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Module — 04

Lecture — 08
Particle Swarm Optimization

Welcome to the session on Particle Swarm Optimization; it is another EC technique.
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So, in this particular session, we can go through the introduction. Since this PSO is
developed using different features of natural evolution so, it has different component such
as; velocity update, position update as well as it includes the local best of each particle and
the global best of the swarm. So, we will go through the introduction of particle swarm

optimization.

Thereafter, we will understand this algorithm through an example. So, working principle
of PSO will be understood through Rosenbrock problem and in this problem, we start with
initial population followed by the features that are distinct from the other EC techniques,
we will discuss them, and we will run for one generation. So, we will perform all the hand

calculations for this algorithm.



At the end, we will show you the graphical example of the same Rosenbrock problem and
finally, we will conclude this session. So, let us begin with the introduction of particle

swarm optimization.

(Refer Slide Time: 02:10)
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Introduction

o Particle swarm optimization (PSO)
» |t is motivated from foraging and social behavior of swarm.

0 PSO is proposed by Eberhart and Kennedy (1995), “A new optimizer using particle
swarm theory”. In: Proceedings of the 6th international symposium on micromachine and
human science, pp 3943, Nagoya, Japan, Mar 1316, 1995.

@ PSO was first proposed for continuous nonlinear functions.

@ PSO is developed using two methodologies

» Artificial life: mimicking bird flocking, fish schooling, and swarming theory
» Evolutionary computation
B T el
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So, as PSO, so, particle swarm optimization as can be seen, it is referred as PSO. It is
motivated from foraging and social behavior of swarm. So, as we know that EC techniques
are motivated or mimics the natural phenomena or the process. So, in PSO, we mimic the

process or the phenomena such as flocking of the bird or a school of the fish.

First, PSO is proposed by Eberhart and Kennedy in 1995. In this particular paper, they
proposed PSO as an optimizer for continuous non-linear function and as we know, these
methods are direct search method which does not need any gradient information. So, even

if a function is discontinuous, we can use PSO and other EC techniques.

In this paper, the authors have mentioned that PSO is developed using two methodologies,
first is called artificial life another is called evolutionary computation. So, when we say
artificial life meaning that we are mimicking some natural phenomena. So, in this case, we

have school of fish, flocking of the bird’s etcetera.

Similarly, when they move in a swarm or in a group so, they follow some theory which
we call it is a swarm theory. So, by using those concepts, PSO is developed as well as

since evolutionary computation idea is used in which the solutions are evaluated, and they



are compared, and new solutions are generated in a process to find an optimal solution for

the given problem.

(Refer Slide Time: 04:25)
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Introduction

@ PSO is developed using two methodologies
» Artificial life: mimicking bird flocking, fish schooling, and swarming theory
» Evolutionary computation

@ The swarm searches for the food in a cooperative way

@ Each member in the swarm learns from its experience and also from other members for
changing the search patten to locate the food.

@ PSO is developed using the simple concepts and primitive operators.

@ PSO is computationally inexpensive both in memory and speed, and also can be easily
R i e N,

implemented using computer programming. =2
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So, as we can see here that since PSO is developed using artificial life. So, in this artificial
life, swarm searches for the food in a cooperative way. So, since in a swarm, there are lot

of birds or fishes are there so, they work as a in a cooperative manner.

So, we might have observed that there is when lot of birds are flying in an sky and they
are moving in a one direction, as soon as any birds sees food, then rest of the bird also
follow this particular bird when searching for the food. So, the same concept is borrowed,

and particle swarm optimization is developed.

Now, while doing this process, each member in PSO learns from its experience and also
from other members for changing the search space pattern to locate the food. Now, it is
important why because when we talk about the swarming theory so, what is happening is
that when one particle is moving from the current position to the another position so, let
us assume that it has started from some position and after say 10 generations, it reach to

the another position.

So, in between those 10 generations, teach particle will know what was its best position.

So, they keep a track of this position as well as since their task is to search for the food or



in an in the parlance of optimization if we say that we are looking for an optimum solution

S0, these particles also see which particle has the best position so far.

So, that is we refer as a global best. So, they work individually, look for their best position
as well as they also see the pattern of other members so that we can find an optimal solution

for the given problem.

Now, as it is mentioned in the original paper, PSO is developed using the simple concepts
and the primitive operators. Now, when we will be discussing the features or distinct
features of PSO, we can see that these are different the concepts of for example, adding
the two vector or subtracting the two vectors, those simple concepts are being borrowed
and when we will be implementing as an operator say for variation, those implementations

are simple because it involves vector operations.

Moreover, PSO is found to be computationally is inexpensive both in terms of memory
and speed, and also can be easily implemented using computer programming. So, that is
the main advantage of PSO since the operations are so primitive the concepts are simple

so, we can make the programming or the code for a PSO in a very easy manner.

Second is since it does not involve any kind of probability distribution so, the calculations
are simple. So, we can say that the PSO is computationally inexpensive in terms of memory
because we do not store any previous solution as well as we and they are also in terms of

speed, they are computationally inexpensive.

(Refer Slide Time: 08:28)
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Particle swarm optimization (PSO)

o PSO starts with initializing population randomly similar to GA.

o Unlike GA operators, solutions are assigned with randomized velocity to explore the
search space.

o Each solution in PSO is referred to as particle.

Three distinct features of PSO

Velocity and

Best fitness of Best fitness

: osition update
each particle of swarm ! i

of each particle

0 phest;: the best solution (fitness) achieved so far by particle i
0 ghest: the best solution (fitness) achieved so far by any particle in the swarm
o Velocity and position update: for exploring and exploiting the search space to locate the
. . D e e )
optimal solution.
AN AN
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So, let us start with particle swarm optimization, how it works. So, as we can see here,
PSO starts with initialising this population randomly. So, we can say that this is very
similar to GA and that is the concept of evolutionary computation that we start with set of
solutions. But unlike GA, the solutions are assigned with randomized velocity to explore

the search space.

