So, that is what we have written that this quantity is evaluated at the mean value over this

area, this area we have defined as B’,B,C’,D’,A,A’,B’. And if we calculate the mean value

of g—f on this domain it will be eventually as I said it will be defined at the point i, j-1/2.
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Equations with Second derivatives

Thus we can write:

AP 1 (O 1 :

o~ = — 1z dy = (,")11
|ié)~"“ ij—1/2 (»5“\’/;'(" D' ) / / (UJ') e (5‘\’/;‘("’ D' ) 74 e (23)
do 1 " (D¢ 1 )

Sl — — |dz dy = — odx 24
LM]:.#H: <S,\'/f‘("u'> / / (0!/) oy (S,\'n’("/)') 74 : ( )

Using Green’s theorem:

74 ¢ dy = ij Dy + 08 Ay e +0i Ay + GAAYp
JA'B'C'D'

So, we will do that integration. So, we have written g—f ati, j -1/2 this is equal to as we said

it is a mean quantity of % on this domain A’, B’, C’, D’ which means basically area integral

of % dxdy divided by the mean area, mean area of A’'B'C’'D’".



And then again. if we apply Green's theorem on this integral, we can write 1 by again area
into line integral of ¢dy, which is equation 23. And 0¢/dy at the same point i, j-1/2 it is
calculated as double integral of 6¢/0y dxdy. So, area integral of 6¢/0y on the area A’'B’'C’D’,

here also we can see A’, B’, C’, D’ divided by the area.

8, ) [ @on (i) fo 0

So, this is negative quantity because the first line of the integral we have seen o¢/0x Ay -
0h/0y AX. So, this quantity again line integral of ¢ dx divided by area. So, we have first
evaluated line integral of ¢ dy line integral of ¢ dy over A’, B’, C’, D’. And now we can

clearly see that ¢ dy we have to integrate.

So, ¢ at here it is this point is basically i, j-1 point ¢ij-1 Aya's’. That means, vertical distance
between A’ and B’ then ¢g into again Ays’c’ that is vertical distance between B ’and C’.
Then ¢ at this point, which is basically ¢ij we can see ¢i;j into again Ayc’p’ then ¢a into

AyD'A’.

So, that completes the integration and that means, equation 23 this line integral is evaluated
if we divide it by the area, we are through we get 6¢/0x at i, j-1/2 this point, that was what
of interest. Then we will integrate again on ABCD if we find values of 0¢/0x, 6¢/0y at
these points between A and B, between B and C and so forth. Now, equation 24 is integral

¢ dx over again this area A’, B’, C’, D'.
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Equations with Second

derivatives '
Ppen? B 1A+ Axpe +6, Axoy +, Avyy, e G
\ B i1
D".
A P
If the mesh is not too distorted, N ¢ =
i-1
Ay g o= Aoy = Ay p and AVpe = —Ayp, = Ay, ;

Ax o m— Ay m Ax g and Axpe m— Aopy, m Axy
Sp=Sigep = |E z ‘W|
L | [,-'JL‘I.'_JB-I? +,-'1-.|1‘_4-3-j )x ﬂa‘l"fg'.:f??"‘ fj—.‘h'c“j] |
S L s e Ll
B ey e

Sap = Axap Ayj_1, j — Ayas Az, j (25)

So, that is we can clearly see that ¢ here at i, j-1 into Ax that is horizontal distance between
A’ and B’, Axa’s’ ¢ps AXB'c’ +¢hijAXc'D’ +PAAXD A

So, then again, this equation 24, integrals ¢ dx we have found out, equation 23 integral
¢ dy we have found out. And we have written here this has to be divided by the area. Now,
we have to find out the how to define this area. Now, basically this area we can again

define as Sag, Sas means Sa’s’c’p’ this area. This area will call as Sas. And this is basically

the area of a quadrilateral and that is |A’ B’ x B’C’|. So, this and mod value of that.

So, we have one after another found out this magnitude and then we evaluated this you
can do it little meticulously, I am giving you one example how the quantities have been

defined like Aya’s’ is the vertical distance between the point A’, B .

