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Dear learners welcome to Lecture 04 of Week 02, in this lecture, I will explain the

Development of Shell Governing Equations.
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Basic Shell Assumptions

+ Assumptions for moderately thick shell theory with von Karman type non-linearity:

1. The transverse normal is inextensible (i.e. -, =() ) and the transverse normal
stress is small compared with the other normal stress components and may be
neglected.

2. Normals to the undeformed middle surface of the shell before deformation remain
straight, but not necessarily normal after deformation.

3. The deflections and strains are sufficiently small so that the quantities of
second- and higher-order magnitude, except for second-order rotations about the
transverse normals, may be neglected in comparison with the first-order terms.

4, The rotations about the ¢ and /# axes are moderate so that we retain
second-order terms (i.e., terms that are products and squares of the terms) in the
strain—displacement relations (the von Karman nonlinearity).

+  The Love's first approximation theory for thin elastic shells further assumes that

1. The thickness of the shell is small compared with the other dimensions,

2. The transverse normals lo the undeformed middle surface not anly remain
straight, but also normal to the deformed middle surface after deformation.

3. The strains are infinitesimal 5o that all nonlinear terms are neglected.
4, Transverse normal stresses are negligible.

Already we have covered the basic assumptions in the last lecture for Love's first
approximation theory or Love’s Kirchhoff shell theory and the first-order shear

deformation theory, where shear strains are not neglected.
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Steps for Developing governing equation
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Karman nonlinearity
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The initial step for developing governing equation or displacement-based governing

equations is to choose a suitable displacement field. For the present case:



U =u, +P.5, U, =u,, +,6, and u; = w,
this displacement field is finalized.

In the last lecture, I have explained how to obtain the expression for the case of Love’s

Kirchhoff shell by putting y,; and y,; equal to 0 and integrating with respect to S

coordinates.

For this theory u,,, u,,,w,, ¥, and ¥, are the primary variables, where ¥/, and v, are

known rotations and u,, and u,, cause membrane stretching effect and w, is the

transfer displacement.

The next step is to choose a suitable strain displacement field. In this course, we are
going to discuss the buckling of shell, for that purpose we need to consider geometrical
nonlinearity so that at the end of the day, we can use the governing equations. If you start
with the linear one, then we will not have a sufficient number of terms to go for buckling

cascs.

Already in lecture 02, in the complete strain displacement relations, we are having linear

and non-linear terms and out of that, we said that when we talk about Von Karman

nonlinearity that the nonlinearity effect is considered through the deflectionu, . The
variation means u, differentiation with respect to @ and f3, the higher-order terms are

neglected which are related to v, ,u, and the mixed one also.

We are going to have the non-linear terms in €,,, €,,, and &;;, these 3 terms are extra

when we consider the Von Karman nonlinearity other than that all these are linear terms.
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These are strain displacement relations, now we have to rewrite these strains considering

Y=

the displacement fields.

Substituting u, =u,, +y,c , u, =u,, +1,¢, and u; = w, like this. The strain displacement

relations will be modified and will look like the final expressions for strains.
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Final expression for strains
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The whole strain components are arranged in this form of final expression for strains. Let

us say if itis €, it will be arranged in this form:



0 1
€, =€, +c¢€,
Whereas €, cause stretching effect in the shell and €/, will cause bending effect in the

shell. In some books, it is also denoted by K\ related to curvature terms or the bending.

In £ : the explicit expression terms will be:

£l =—
! doo  a, 0 R 24\ da R
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€|, is the contribution due to the bending effect because ¢, and v, are the rotations if

you take derivatives along that they will cause a bending effect.

Then, €,, we can write like this:

0 1
€, =€, +c¢E,,

E =—
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It is a simple substitution and wherever required will do some derivatives or writing in a



more simplified manner means arranging the terms because ultimately when you have

u=u, + Sy,. Here, u,, will contribute to the curvature and ¢ v, will contribute to the

stretching, we must arrange it like this.

The main difference here is in the 7, , In the previous expression 7, is written in the

general form. We have simplified it, then substitute the value of u, and u,. This gives

you a slightly big expression:
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where — of linear terms plus 7—— of non-linear contribution, here it will be —— of
4, 24, A,

linear terms and of nonlinear terms.