So, instead of having those operators which we and which we understood as crossover and
a mutation that are based on the probability distribution such kind of crossover and
mutations are not needed because the velocity is included into the search and this velocity
with the current position of each solution, the solution is perturbed, or the position of the

solution is changed.

An important point with PSO is that the solution in PSO is referred to as particle. Now,
earlier with genetic algorithm, we refer the solutions, then many point so, sometimes we
say points, sometimes we say solutions or individuals, but in PSO, just to make it different

from the other algorithm so, the point or the solution is referred as particle.

So, the three distinct features as we talk about earlier that first is each particle is looking
for its best position so, best fitness of the each particle is kept. Similarly, the best fitness
of the swarm is also we look for it and accordingly, we update the velocity and the position

of each particle here. So, when we talk about best fitness of each particle.

So, basically, we target the pbest and the subscript i says that it is a pbest of solution i. So,

this pbest is called as the best solution achieved so far by the particle i. How we can know



that? When we will be comparing the fitness value of this particle with its previous position
so, we keep the column vector of decision variable corresponding to a position which will

give me the best fitness.

Similarly, when we talk about the gbest so, gbest is the best solution achieved so far by
any particle in the swarm. So, earlier, it says that its best position, but in the gbest, it says
that the best solution of any particle in the swarm. So, we are looking this particular swarm

in a; in a totality.

And again, if we have to find the gbest, we have to look the fitness of the solution. And
finally, these velocities and the position update, for exploring and exploiting the search

space, this velocity and position update will help us to locate the optimal solution.

(Refer Slide Time: 12:00)
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Position and Velocity .
o Position of particle (i) is adjusted as
H_(_l—l) LE”+1(’+1) (1)
o Velocity of particle (i) is updated as follows: J/
(t+1) ¢ l (t) ( ( ) _ (’)
M_L+(l'lpk'b Z; Jb Z; ) (2)
0 ‘o~ @/
ﬁhe i — th particle. 9 1 and ¢y are the acceleration coefficients.
\//s the generation counter. ol o eninbesd U1
\}/L set randomly. ° p{:),b] is the local best of i — th particle.
\/u adds to the inertia of the particle. ° pf}? is the global best.
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Now, since we know there are three different features with PSO, let us go them one by
one. We will start with the position update first because it will behave like a variation

operator that will help to change the current position of a particle to its new position.

xi(t+1) _ xi(t) + vi(t+1) (1)

So, here, the position of a particle i is adjusted as, as you can see in equation number 1 so,
this is a particle i in (t +1) generation. So, we are looking for the new position, it depends

on the current position and the velocity so, this is the updated velocity v(”l)



Now, the question comes, how we can find this updated velocity? Let us look at the
equation number 2. You can see that since each particle is represented as a vector so, we
will realise that these 3 component are the addition of three vectors.

0 2w (o - 7) + cara o

l

oo — ") @)

However, in between so, the component number 2 and component number 3 has some
kind of a difference between the two vectors. We will discuss the velocity component in
the next slide. In this equation number 2, there are various parameters we have used it. So,

since we are saying i so, i stands for i th particle, t stands for the t th generation counter

SO, We can say its it is a current generation counter. So, generally vi(o) S0, as you can see 0

stands for the initial velocity which we set randomly.

Now, look at the first term, you can see the w term here, this w adds to the inertia of the
particle so, it is a weight, we multiplied with the velocity that is the previous velocity.
Then, there are two terms as you can see in equation number 1 and equation number 2,

there are c1 and c.

So, these two c1 and c; are called as acceleration coefficients. Along with this, we have ry
and r2 into the two components of in the velocity in equation number 2. These ry and r» are

called as random numbers which will be lying between 0 and 1.

Now, come to this representation. So, this representation is called p i so, in the subscript,

it is written as i, Ib. So, we know the i stands for the i th, particle Ib stands for the local

(®)

best and t is the current generation. So, p; 7,

is the local best of i th particle. Similarly, if

we look at the 3rd component in equation number 2 so, this is pgb). So, at the bottom of
the slide, we can see that this is called the global best and we know this global best is
calculated with respect to the swarm.

®

Now, apart from that as we know, this these two components x;™ in equation number 2,
these this is the current position of the particle. So, let us understand the velocity

component in the PSO.

(Refer Slide Time: 16:11)
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So, since it involves three components, we let us understand all of them one by one. So,
first component we call it as momentum part it is because it involves velocity. As you can

see so, the velocity is there. So, we have the velocity of a particle in iteration number t
®

when so, that is why, we have this wv;™ so, since omega is the weight; to the velocity it

is called as the inertia component because we are considering the velocity of the previous
iteration t.

(®)

Now, while we are including this wv;™, it says that it has the memory of previous flight

®

direction. So, when so, as we know that suppose we have a vector say v;, in this case, if

®

| am going to multiply say wv;™ so, both of them have the same direction. Omega will

tell whether the vector is to be shorter or it has to be elongated.

Now, the purpose of the first part is to prevent particle from drastically changing its
direction. So, since as it is made in a way that if we are moving in one particular direction
or with the velocity, then we should not change drastically, yes, gradually we will change
because the other components are added into the velocity.

(Refer Slide Time: 17:56)
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Now, come to the second component. So, this second component is referred as the
cognitive part it is because we always have this component which is called the local best

of each particle.

What it says that; it quantifies performance relative to the past performance. As we have
understood the local best is the position of the particle that is the best position of the
particles found so far. So, in this case, we are preserving the best local best position of
each particle so that is why in the second point, we have mentioned it is the memory of the

best particle.

Now, as you look into the difference part, in this case, you can see that what we are doing
is we are subtracting the two vectors. So, in a way, we are saying that the how far this
current position from the local best of a; local best of the particle i. And this particular
component is also referred as nostalgia because we already know what is the local best of
the particle.

Now, coming to the third part, now the third part include the global best. So, here so, this
particular part is called social part. So, we remember that when we are using PSO and it is
following the swarm theory so, in this case, the particle saves it is the best position so far
and it also changes the pattern based on the best fitness of any particle in the swarm so that

is why it is called social part here.