This is equal to - Ayc’p’ this is vertical distance between D’and C’ and this is equal to Ayas

again this is vertical distance between point A and B.



So, these are all same. If the grid is not distorted these are likely to be very close to each
other. And Ayg’c’ that is Ay vertical distance between B "and C ’ point that is Ayj.1j very

clear j-1, j.

So, this way Aya’s’ then Axa’s’ these have been the such quantities have been calculated.
So, that finally, A’, B ’is what? Axa’s't + Aya’s’j and what is B'C’? B’C’is AXg’c’T + Ays'c’J.

So, this is multiplication of these two quantities and we take a mod value of that. Now, if
we you know component wise, we have found out each component. If we substitute them

final expression will be
Sap = Axap AYj_1,j — AYap AXj_1,; (25)

The area of this quadrilateral A’, B’, C’, D’. So, if we refer to equation 23, we will be able
to see we have seen how ¢ dy has to be integrated, how ¢ dx has to be integrated and what

is a final expression of the area A’, B’, C’, D’.
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Equations with Second derivatives

Therefore the equation (23) & (24) becomes:

[ﬁ} _ Ayap (¢i, j—1 = b, j) + Ayj, j(dB — da) (26)
()I i, j—1/2 S,\I!

[ﬁw _ —[Azap (i, j—1 — i) + Az, j (¢B — pa)] (27)
Wl i1y San

Now, the first line of equation (22) can be evaluate the following:

(A% p + Ayhp)(di, -1 — i, 5) , (B2ap Azj, j + Ayap Ayj-1, ;)(68 — $4) (28)
S,\H SH;

We can define the geometrical parameters as

M, =(A; +Avi;) / Sy NVap= [&".-:3 Av, y; AV Ay, ]/ Sis




Having found out that we will be able to write from equation 23 and 24 that is what we
mentioned was our target o¢/ox at i, j-1/2. We can now whatever we have done we this is
¢ dy expression and then you have to divide it by area and if we have found out everything.
So, we can get this expression, which is

{ a¢ } _ Ayap (i, j—1 =i, ;) + Ayj—1, j (¢B — ¢a)
(j.')-' i, j—1/2 ’qll H
(26)
Then, 6¢/0y at i, j-1/2 same point
[ﬂ{ﬂ - —[Azap (di, jo1 — ¢ij) + Az, (B — Pa)]
2178 PR San
(27)

We found out as | said earlier that ¢ dy, this is ¢ dy this is ¢ d x and this is the area. So, we
are dividing integral ¢ dy by area integral ¢ dx by area and we are getting 26 and 27.

Now, if you recall what was first line of equation 22, which was to be evaluated we have
evaluated this quantity, we have evaluated this quantity. Now, this quantity o¢/0x has to
be multiplied by Ayag that is vertical distance between point A and B and d¢/dy we have
found out here that has to be multiplied by horizontal distance between A and B, AXag.

So, these two quantities we have, so long we have spent our time in finding out these two
terms. Now, we have to multiply these two terms with Ay and Ax. So, we will come to
equation 26 and 27. So, 26 now, for example, if we find if we multiply by Ayag and 27, if
we multiply by Axag we will be able to evaluate the first line and by doing. So, we can see

we are getting equation 28, this is basically first line of equation 22.

Now, if we look at these quantities we will see that here all these quantities Ax?as, Ay?as
area AB, Axas AXj-1j Ayas, Ayj-1j and again area. These are all comprising of all these are
comprising of the geometrical parameters. (Indicating equation 28)

(A% g + Ayip) (i, j—1 — i, ;) ‘ (Azap Azj_a, j+Ayas Ayj_a, ;)¢ — da) (28)
Sas San




And here the field variable that is the dependent variable is here ¢ij-1 - ¢ij and ¢s - da. So,
we can say that the first term is basically Mag into ¢ij-1+dij where Mas is given by this
geometrical parameter, | mean it Mag is a term comprising of geometrical parameters.

(Refer equation 28)

Similarly, second term ¢g - ¢a that is being multiplied by this quantity, which is again
geometrical parameter and these two geometrical parameters we are giving a new
nomenclature Mag and Nas. S0, Mag Into ¢ij-1 - ¢ij; Nas INt0 ¢ps - da these two | mean
additive quantities of this two is equation 28. So, we have evaluated equation 28 is

basically sorry, equation 28 is basically evaluation of first line of equation 28.