24,4,

1
There are some terms in which I can be taken out and there are some terms in which
1

1 1 (o ) 1 /(0 d
— can be taken out. These terms — | —220 Y0 %% ) g — [ Lho _Ha0 0% | 0
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corresponding to the linear contribution and these terms

L (0w, auy [ 0w,  ayy and 1 Wy gy | OW,  Gyly, are
24,\ oo R i R, 24 4,\ da R i R,

corresponding to the non-linear contribution, then y,, can be expressed as:

1 1 (dy, 1y, dq +L% Y, da,
i a, oo

T2 _ X1 y



In y,; and 7,; there will be no curvature terms. Lean in-plane stretching terms are

written like this:

0 Mo | 1 ow, 0 a, U,y 1 ow,
= -—t—— and =—= -—+— )
Vi3 4 (‘l’l Rl o da ) 45 4, (1/)2 R, op
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Now, we have to define the stress resultants. There are many ways to define stress
resultant for the case of the shell. If you go through the book by Harry krauss; the stress

resultants are defined per unit of arc length on the reference surface.

At the reference surface, the curve length is slightly different, and let us say at ¢ height
it is something different. If this is the reference surface and these are @ and

coordinates, over this line, @ will be constant over this line beta will be constant and

ds, and ds, are the curve lengths.

What are ds, and ds,? ds, is a, (1 +%

1

) da and ds, is equal to a, (1+%) dp . The

2

stress component O, is acting over this phase.



Now, we will find the resultant. Integrating over the thickness with its S coordinate, the

total force will be:

Arc length on the reference surface will be ds, where ¢S is 0, at the reference surface ¢

will be 0.

If you put zeta as 0, only a, and df8 will come up. We will write:

alla2(1+]§)dﬁdg
Ny, =f -
S

a,df

a,d B will get canceled. NV, can be defined as :

2

S
N, =f(711 (1+R—)dg
S

The same way we can define the M, as:

2

9
M, =f011§(1+R_)d§

N,, can be defined as:

2

Ny, =f012(1+%)d§7
3

We are talking about the definition here the normal component N,, is 0,,. If you want

to define the stress resultant along this coordinate V,, will be:



0 22dsldg S
=N, =|0o 1+=1|d
f ds (0) 2 »!. 22( ]21 ) °

I would like to point out here, for NV, ; (1 + Ri) , the radius of curvature in the second
2

direction and (l + i) the radius in the first direction, these are interchanging. The point
1

to be noted here is sometimes we ask that define the stress resultant for the case of shell

or identify the coordinates properly.

Students may do mistake, in N,, they used to write R, orin N,, they used to write R, .
One has to be careful that when you are defining N,,, the radius will be the second

direction radius, and in N,, the radius will be the first direction radius, if you define the

coordinate system like this.
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In the second book, from where I have taken some of the basic equations is J N Reddy's

theory of plate and shell. In that or some older books also based on shell theories it is
given that the tensile force measured per unit length along B coordinate line on a cross-

section perpendicular to @ coordinate can be represented like this. The force will be

0,,ds, where this line @ is going to be constant.

) ) ) +h
The total force on a differential element can be written as 7 to 7 . We have taken the

shell element thickness —h to %h and total force will be into integrating over that. If

you substitute the value of ds, ; we know that a, is not a function of S it is only a

function of @ and . We can write like this:

h h
2 2 c
o,ds,=[0,ds,ds=a, [0, |1+=|dsdB =N, a,dp .
11%°2 J}; 11 2 2!}: 11 ( R2 ) 1172
2 2
If we compare this, a normal resultant force is acting in plane stress resultant N, . Total
over this reference surface will be a,d 8 and total force. If we compare it with this, we

see that a,d P is here. N,, comes:

S
Nll = 011(1+R—)dg

2

[
I\J‘b‘% SRS

You can do it anyway; the results will be the same. In this, we are comparing V,, with
the help of stress resultant, previously, we were directly or mathematically defining as
taking stress resultant per unit length of reference surface arc length of the reference

surface.
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Already, I have discussed how to obtain V,,. Now, we are talking about a third

component T;;and T,;.