This particular part quantifies the performance relative to the neighbours. Now, if you look

at the difference here on the top, this says that what if x since X i is the current position so,



the difference of global best minus current position says that how far is the current position
of a particle i with respect to the global best of the swarm. So, that is why this part called

as envy.

(Refer Slide Time: 20:27)
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Now, let us understand the velocity components in a graphical way. So, as you can see in
the figure, we have x i t which is the current position now, we have v i velocity part, we
have local best part and p gb is the global best part. So, here we are showing the three
vectors originating from the x i t. Now, the first part is the omega v i. So, you can see this
IS going to be our first component in the velocity.

Now, let us see the other components. Now, since we know the first part is the velocity
part or the momentum part here so, in this momentum part, we add our cognitive part. So,
this cognitive part as you can see at the bottom so, this cognitive part is calculated with
respect to its local best. Now, looking at those this local best here so, the direction which

is parallel to this local best we are adding a small component here so, we will get this.

Thereafter, we add a social part which is represented by the green vector. So, when we are
adding these three vectors, we are going to get the new position as x i t plus 1. So, you can
see that these three components basically representing the vector addition of those
component with the current position of the particle to get the updated position of the

particle.



(Refer Slide Time: 22:14)
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Local and Global Best Positions

(t)
O Piiw

{ is the personal best position of i — th particle in ¢ generation. Assume minimization
probl

em.

» £ i 10) < 16
t+

Py = : (3)
p}i?,b) Otherwise.

0

e is the global best position in ¢ generation which is calculated as

(t) (t) (t) (t) ; (t) ()
Py € {P(1pestyy -+ p(z\".bes!)}'f (Pgy) = min{ (g posty)s -+ P pesty)}
7

-

or,

pL’,} € {l'(ll)"""”X')}|f(1’;iz,)) = min{f(:zrgl))..” .f(:r%))}, (4)

where N.is the number of particles in the swarm.
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So, we have discussed as of till now, how the position of a particle is updated using the
velocity equation similarly, so, the velocity is also updated using three component called
the momentum part or the cognitive part or the social part. While doing this particular
process, we have two vectors which we have used. One is called the local best of each
particle and the global best of the swarm. So, the question comes that how we can find the

local best and the global best?

t+1) . (t+1) ®
t+1) VX iff(x; ) < fOuw))
Paiwy =) o
(i,lb)

. @)

otherwise

Now, looking at the local best, which is called personal best so, sometime it is called
personal best position or local best position and in some literature, it is also referred as
local leaders or personal leaders. So, in this case, so, the best position of i th particle in the

t th generation is calculated.

Here, we are assuming the minimization process so, in problem. So, in this minimization
problem, the local best of the particle is updated to the new position of the particle, if the
fitness at the new position of the particle i is smaller than the local best so far found for

the particle i.



So, since it is a minimization problem so, we are using this smaller than sign. So, if the
fitness is like that, we are changing the local best of a particle with the; with the updated

position of the particle otherwise, we will keep the same local best of the particle.
® © @® ©Y _ ® ©
pgb € {p(l,best)' ""p(N,best)}l f(pgb) = min {f(p(l,best))’ ""f(p(N,best))}

pgb) € {xit),...,xlf,t)}| f(pétb)) = min {f(xit)), ...,f(xl(vt))}, 4)

Now, comes to the global best. Now, the global best is calculated say in the t th generation.
We can calculate as now you can see that the local global best of the particle belongs to
one of the local best of the particle. As you can see say suppose this is the particle 1 and

this is the last particle N.

So, if we include all of them and we try to find out which one is the local best so, among
those local best particle, one of the particle will be the global best. How we can find? So,
this we say that global best of the swarm is one of the local best of the particle such that

the fitness of the global best of the swarm is the minimum among all the solutions.

So, in this case, what it is suggesting is suppose we have 10 particles, we know they are
local best. So, we have 10 local best of each particle. If I am going to compare the fitness
of these best position of the particles among them, who so ever is the best will become the

global best of the swarm.

So, this is the way we are calculating or in general, at the bottom equation number 4, it is
written in terms of vectors since global best of the swarm is one of the column vector, this
we find based on the minimum fitness of the particle one particle or the local best of the
particle. Now here, since we are using our capital N as a number of a particle so, you can
see that all the local best of the particles are included to find the global best of the swarm.



(Refer Slide Time: 26:12)
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Now, let us understand PSO algorithm. This PSO algorithm first we will understand
through the flow chart. In PSO so, this is the flowchart of the PSO in this case, we have a
we start with the random initial population and then, we evaluate it. So, these two steps
are the same as what we know from the genetic algorithm or we can say the generalized

framework.

Then, we enter into the decision box based on the number of generation. Now, assume that
tis smaller than capital T so, the first new step which you can see here is we have to update
the local best of each particle as well as we have to find the global best of the swarm. Once
we know that, then we are in the another loop with respect to the number of particle. So,

the operations that are to be done, we do it particle wise.

So, first operation on the particle is we have to find the we have to update the velocity as
given in the previous slide, then we update the position here. So, this new position will
give me the new column vector. Since, it is new, we have to evaluate this particle and

assign a fitness to it.

Thereafter, we increase the counter by 1. This process will be repeated till we have gone
through each and every particle. So, in this way, we have calculated the updated velocity
as well as the updated position of each particle. Once it is done, we increase the counter of

number of generation by 1 and then, we keep on moving in this particular loop till the



termination condition gets satisfy. Once it is satisfied, we terminate PSO and we report

our result.