(Refer Slide Time: 24:19)
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In a similar manner, [e¢ =
one can 2 [4 N Xpe
evaluate the ti+12,
second line

of Eqn. (22)

B” C"C D”A’ BB is the
domain for interpolation

Figure 3.6: Finite Volume for a Curvilinear Grid.
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Now, we evaluate the second line of equation 22, which is again d¢/0x at i+1/2, j, means
at this point and 0¢/dy at j +1/2 j, at this point. This | mean o¢/ox at this point will be
multiplied by Aysc. That means, vertical distance between B and C and d¢/dy having

evaluated that will be multiplied by Axasc that is horizontal distance between C and B.



So, we have to in order to find out this d¢p/0x quantity and o¢/dy quantity here like we did
in earlier case. We have to integrate them over this domain which is we can call it domain

of interpolation and this we are defining as A”, B”, C”and D”.

So, this domain of interpolation on this we will find the mean value of 6¢/0x and mean
value of 6¢/0y, which is meant that they are being defined at this point. So, o¢/0x at i+1/2,j
is basically double integral of 6¢/0x dx dy divided by area of this new quadrilateral A",
B"”,C",D”.

2 i = ¢
_r = dx dy = d
_31' Sangrcrp” e = Savprcrpr ¢ dy (29)

li+1/2,j

[ 06 | 1 //Bqé 1 ?g
St =— [ Zdxdy=——— d
e s S i =)

li+1/2,j

And again, if we apply Green's theorem here this integral means 1 by area line integral of
¢ dy and o¢/0y at again the same point i +1/2, j this is 1 by area double integral surface

integral of Z—i dx dy, which is equal to - 1 by area into line integral of ¢ dx.

We did same thing for our earlier case for evaluating first line of equation 22, this is second
line and in the second line these are the terms o¢/0x and 0¢/0 y, 6/0x 0 ¢/0'y, how they
are to be evaluated we have clearly written it down. Now, after having evaluated this will

be through.
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Equations with Second derivatives

In a similar manner, one can evaluate the following:

S L dxdy= ———— d (29)
I@x] === o ax SA"B " D" i ¢ dy

i+1/2,j
— 30
ag Z%-//‘agédxdy:—,;éqﬁdx (30)
dy L. Sapcrp ay SarBr e pr

i+1/2,j

]% ¢ dy = ¢B Ay, ngn + ¢igr, j Dygron + dc Bycrpr + di, j Aypr 4»
"' B"¢" D"
and

f ¢ dr = ¢ Az yn g + dig, j Dxgr o + do Az + G, j AT pn 4o
"B ! D' ) ' ' )

So, Z—f at i+1/2,j point is 1 by area again we wrote a surface integral of o¢/0x, which is

basically line integral of ¢ dy. So, ¢ dy line integral over the segments A”B”C”D”A”.

It is just around the this contour over we have to go and that is how we have done ¢g into

AyA"B” ¢i+1'j AyB" ”n ¢c Ayc"D" + d)l] Into AyD” )).

And the in order to find out 0¢/0y at same point again we have to integrate ¢ dx over A”,
B”; B”C”; C”D”; D”A”. And if we do that ¢ dx is ¢s INnto AXa” 8” di+1,j AX8”c”, dc AXc”’p”,
dij AXp”a”. So, this is these are the integrals and divided by similar way if we now can

calculate the area of this quadrilateral A”B”C”D”. (refer equation 30)
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Equations with Second derivatives

If the mesh is not too distorted,

Aysrpr = —Ayerpr = AYi iy and  Aygoen = —Aypr g0 = Aype
Az yngr = —=Azernpr = Am;, 441 and  Azpgnen = —Azxpn 40 = Azpe
S e e +ﬂp‘_4,3,j|>< |ﬂ1.'3.0..r. FAY o ]

The equivalent expressions for ar [0¢/Jx]; ;11 2. [O0/Fyli, j11/2
other similar terms in equation (22), finally yields:

Mag (¢i, j—1 — @i, j) + Nap (¢ — da) + Mpc (piy1, j — ¢i, ;) + Npce ($c — ¢dB)

+Mcp (¢i, j+1 — @4, j)+Nep (dp — ¢c)+Mpa (di-1, j — ¢i, j)+Npa (¢4 —¢p) =0

31)

Which we have done here again we have done some parametric evaluation Aya”s” equal

to -Ayc”p” equal to Ayi, i+1. So, this way we have calculated these parameters and as we

know that this area means basically, |A", B x B”, C"|.