Here, O, = 0, (1+Ri) dg and O, = 0y (1"'%) ds .
1

2

Here point to be noted that for the definition

S S
N, =0, (1+R_) dg and N, = 0, (1"'?)-

2 1

You may say that 7,, or 0, is equal to 7,, or 0,,, but N,= N,, because here R, and

R, are different.

For the case of spherical shell and plate, they will be the same because R, and R, both

are . But for other cases like a cylinder, they will not be the same because in one

direction radius is % and in another direction it is R. You can take some conical shell or

any other type of shell where R, and R, are not equal, there NV, = N, .

In the same way, we can define the moment in one direction as:



M, =f011§(1+Ri)d§
¢

2

M,,, M,, and M, can be defined as:

9
M, =f012§(1+R_)d§
¢

2

Here, M,, = M,,

This type of expression you come to know when you are going to derive the equations

for a shell. If you have done till plate only then you will not think that ok this may be

different or if you see that these stress resultants can be a special case like if you put R,

h

2

for a case of a plate. For a case of a plate, it will be falldg .
-h

2

This is the definition of stress resultant for the case of a plate over the surface element
reference member; N, N, N,,, Ny, My, M,,, M,,, M,,, O,, and O, are shown

here. This is a very important part; we are going to use these definitions and point to

remember is that for the case of N, it will be (1 + Ri) for case of the second direction it
2

will be (1+i)
R

1
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In the third step, we must derive the governing equations based on Sander’s shell theory

and considering the Von Karman nonlinearity. The Hamilton principle states:

}(aK—(aW, ~oW,))dt=0

0

What is the total energy? The first variation in kinetic energy minus internal work done
or elastic strain energy, it is very convenient or generalized to say internal work done
because later if somebody wants to study a piezoelectric shell or some functionally
graded shell made of some other different material. Instead of elastic energy, they may
have some electrical energy and some other form of energy. They will also be clubbed

together here under the term of internal work done.

Then the external work done over the surfaces is the work done by the traction forces
that may be the loading or the traction forces. We can find the external work done from
there so that is going to be 0. First, we will calculate what is the kinetic energy for the

case of a shell element.
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For a continuous body, the kinetic energy expression can be written as:

K = f—pu

C : du . .
where u is displacement # means Z It is a standard expression that whenever you have
t

a time derivative you take the derivative with respect to (.) and whenever you have a

space derivative then you put a (,), like @), (, 8), (,5 ), and so on.

: o 1 . :
We have a time derivative; you can say that 5 myv* for a discrete system like a car of a

mass (m) moving with the velocity (v), what will be the kinetic energy? Then we can say

that it will be 3 mv”, but in the same way, if a beam or a plate or a shell is vibrating, or

1 .
it is having motion then K = f Epulz dv

We have to take the first variation, I assume that you are aware of taking variations in a

quantity, o is a variational operator and it behaves as our differential operator. If we



want to take the first variation in this, we will say u° will be 2u, du, variation in that

quantity.

) . d
For example, you want to say y = x” then, what is d_y It will be d_y =2x0x .
X x

Similarly, we have written that. 2 will get canceled and ultimately the expression will be:
0K = (Lp2i di,dv= [ pididv
- f 2p i i fp i i

This is the expression of kinetic energy, the first variation of kinetic energy in the index

form.

We will write in the explicit form 9K will be #, means u, plus u, plus u,. We know

that u,= u,y + SY,; u, = t,, + S, and u, =w,0w,. Now, putting them in the

equation we get:

L]
2

oK =ffp [( 1’.‘10 +§¢1) ( 61"‘10 +g61,[!1) +(7“"20 +§II)2) ( Gl:tm +g61,[!2) + W(’GW“]X

Q-h
2

al(l+;)a2(l+1§](da)(dﬁ](dg]

1 2

Volume dv is ds,, ds,, dg

and ds, is q, (1 +%) do. and ds, is a, (1+%) dp . 1f we multiply these terms and

1 2

mathematically simplify.

There will be some terms with S and some without S . The term without & will be kept
together, and the terms where S comes, there we will take S common and put those

terms together.