(Refer Slide Time: 28:15)
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Algorithm 1 Generalized Framework

1: Solution representation/” % Genetics
A Input: t := 1 (Generation counter), Maximum allowed generation = T s
A Initialize random swarm (P(t)); % Swarm
/ Evaluate (P % Evaluate objective, corlst’ra_ti_nts and assign fitness

7 while t <T do
—6—> Update /)(I ity of each particle (i) and find p Py 0.7 —— % New step

7. ¢ for(i=1i< ’\ i++)do % For each particle i

8 ﬂHHﬂ——SeleeHeﬂ(-P(-!-)-)- Update velocity (z G ) “—

9 Qfty=Variation{M{t}}; Update position (x ( {1 e % Variation

10: Evaluate (") and include it in P(¢ + 1);

11: \ end for —
By Pttt SunivertPe): Oty

13: ti=t+1;

14: end while
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Let us fit our particle swarm optimization into the generalized framework of EC
techniques. So, as you can see here, we start with the solution representation. So, since we
have we are using PSO for continuous search space so, we have to store those values so,

it called genetics as we know.

In a step number 2, we give the input, required input to start our PSO, then we initialise
our swarm. So, this swarm we generate randomly and then, each particle is evaluated. So,
basically calculating the objective function, constraints and then, we assign the fitness. So,

till step number 4, all the steps which we have done similar to GA are the same.

Thereafter, in step 5, we are in the standard loop of number of generation. Now, step 6 is
something new; why because we have to find the local best of the particle as well as we
have to find the global best of the particle and that is why it is referred as a new step. Now,
there is a small change in this generalized framework that we have one extra for loop here.

This for loop is basically to update each particle one by one.

Therefore, what we do here is inside first of all, we have to find the updated velocity in

step number 8, once we calculate it; calculated the velocity; we have to update the position.



Now, the position update means we are changing the column vector of decision variable.

So, we can say that this is the variation in the current swarm by updating the position.

Now, since the position has been updated, we have to calculate the particle, the new
position of the particle and we can include in P t plusl because in the particle swarm
optimization, we keep on changing the position of the particle and we do not keep another

population such as offspring population with respect to GA.

There is no step 12 in as for as the survival because we do not have any offspring. Every
time we update the position of the particle by keeping its local best and finding the velocity
with respect to the local best, global best and the previous velocity. So, here, these small
changes if we can make into our generalized framework, we can fit PSO into this EC this

framework of EC techniques.

(Refer Slide Time: 31:19)
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So, let us understand the working principle of a PSO with an example. As you can see that
we have taken the Rosenbrock example here and which is currently we have taken for two

variable, the bounds on two variables are from minus 5 to plus 5.

n
Minimize f(xq,...,%p) =Z:(100(xi+1 - x5+ (1 - x)?)

=1

bounds —=5< x;<5and i =1,..,n



On the right-hand side, on the third axis, we have taken logarithmic of the function so that
we can see the nature of the surface and at the bottom, which is x; and x. plane, we can
find the contours of this particular function. So, since we know this function has many
local optimum, but there; there is one; one global optimum which is at 1 in a 1 and the

function value at this solution is 0.

(Refer Slide Time: 32:12)
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o Let the population sizeis N =8 and t = 1.
Initial swarm
Index(i) 151 vfl)
1 (2.212,3.009)7  (0.0,0.0)T
2\ (-2.289,-2.396)" (0.0,0.0)
3 ) (-2.393,-4790)" (0.0,0.0)"
49 (-0.639,1.692)T (0.0,0.0)
5 | (-3.168,0.706)" (0.0,0.0)
6 [ (0.215,-2.350)" (0.0,0.0)
T\ (-0.742,1.9349)"  (0.0,0.0)"
8\ (-4.563,4791)T (0.0,0.0)
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Let us begin with the initial swarm in which we are considering that there are 8 particles
and since, it is the first generation so, we are saying that t is equals to 1. So, let us generate
this initial swarm. Since it is generated randomly so, you can find it out that for all 8
particles, x 1 and x 2 values are generated for Rosenbrock problem. Similarly, if you we
look at the third column of this table, the velocity is currently assigned as 0. So, since we

can take any value. So, we are starting with the velocity 0.



(Refer Slide Time: 32:56)
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o We calculate objective function f(2y,29) = 100(’02 —22)%+ (1 - @y)? for each solution.
@ For Solution 1: &) = (2.212,3.009)7 and f(2V) = 357.154.

Initial swarm
Index(z) ) f(x,(»”)
Il (2.212,3.009)T 357154

)

(~2.289,-2.396)7  5843.569
(~2.393, ~4.790)  11066.800
(~0.639,1.692)"  167.414
(~3.168,0.706)"  8718.166
(0.215,-2.350)T  574.796
(07421934)T 194,618
(1= }

—4.563,4.791)"  25731.235

o Let us consider the fitness value same as the function value.
NP N, —N NS
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Now, thereafter we have to evaluate this swarm. So, we know that our objective function
has given on the top; we have to include the value of x 1 and x 2 from the previous table

to find out what is the function value.

So, for solution 1, we have x 1 and x 2 value. So, we are representing in the column vector
of decision variables, putting into the objective function, we get the function value as
357.154. This process we can repeat for each and every particle so that, we can find the
function value. So, you can look at the third column that the function value of each particle
is calculated and reported here.

Now, here since we have to assign a fitness to each particle as of now, we are considering
the fitness is the same as the function value. We are at the t equals to 1 generation so; we
are going into the loop. Inside the loop, the first task which we have to do is find the local
best of the particle.



(Refer Slide Time: 34:13)

" Local best of each particle i

o This is the first generation so the local best of each particle is itself.
—————————————————————————

Index(i) zgl) f(argl)) p&),b)

1 (2.212,3.009)7  357.154  (2.212,3.009)
2 | (~2.280,-2.396)T 5843.569 (-2.289,-2.396)"
3 ) (~2.393,-4.790)" 11066.800 (—2.393,~4.790)"
4 (~0.639,1.692)"  167.414 (~0.639,1.692)"
5 (~3.168,0.706)"  8718.166 (—3.168,0.706)"
6 (0.215,-2.350)" 574796  (0.215,-2.350)7
7 (-0.742,1.934)" 194618 (-0.742,1.934)T
8 (~4.563,4.791)" 25731285  (-4.563,4.791)T

Modse & P50 R

So, the local best since it is the first generation, we did not know the previous positions.
So, what we do here is that the local best of each particle is itself because it is a first
generation. So, you can look the second number column and the fourth number of the
column, all of them are the same it is only because we are assigning its current position as

the local best for each particle in the iteration number 1.