And A", B" means its x component into i, y component into j. Similarly, B", C"" means its
X component i plus y component into j. So, here we can see Axa”s”i+Aya"’s" j and
|Axs"'c" 1 plus Ays"'c"” j|.

a

S e = Mgl + A g J| X[ Aol + A

SBC

So, if we evaluate this and then we divide these integral values integral ¢ dy and integral

¢ dx will be able to get these two quantities % ati+1/2, j; 0¢/0y ati +1/2,].

Again, we have to have been done that complete evaluation of the second line of equation

mn_rn

22, we have to multiply this with Ays”c” and we have to multiply this with Axg"'c" and

then again, we will get an expression.



Similarly, we will evaluate the third line, third line means g—fat I, j+1/2 and 0¢/0y at i,

j+1/2. So, basically then we have to find out % at this point. That means, i, j +1/2 and % at

this point i, j +1/2. Here and then again, we have to do the multiplication and for finding
out here again we have to define a new area. And we have to integrate those quantities on

those area and finding values here then we have to find that by Aycp and AXcp.

So, this way if we complete the entire integration this point into Ax Ay component value
of this point into Ax Ay component value at this point into Ax Ay value of this point into

AX Ay. Then we have evaluated the entire you know integration, but in order to do that all
this % and o¢/0y quantity are being defined here, here, here, here indicating to some points

(Refer Slide Time: 35:39).

So, for defining here we have interpolated it on this domain we have interpolated on this
domain. And similarly, here we have not shown, we have to interpolate if we want to find
out on you know this domain. So, this way we have to find out all the quantities and then
we if we assemble them, we will see just from the first line if you recall we got equation
28.

Basically geometric parameters Mag multiplied by ¢ij-1 - ¢ij. Again, Nas ¢s - da. S0, every
line will generate some such geometric parameter equivalence and multiplied by the
difference in field variables. Exactly we can see Mag multiplied by ¢ij-1 - ¢ij Nag ds-0a,

Mgc from second equation we will get these two terms Mgc and Ngc.

Mag (¢i, j—1 — ¢4, j) + Nap (dB — da) + Mpc (¢iy1, j — ¢4, ) + Nec (¢c — ¢B)

FMep (@i jo1 — @4, j)+Nep (@ép — ¢c)+Mpa (@ic1, j — @i, j)+Npa (¢a —¢p) =0 (31)

It is multiplied by ¢i-1 - ¢ij this is multiplied by ¢c - ¢ps. So, we will you know from the
third line we will get these two terms and from the fourth line we will get these two terms.
So, equation 22 is now completely evaluated as equation 31, you can see as | mentioned

earlier Mag, Nag, Mgc, Nec, Mcp etcetera are all geometric parameters.
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Where the geometrical parameters are:

Map = (A2 g + Ayp) / Sas: Nap = (Awap Az, j + Ayap Ayj_1, ;) / Sas
Mpc = (AJ'?’;(' + A!/f«-) / Sec, Npc = (Azpc AJ';H. i + Aypc A.l/u 1, ,)./ Ssc

Mcp = (Azkp +Aydp) / Sep,  Nep = (Azep Azjy, j+Ayep Ay, 5)/ Scp
and

Mpa = (Azha + Ayha) / Spa, Npa = (Azpa Az, i+ Aypa Ayiq, i)/ Spa

In equation (31) ¢¥4- ©B. ¢c. ©n:average of the
four surrounding nodal values. Thus

¢4 =025 (i, j + diz1, j + diz1, j—1 + @i, j—1)

i-1

Figure 3.6: Finite Volume for a Curvilinear Grid.