2
K =ffp(itmai¢m + Uy, Oty + WyOW, | + 6 (4,00, + 11, 0, + 1, 0, +4, 01k, )
Q

sl i) a 1% Ja 1+ 2 de ) 45

1 2

What is the moment of inertia?
(Refer Slide Time: 23:40)
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I, will be defined as:

This is the definition of the moment of inertia resultant for the case of the doubly curved

shell.

You can see that this expression is entirely different if you talk about the case of a plate,



h
2
If you put R,= % and R,= =, this expression becomes this /, = f pdg

h
2

By defining the moment of inertia resultant, we are converting a volume integral to an
area integral. I would like to say that this is an essential step in any 2-dimensional theory
whether you are interested in a shell or a plate or a beam; you need to follow this step.
Without defining the inertia resultants or stress resultants or moment resultants you

cannot convert a volume integral into the area integral.

By following this procedure, 0K becomes:

K - f()(a1?3ﬁ1(1'+ i‘z.nél“zo"" %é%) +fz'(¢.13¢1 +1,09, ) wa,(da)(dp)
Q +]I (ulﬂawl +u208w2 +wlaulﬂ +w28u20}
Here the term like du,,, du,,, dw,, 0y, and 9y,, we have to get rid of them because

we do not want any derivative in the variation.
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If I explain the first variation in the case of time, let us say time t = 0 and time t=fand a

function ft is given. So, let us take a point where time t = 0 and time t = f.

The exact solution can be expressed by this black line and we are taking the first
variation. We are taking some variations because we do not know the exact solution. We
are taking an arbitrary variation in that function and we are going to minimize this. It is

d f; the first variation and at the boundary this term is going to be 0.

We have assumed a virtual variation in a quantity f, but we do not have any information

d . . o ..
about the o df . We do not have any information of its time derivative, we want to
convert it to its basic form.

Wherever you have variation terms either it is a time derivative or space derivative we
have to get rid of this. I am explaining with the help of the first term the same way the

other terms can be converted.

We can write this term as:

_tuloa”lo = U0l + U Ol



This is the simple rule of differentiation when you have a 2-function u and v and you

want to do differentiation with respect to time, what do you do?

You say that differentiation of the first term and second term as it is plus the first term as

it is and differentiation of the second term. By following the same we have obtained this

term u,,0u,,. You can express u,,du,,:
.o 0. .
Uyt =5(“1oa”m) — Uyt

u,, becomes the acceleration term second-time derivative.

If you substitute this equation and take the time integration, you will see that if there is a

time derivative and integration over time. We can integrate with respect to time and from

using this term u,,0u,, we do not get any advantage. Hence, we will keep it same on the

integration time and area integration.

T
u, 0u, ) —u,,0u,, |[ddt = [|0u,,0u,,| dQ - [ (u, ou, dQdt
‘{ [ 10 10 10 10 fl 10 10| ff 10 10

But if you do integrate with respect to time and take the limit O to T at the initial time

and final time the variation is 0. this term u,,0u,, will not contribute. This term ,,0u,,

will give only one contribution that -,,0u,, . We will get one contribution the other time

derivative is going to be 0.
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By following the same procedure, the first variation in kinetic energy all the terms are

written like this:

o= g/ it il L0 B 00N L
0 0|Q + Il (umallul + uZUaU"Z +1*U|au|0 +w26u20)

It is the perfect term that can be directly going to the governing equations. We defined
the equation number (A). We have to calculate the internal work done, external work

done, and later we will club them together.

What is the internal work done? For the case of an elastic body, d/, will be:

BW, =f( 0116811 +O’226822 +Tzsayzz +Tlsa}’13 +T126}112)a1 (14‘;}612 (1 +

1

& Jlaatapias

ol

We can denote ¢, (1 +%

1 2

) as 4, and a, (1 +Ri) as 4,. We have to write this variation

form of strains.
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We know €, = €] +¢€|,, if we take the first variation it will be d€], + cd€],.
Similarly, substituting 0€,,, dv,,, dy,5, and 9y,, in this equation.

Working with this equation altogether will be very lengthy; we will work one by one. /,

=0, (88101 +ga£1'1)
I,= 0,08}, +50€}, |
L,=1,0Y.