(Refer Slide Time: 34:43)

B Global Best of Swarm |

o The global best of the swarm is
o e o aD60) = minfs ..., e Y,

R .2

Index(i) o

5
1 (2.212,3.009) (2.212,3.009)7  (~0.639,1.692)T
2 (~2.289,-2.396)" (~2.289,-2.396)"  (~0.639,1.692)T
3 (~2.393,-4.790)" (~2.393,-4.790)"  (~0.639,1.692)T
—t (~0.639,1.692)"  (~0.639,1.692)"
5 (~3.168,0.706) (~3.168,0.706)"  (~0.639,1.692)"
6 (0.215,-2.350)" (0.215,-2.350)  (~0.639,1.692)"
7 (~0.742,1.934)" (~0.742,1.934)"  (~0.639,1.692)"
8 (~4.563,4.791)" (~4.563,4.791)T  (~0.639,1.692)"
N~
 Modue&PSO 18/3

Now, once we have calculated the local best of each particle now, we have to find what is

the global best of the swarm. So, as we know the formula given here, we have to what we



have to do is we know the each particle so, the fitness for each of the particles so, I should
say these are the fitness of the local best among those fitness, what this method say; what

this global best says that which particular local best is having the minimum fitness value.

So, as we can see that 167 is the minimum value so, the global best in the generation
number t corresponding to the particle number 4. Now, looking at this particular column
vector here, the same column vector is copied at the last column. So, this last column is

corresponding to the global best of the swarm in iteration or generation number 1.

(Refer Slide Time: 35:52)
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Velocity Update

@ The velocity of each particle is updated using

v:t“) = uvvgt) o c,rl(p:?lb) - r[,m) +eara(p,

i t
w =)

o Assume, w = 0.75, ¢; = 1.5 and ¢; =2.0. @ For particle 1, .1'(11) = (2212, 3.009)T

o Let the random numbers for each particle zvgl) =(0.0,0.0)7,
are Py = (2212,3.009)7,
Particl ; )
R Py = (~0.639,1.692)7, ry = 0.61 and

2 0919 0271 i bak

8 0.782 0.824 Ui

5 0.874 0595 2.0 x 0312(—0639 — 2212) =-1779.

6 0133 058 o=

7 0.031 0.736 0.75 x 0+ 1.5 x 0.661(3.009 — 3.009) +

8 0366 0.954 2.0 x 0.312(1.692 — 3.009) = ~0.822. ¢—
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So, once we calculated the local best and the global best now, we have to update the
velocity. In this particular velocity as we know, it includes three component as we have
understood earlier. Now, let us see how we can calculate this velocity. As of now, we are
assuming that omega is 0.75, constant ¢ 1 is 1.5 and ¢ 2 is 2. So, these are the three inputs
we have to give to PSO to start with.

Now, since in this equation it involves r 1 as you can see here and r 2, both are the random
numbers. So, these random numbers we can generate using our computer. So, set of
random numbers are given in the table on the left-hand side where r 1 component will be
used for the cognitive part and r 2 will be used for the social part of the velocity. For each

particle, distinct random numbers are given. So, let us use them to update the velocity.



Consider the particle number 1 on the right-hand side. So, let us write for our simplicity,
we are writing the column vector of the current position which is x 1 1. So, the velocity is
0 as of now. The global best of the swarm as you can see sorry local best of the swarm as
of now is the same as the particle because it is the generation number 1.

The global best we have calculated in the previous slide, we have copied here and the two
random numbers r 1 and r 2, we have taken from the table which is on the left-hand side.

So, let us find the component of velocities variable wise.

So, first component as you can see here, we are representing a term and the last component
is v 11 so that says that this is the first component of the velocity. So, now, we are putting

everything into the equation as given on the top so, we are going with variable wise.

Now, this particular part as you can see, we have underlined its only because to see that at
it at iteration or the generation number 1, the personal best has, or the cognitive part has

no role because the position of the particle itself is the local best of the particle.

And then, we have the social part at the last. Putting altogether, we get the 1st component
of the velocity of particle 1 is minus 1.779. Similarly, including the velocity and for the
2nd component, we can calculate, and we get the second component of the velocity for

particlel is minus 0.822.

(Refer Slide Time: 39:03)
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Velocity Update

o For particle 2, 2{!) = (~2.289, ~2.396)"
—d) =000,
= Digyy = (~2.289,-2.396)",

_y Py = (~0.639,1.692)7, 1 = 0.919 and
9 :ﬂl;
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Let us perform the calculation one more time for a particle number 2, here we have
mentioned the column vector of the current position of particle 2, velocity will be the same
will be the 0 because we started with the 0 velocity and we have the local best of the
particle and similarly, we have the global best of the particle.

(Refer Slide Time: 39:43)
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o For particle 2, 2. = (~2.289, ~2.396)"

o = (0.0,00)7,
S0 it
iy = (~2:289,-2.396)7,

Py = (~0.639,1.692)", ry = 0919 and

Updated velocity of each particle
Particle u,ﬁ) uf?

1 =179 -0882 <—

2 0893 2212 <«—

S 40000 0.000
0.75x0+L5x0919(-2.289~(-2259)) 5 300 111
2.0 x 0.212(~0.639 — (~2.289)) = 0.893. 0 itn e

0 1j) = 7T 0151 -0.357
0.75x0+15x0271(-2396-(-2.396))+  —8 7491 [l
2.0 x 0.212(1.692 - (~2.396)) = 2.212.
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Now, by putting all of them together and taking r 1 and r 2 from the table in the previous
slide, we can calculate the velocity the 1st component of the velocity here coming out to
be 0.893 for particle 2 and again including into the formula, we will get the 2nd component
of the velocity for a particle 2 is 2.212.