So, these are basically geometrical parameters we have written Mag, Nag, Mgc, Nec, Mcp,
Ncp, Mpa and Npa and how they are geometrical parameters. We have understood that
these are different projections of you know line segments, on horizontal line or on vertical
line. Basically, vertical distance between if we define a line segment by two points vertical

distance between those two points and horizontal distance between those two points.

Then, the area of the quadrilateral and such parameters. So, we these are the geometrical
parameters and equation 31 if you see. We have we can see that ¢ij-1 ¢ij dij+1 ¢ij all these
I, j subscripted variables these are basically nodal points well defined nodal points where
the grid lines are intersecting. But ¢c, ¢s, ¢a these are not nodal a point these are between

you know two nodal points lie between two points.

So, they have to be evaluated in terms of nodal points like ¢a see this ¢a it is basically it
isnoti,jorj-1i,1,j-1ori,j+1ori+1, j+ 1. Thisis you know falling here, which is

basically i+1/2 and j-1/2, right. So, this is intersection between j-1/2 and i-1/2.



So, if we want to find out this point in terms of four neighboring coordinates where you
know things are well defined it is crossing i, j-1 line. So, this point then basically we can
say 1, J then this is i-1/2, j and this i-1, j sorry and this is i-1, j-1. So, this is i-1, j-1 point
this is i, j-1 point this is basically i, j point this is i-1, j point.

So, we have written all these points and the mean value of that you know divided by 4 is
the coordinate value of ¢pa. So, that is how ¢a, ¢s, ¢c and ¢p they have to be evaluated
because ABCD was defined such a way that its center point is i j, but it vertices are not
falling on intersection lines of the grids i, i+ 1,i-1j,j+1,j- 1.

(Refer Slide Time: 39:41)
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Where the geometrical parameters are:

Map = (Az% g+ Avig) / Sas, Nap = (Awap Az, j + Ayap Ayj_1, )/ Sas
Mpc = (A.r'ff(n t A!/f«-) / SBc, Npc = (A?"If(' -—\J':ll. i + Aypc A.l/u 1, ,)./ Ssc

Mcp = (Az%p + Ayt p) / Sep, Nep = (Azep Az, j+Ayop Ayjn, j)/ Scp
and

Mpa = (Azh, + Ayha) / Spa, Npa = (Azpa Azi_q, i + Aypa AYi—1, i)/ Spa

In equation (31) ¢¢A. @B. ©c. ¢ average of the
four surrounding nodal values. Thus

da =025 (¢i, j + i1, j + i1, j—1 + &i, j—1)

Substitution into equation (31) generates the following nine -points
discretisation of equation (20):

0.25 (Nop — Npa) éi1, j+1 + [Mcp +0.25 (Nac — Npa) ] ¢; i1
+ 025 (Npc — Nop) i1, jr1 +[Mpa+0.25 (Nop —Nag) | dic, 5
— (Map+ Mpe+Mep+ Mpa) ¢i, j +[Mpe + 025 (Nap — Nep)] dita, j
+ 0.25 (Npa — NaB) i1, jo1 + [Mas +0.25 (Npa — Npc)] ¢, j—1
025 (Nap — Npc) digr, j—1 =0 (32)

So, if we do that ¢a, ¢B, ¢c and ¢p it just the way ¢a has been calculated if we do not
follow the same calculation ¢g, ¢c and ¢pp and substitute in the equation that we got as

equation 31 we will be able to get equation 32. So, equation 32 is basically evaluation of

the line integral of basically, % and % along ABCD which is the control volume.



And here we can see that, basically it is comprising of multiplication of geometrical
parameters and the ¢ value at different nodes i, j is a node of interest i+1 j, i-1j, I j+1, 1 j-
1,i+1j+1 theni-1j,i-1j-1then i+l j-1.

So, all the you know nodes we have to see appearing we have to get participated in this
calculation and that is how equation 32 has been obtained and in the equation 32, if we

carefully now look at it every ¢ term is having some coefficient.