Now, if we perform the same kind of calculation basically using the formula, putting the
value of x i vector that is the current position, the local best of the particle and the global
best and the velocity, we will calculate all the velocities, all the component of the velocity
for each particle. So, the table on the right-hand side shows you the component of the

velocities for each particle.

Now, there are two columns which we have put it in a red colour it is because you
remember that the variable bound for a given problem is lying between minus 5 to plus
five, but this particular component are already a large value which is more than plus 5 in
case of velocity for solution for a particle 3 and it is less than minus 5 in case of particle
8.



So, these two components we are showing that when we are performing the row operations
to calculate the velocity of the particle, one or both of the component can go beyond the
limit of the variables. Since, we have calculated the velocity of the particle; now let us
calculate the position. So, this is the updated position of the particle.

(Refer Slide Time: 41:29)
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Position Update &

@ The position of each particle is updated as

(t+1) )

2! =CL’S{ +1?’(r+1)
Particle a;gl) 1:52) Particle xgz)
1 (2.212,3.009)7  (~1.779,-0.822)T 1 (0.433,2.187)T
(~2.289,-2.396)"  (0.893,2.212)7 2

0.215,-2.350)"  (=0.994,4.704)7
—0.742,1.934)"  (0.151,-0.357)"
(—4.563,4791)T  (7.491,-5.916)"

(_

(~3.168,0.706)" (~0.157,1.879)"
( (=0.779,2.354)"
( (~0.590, 1.577)"
(2.928,-1.125)"

(1396, 8484)"
(-2.393,-4.790)7  (2.890,10.683)" Jaﬁ
0.639,1.692)" _ 4 (-0.639%:
(3.010,1.174) 5
6
7
8

2
3
4
5
6
il
8

@ The limit on 29 is [—5,5]. Therefore, we keep 5 of solution 3 on the bound, that is, 5.

D. Sharma _ (dsharmatiitg.ac.n) Module 4 PSO . 2A/3%

Since the formula is so straight-forward that we have to just add these two component so,
let us see these two things. Now, in this table, the column number two represents the
position of the particle, this represents the velocity, the updated velocity and here, one
particular row of solution 4 is made in a orange colour; in an orange colour it is because

the velocity component is 0.

Why it is so? Since it is the generation number 1 in which the local best of the particle is
same as the current position so, the cognitive part will become 0. Moreover, when we
calculated the global best of the particle, we know that the particle 4 was the global best.
So, meaning that when we will be doing the difference between the global best and its
[vocalize-noise] and the current position of the particle, the social part is also O for solution
4,

Now, we are left with velocity component. Since we are starting with the 0 velocity for all
particle so, it means say it says that the updated velocity for particle 4 is 0 because it is the

local best, it is the global best as well the initial velocity is 0. Now, since it is a simple



addition; addition of the vectors, you can see in the table on the right-hand side that we

have the updated position for each particle.

Now, the column; the row number 3, we made it in a red colour because the second
component of this particle has the value more than 5 and since the limit on the variable is
from minus 5 to plus 5 so, these this particular component as you can see which is the
second component 5.893 which is more than that, then we have to keep this particular
variable on the bound. So, as you can see at the bottom so, limit on x 2 is minus 5 to plus

5. Therefore, we keep x 2 of solution 3 on the bound that is 5.

(Refer Slide Time: 43:55)

joocrmjzmiom) el aic e J8BEE
Evaluate Swarm $
Fitness of particles after position update Initial swarm
Index(i) Y f(:t,@) Index(i) 9'?,(1) f(”’,(l))

1 (0.433,2.1877  399.984 1 (2.212,3.0097  357.154
(~1.396,-0.184)"  460.648 (~2.289,-2.396)"  5843.569
_2258‘514 (~2.393,~4.790)"  11066.800

(~0.639,1.692)"  167.414 f

0.639,1.692 167.414

) =
(-0.157,1.879)7  345.375 =
(-0.779,2.354)"  308.580
( ) 0.742,1.934)7 194,618
( ) 4563,4.791)"  25731.235

—0.590,1.577)" II53MRE

)
)
)
)
3.168,0.706)"  8718.166
)
)
2.928, ~1.125)7  9406.994 )

(

( .
(0.215,~2.350)"  574.796
(

(

00 —3 © Ot = W B

2
3
4
5
6
7
8

@ Increase the generation counter by 1, meaning, t =t +1=2.
A ———— = !
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So, since we have calculated the position, updated position so, we have to evaluate it. Now,
here the component of the particle 3 is again shown and just to show you in an orange
colour, this particular component so, the second component of the particle 3 was out of the

bound so, we kept it at 5 and accordingly, the fitness is calculated.

Now, the fitness of the position after fitness of the particle after position update all of the
quantities are given in this particular table on the left-hand side. Just to see, when we
started this initial swarm, the best particle was 4 and it has a fitness of 167.414 and after
applying the velocity update and the position update to get a new position of the particle,
what we found that the solution 7 is updated and this is the position or this is the new

position which has the better fitness than the initial swarm.



And that is what we expected from every evolutionary computing technique that
generation by generation, using the operators, the solution should improve, and all these
solutions or particles will move towards the optimum solution. Now, at the end, we

increase the generation counter by 1 so, currently we are at the generation number 2.

So, generally for the algorithm, we go for 1 generation, but since in PSO, when we started,
the velocity was kept 0 as well as the local best of the particle was the same as the current

position of the particle.

(Refer Slide Time: 46:12)
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@ The velocity of each particle is updated using

AN =+ o)+l - )

N

@ Assume w = 0.75, ¢; = 1.5 and ¢y = 2.0.

: 2) _ T
@ Let the random numbers for each particle 9 For particle 1, ;" = (2:212,3.009)

e of = (~1.779,~0.822)7, ry = 0.127 and
Particle 7 Iy ry = 0.531.
1 0.127 0531 o Find the local best of particle 1: Since
2 0653 0225 f(a") = 357.153 < f(2%) = 309.984,
g 0.533 0472 the local best of the particle is its previous
4 0739 0048 position, that s, p:??lb) = (2.212,3.009)"
5 0.309 0837 o For finding the global best of the swarm
6 0.148  0.057 we need to find the local best of each
7 0.110 0.308 particle.
8 0.343 0.320
0. Shama  (dsharmaiitg.acin) Mode 4: PSO . 2%

To understand more on this particular phenomena, we will show you the hand calculation
for one more generation. So, let us start with that. So, first component is we have to update
the velocity. So, the given according to the given formula, we are using the same concept.
We are keeping the same value of omega ¢ 1 and ¢ 2. We generated another set of random
number r 1 and r 2 because those are needed in the cognitive part and the social part.

Thereafter, we calculate the 1st component of the velocity for particle 1 as you can see in
the right-hand side, we have the updated position; we have the updated velocity r 1 and r
2. To include this particular; this particular calculation into the velocity, first we have to
find what is the local best of this. How I can find it? We have to compare the fitness as

you can see the fitness in the previous position and this is the fitness at the current position.



So, what we can see that the previous position was better than the current position. So, the
local best of the particle is its previous position that is the p i, Ib 2 remains the same as the

previous; previous one.

Now, we have calculated the local best, but to calculate the social part as you can see on
the top, we have to find the global best of the swarm. So, in this case, we have to first find
the global best and then, we can use the formula. So, this process goes like that, we have
to find the local best of each particle first, then find the global best of the swarm and then,
we can update the velocity. So, let us see how we have updated the local best.

(Refer Slide Time: 48:07)
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Velocity Update: 2" generation

Find the local best of each particle

" (i) (2) (2
Particle  f(a;")  f(2,”) Pliw) . Updated velocity of each particle
I [SSHIAY 399981  (2212,3000)] e
2 5843560 [GOIGASY (-1.396,-0.184)" e 1%;07
3 11066.800 2258514  (0.498,5.000) ; ‘1033 ‘2 452
4 167414 (167414 (-0.639,1.692)" s Qi s
5 8718166 | S458 (-0.157,1.879) I ik i
6 574796 | 308.580 (-0.779,2.354) - ”0374
T 194618 [ 153484 (-0.590,1577)7 . m R
8 25731.235 i 2.928,-1.125)" Pl
s ( J 70114 —0268
o The global best particle of the swarm is particle ‘7', : e (U
that s, ply = (~0.590, 1577)".
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Now, looking at the table on the left-hand side, particle 1, this we discussed in the previous
slide, we compared the fitness, and the green colours shows that the previous position was
better so, the local best remains the same. For the particle number 2, the green portion
shows that the updated position has a better fitness so; therefore, the local best of the

particle is updated here.

Similarly, if we compare all of the particles position, the previous position and the current
position so, in this case, what we will find that the new position has updated the local best
of the particles. Now, since we have calculated the local best of the particle, we have to

now update the global best of the particle.



How we can find? We will be looking; we I am just looking into the green part here. So,
if I compare the fitness of the local best of the particles which are in the green colour
among them the best is corresponding to solution number 7 meaning that this solution 7
will become the global best of the swarm and p g 2 will become the global best of the

swarm for generation number 2.

Now, using the formula, we can update the position. Since we already know the formula
and calculations so, while putting all of them together, you can see on the right-hand side,
the velocities, the component of the velocity of each particle is updated. Now, this

component will be used to update the position of the particle.

(Refer Slide Time: 49:59)
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Position Update: 2"’ generation

@ The position of each is updated as
(t+1)

.L'EM) = arsl) +u;
Particle 3”1(2) uﬁa) Particle mgg)
1 (0.433,2.187)7  (~2.083,~1.107)T 1 (-1649,1. 079)
2 (-1.396,-0.184)"  (1.033,2.452)" 2 ( ~0.363,2.268)"
3 (0.498,5.000)"  (1.140,3.934)" —»3 ,
4 (-0.639,1.692"  (0.005,-0.011)" 4 0 634, 1.681)
5 (-0.157,1879)"  (1.533,0.374)7 5 (1 376,2.254)7
6 (-0779,2354)"  (-0.724,3439)"  — 6 '
7 (-0590,15T)F  (0.114,~0.268)" 7 ( 477,1.309)
8 (298-1125)"  (3364,-2705"  —8 [.-
@ The variable 5 of particles ‘3" and '6', and also variable 2 of particle ‘8’ are out of the
bound. SRt
o Put them on the bound, that is, 5,
D. Sharma (uMT— Module 4: PSO ) %/3%

Since, we have calculated the velocity, the updated velocity in the previous slide, now we
have to calculate the updated; updated position of the each particle. It is done using the
simple formula as given on the top. So, the table on the left-hand side column one
represents the current position of the particle and the third column represents the updated
velocity of each particle. As the formula is so simple, we have to just add those components

to vectors basically to get the updated position of each particle.

Now, here in this table on the right-hand side, what you can see that the particle 3 and 6
and 8, they are made in red colour it is because you look into the; you look into the

component here, the basically the this particular component so, this component is greater



than 5 now, look at the particle 6, this component is also greater than 5 and look at the

solution number 8 so, the x 1 so, the first component of the particle is more than 5.

So, what we have to do here is we have to keep them on the bound. So, as you can see at
the bottom, variable x 2 of particles 3 and 6 and variable x 1 of particle 8 are out of the

bound so, we have to put them on the bound that is 5 as per the question given.