Now, ¢i, is having coefficient Mas + Msc + Mcp + Mpa. So, and this equation is equal to
0, that means, this ¢i;j with it is coefficients if shifted to the other side of the equation and
then we can explicitly get expression of ¢ij by dividing the remaining terms by this term

Mag + Mgc + Mcp + Mpa.

(Refer Slide Time: 42:37)
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Equations with Second derivatives

Equation (32) is solved conveniently using a Successive Over -Relaxation
(SOR) technique.

¢i; =1{0.25 (Ncp = Npa) $i-1,j+1 + [Mcp + 0.25 (Nsc — Npa)] ¢i,j+1
+0.25 (Npc — Ncp) Pi+1,j+1 + [Mpa + 0.25 (Nep — Nag)] @i-1.j
+[Mpe + 0.25 (Nag — Nep)] isr,j
+0.25 (Npa — Nag) ¢i-1,j-1 + [Map + 0.25 (Npa — Npc)] ¢i,j-1

+0.25 (Nag — Nic) is1,j-1}" | (Map + Mpc + Mcp + Mpa) (33)
and the improved better value is:
B = 8 A - 9T ) (34)

where iA the relaxation parameter.

The discretised equation (32) reduces to the centre finite difference
scheme on a uniform rectangular grid

i1, j—20i j+bip1, 5 |, Gi, i1 —2¢; j+ &i, jn

2 — Ay? =0 (35)

So, that is what we have done we are calling this as ¢; ; this is all the remaining terms on

the other side divided by Mag + Mgc + Mcp + Mpa. These four terms this term basically

these four quantities bracketed terms together is the coefficient of ¢i.



And we are transferring this to the right hand side dividing the entire remaining terms with
this term and we are getting ¢i; we are calling it ¢; ;, this is explicit evaluation. And you

know if all ¢’s right hand side ¢'s are at the nth level then ¢;; left hand side ¢’s is at the

advanced level.

If you are going from N to N+1 this is you cannot we are not calling it N + 1 you can say
it is pseudo N + 1 is this and then this start term can be the initial evaluation in order to
accelerate the calculation. We can then call that

ST =g N (@] =" )

LI TR iy, ] N LT

(34)
Where, A is over relaxation per is it is an over relaxation parameter.

So, all ¢ij, ij-1, i j+ 1, i+1 j, i-1 j all these ¢ values are at nth level, from there we are
calculating ¢; ; and using ¢; ; and nth level value and having performed the over relaxation

exercise we are calculating ¢ij at n+1th level at the next iteration level.

So, this way we can keep on iterating till we get a constant value or the values of i, j are i,

j remain unchanged at every cell or every point, then we have gotten the final solution. So,

2 2
that is what is the solution strategy of basically Laplacian ¢ and % + % =0.

While doing this we have learned how to handle the second order derivatives number 1,
and number 2 is we can see instead of x = constant line, y = constant lines, which may
make basically Cartesian grid instead of that we used curvilinear grids. Basically, body
conforming zeta = constant, eta = constant lines and we got this expression, but this
expression (33) or expression 32 whatever we consider they are same, we get this 32 or
33.

But now, if you change the grid to basically Cartesian grid as | said that all x = constant
line, y = constant lines Cartesian grid. Then this expression you can test it in your

notebook, this expression will be transformed into equation 35, which is

Gic1, j— 200 j+birr, i, Pi i1 — 20 i+ i jn

=0
Ag? Ayl

(35)



So, this is basically central difference in x direction central difference in y direction. So,
2 2
this is finite difference quotient for ZT‘fthis is finite difference quotient for ZT‘f. And we

get this through difference approximation, but finite volume method is basically integral

representation, but finally, we can see that they are equivalent.

If the curvilinear grid is confirmed is curvilinear grid is changed to partition grid. So, this
is possible for cylindrical polar coordinate and spherical polar coordinate also, the similar
exercise can be done. So, what we did in this part of learning finite volume method?

We have just conceptualized the ideas and then implemented it on simple equations, but
directly or indirectly our target was to basically integrate the variable its first order
derivative, its second order derivative in the elemental control volumes to get the final set
of algebraic equations. So, with this we will stop today and in the next class hopefully, we

will take up another new topic.

Thank you very much, thank you.