(Refer Slide Time: 51:41)
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Evaluate Swarm: 2" generation o
Fitness of particles after second generation Fitness of particles after first generation
Index(i) xga) f(zf‘n) Index(i) 11(2) f(wf»z))
1 (~1649,1.079)7  276.367 1 (0.433,2.187)T  399.984
2 (-0.363,2.268)7  458.327 2 (~1.396,-0.184)"  460.648
3 _ 531876 3 — 2258514
4 (-0.634,1681)"  166.098 4 (~0.639,1.692)" 167414
5 (1.376,2.254)7 POV e— 5 (=0.157,1.879)T  345.375
6 55771 | 6 (0.779,2.354)T 308580
7 (-0477,1.3097 119231 7 (=0.590,1.577)T [SI53H8E
8 83134582 8 (2.928,-1.125)T  9406.994
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Now, in this case, the blue column; blue rows corresponding to the particles 3, 6 and 8
they are changed as you can see, we have written 5 because they were out of the bound.
Now, just looking at the third column so, this third column says that when we have updated
the; when we have updated the particle position and when we find the fitness of them so,

the fitness has been improved to 13.22.

If we compare the fitness with respect to the previous generation, in the previous
generation on the left; right-hand side, you can see that the best fitness we get is 153, but
in generation number 2, we get the best fitness as 13.222 and that is the whole motive here
that the velocity update and the position update which behave like a variation to the for the

particle which updates their position.

They should be changed in a way that the particle should move towards the optimum
solution. In a way, every generation, the fitness of the particle should improve as we can

see from the left-hand and right-hand side tables.



(Refer Slide Time: 53:08)
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— Optimum solution
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Now, come to the graphical example here. So, the same iterations or the generations which
we have gone through, we will show how the particles are moving towards the optimum
solution. So, this is was the initial swarm as you can see and the red dot as you can find it
out is our optimum solutions and the solutions which are shown in the blue colour, they
are distributed randomly in a plane of x 1 and x 2 and the contours of the functions are

also shown here.

(Refer Slide Time: 53:44)
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Now, once we have started with the random swarm, we have to find the local and global
best. As we know, this is the iteration or the generation number 1, the local best is the same
as the as a; local best is the same as the current position of the particle so that is why you
cannot see any change in the local best.

However, to find out the global best, we have to find which is the; which particle or which
local best of the particle has the least fitness so, accordingly this pink colour point suggest

that this is going to be the global best of the swarm in iteration or generation number 1.

(Refer Slide Time: 54:30)
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Thereafter, we update the velocity. So, here the vectors are drawn to understand how the
particles are moving. So, let us see the particle number 1 here and this was its current
position and when we are adding all the three components, the particle is updated to this.
So, it is not a particle, it is a velocity. So, the velocity is updated. So, the particle will be
updated according to this velocity. So, this particular component will behave will be the

addition of the vector component.

Similarly, looking at the solution number 2, this is the current position of the particle, this
particular arrow which is drawn in a pink colour is the velocity component added to it and
finally, we get the new position. So, every particle from 1 to 8, the arrows are shown, those

arrows represent the velocity component of each particle.

(Refer Slide Time: 55:32)



Thereafter, we have to update it. So, the current position plus the velocity will give us the
updated position of each particle. So, those are shown in those black circles and you can

see that the solutions have started moving towards the optima.

(Refer Slide Time: 55:50)

We have done one more generation to understand the local best and a global best. So, in
this 2nd number of a generation so, velocities are updated. So, in this case, the solutions

are shown, and the velocity components are also shown as you can see for every particle.

(Refer Slide Time: 56:17)
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Once we know the current position and the velocity update, we will get the updated
position of each particle in the generation number 2. So, these pink dots all are the updated
positions here and we can see in the generation number 2, solutions are again started

moving towards the optima which you can see in the red dot.

(Refer Slide Time: 56:38)
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Let us compare how the solutions have moved so far. So, this was the initial swarm where
the solutions were randomly generated in x 1 and x 2 plane. After two number of
generations, you can see how these pink points are moving towards the optimum solution

and this process when we will be continuing for further generations, we will find that the



solutions or the particles will move to the optimum solution or the particles will locate the

optimal solution for the Rosenbrock problem.

(Refer Slide Time: 57:37)

el e e STLE:

- b e s Saeleitn et ,

Closure 8

o Introduction of PSO
o/Dl’stinct feature of PSO

> gIoEEI\Eest. local best, velocity and position updates
yélociw update

» Velocity components: Momentum, cognitive and social parts
» Graphical illustration ™~ b —

\}/%sition update

\O/Plowchart of PSO
_9PS0 on the generalized framework
» Working principles of PSO through Rosenbrock function

————

 Graphical example
NAS NN AAN
D. Sharma _ (dsharmaiitg.ac.in) Module 4: PSO /3

So, with this particular introduction and the working principle of PSO, let us come to the
closure of this session. So, in this session, what we have gone through is the introduction
of the particle swarm optimization. Since it works differently than the genetic algorithm

so, we have gone through the PSO.

Its development based on the flocking of the birds and thereafter, once we understand the
physical or the biological phenomena or the process of the swarm, there are three distinct
features that we understood. So, those three distinct feature we understood as a global best,

local best and the velocity and a position update of each particle.

Once we did it, we have certain formulas to update the velocity of the particle. It constitutes
of momentum part, cognitive part and the social part and we have also gone through the
graphical illustration. So, what we understood that the velocity is velocity of each particle
is the summation of three vectors whereas, the social and the cognitive parts are the vector

operation that is the difference between the two vectors.

Thereafter, we have gone through the position update. So, it was a simple formula to use

it and we understand the PSO with the help of a flow chart. So, in that flow chart, a new



edition was done in which the position update and the velocity update was done for each

particle one by one.

We also fitted this PSO on the generalized framework so that we can see what are the small
changes we have to do it and the same generalized framework, we can use it for particle
swarm optimization. We understood this particle swarm optimization through the working;
through the example of a Rosenbrock function. So, we understood each and every
component such as local best, global best, velocity update and a position update and we

perform two hand calculations for two generations.

And the same example, we have shown graphically to understand how these particles have
been they started with the random position in the initial swarm and after performing two
generation, the fitness has improved a lot and if we keep on continuing, the particles will
finally, move to the optimum solution. So, with this, I conclude this session on introduction

on particle swarm optimization.

Thank you very much.