3 23 )/23
1,=7,.0Y"

4 13 )/13

I;=T1, ( 8%02 +§a%lz)

We are dividing them into small integration, later, we will club them together.
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The first integration /;:

Now, we need the explicit expression of €/, and €|, .1 have written the explicit

expression of € and if we take the variation, @ will come here and again 9 will come

here and so on.

1 1
h — aum,u+%al,ﬁ +aw0“—' +— wo,u—ﬁum
y AI aZ . RI AIAZ RI
L={[o, A4, (da)(dB)(ds)
Q—h a 31})2
F aw()?u - R aI":IO + awl’u a al °f
1 I 2

. .0 . . . .
We have to do it carefully, If we write o it takes huge space and working with that is
o

slightly difficult. I have written in a small form.

1 u a \ . . o

—| duyy,, +— a5 +0W, _Rl is the linear contribution.
a

1 2 1



In a non-linear one, it will be:

9 Y,
+ =0y, +t2a,
A( Y, p 1,6)

1
a4 du,,
1 2

4
—| Wy —— U ow,,, —
AIAZ( 0 R, 10)( 0 R,

1s outside from the non-linear term.

1
Here — 1is outside from the linear term and 1A
172

2

o, (1+—) ds .

2

h
2
 constant ; N, =fa”dg
=h
2

They will get canceled later. We can multiply and do something.

Instead of % we write M, ,a, .

1

You see here du,,,,; we only have information about du,,, we have taken variation in

primary displacement Ju,,. We do not have any information about its space derivative

with respect to @ . We have to reduce it to du,,.
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By following the same technique which we have followed for the case of time derivative

we can write N,,a,, here we consider N|,a, is one variable.

0
—a( Nnazaulo) = ( Nllaz) s Oy +(N11a2) U5

(NllaZ) 0ty = ( Nllazaulo) a _( N11a2) a

This term will give you two terms, the term ( N, 1azaulo) will go to the boundary and

‘a

( N, ”az) ., term will remain on the area.

ou,, a,
Same way, here ( La, g HOW, — R ) in this term, we do not need to do anything and here
a2 1

also we do not do anything because there is no derivative. But here is the derivative in

the non-linear term, derivative in the first term and derivative in the moment term.

The first two terms and then the second and third will be as it is, then the moment gives

these terms (Mnazélpl),a, ((M”a2),a 81,01) and (M”a],ﬂ 81/)2) . In the same way, the



. . . > a .
non-linear terms will be expressed. This whole N, (wo e ‘El“m) will be treated as one
1
term.

Whole derivative comma @ , we will consider it as a single term then only we can get rid
of their derivatives and the second term again as it is and (da)(d ).

Q 1

1, =f( Nnazaum) ‘a _((Nnaz) a a“m) +( Nya, ., 6“20) +[N”}?ﬂzawn)

+(_M||azawl)m _((_Mnaz) o aw|]+(Mnan,ﬁ 3%)
~ a ~ {.I a
+{N”(wﬂ,“—?lum)ﬂwﬂ} - N, E(Wma_?:“m)a”

This is the expression required for the differential equation for /, denoted as equation

(B).

o|(da)(dB)
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(509 -2 8as) + %' (848 + Qz,.g)J PRERL.

‘ [ &, dylly, 1\ dy, w, da, )

L= j(. \)Y_S‘*Lo,g.* S"ho QZA+SWO%1-] + Np (u:l.,g,- zqh)

S—

(swn,p- A gqn) + Ln“r)(“*“” % qz,-{) dodf

Now, the expression for /,:

""w%“ =

f 22 ( 88202 +g68212)A1A2 ( da) ( dﬁ)(dg)



We will substitute the expression of d€,, and i€, .

0€,, expression I put here. Here, the linear term is right, and the curvature is right only

the non-linear terms have some issue. [ will explain in the next lecture, the exact

contribution of the non-linear terms.

We can write:

I Oy

- (Gwo,ﬁ——

=]

|

ro|:‘_L-ﬁ [N
3

Using the concept of plane stress resultant

h
2

1
o, —=N,a
Jl:zzAl 2%
2
h
2

1_~
:I]:UZZ AIAZ - NZZ and
)
h
2

S
o, —=M,aq,-
:£22A2 2%

o]

4 4,(dal(dp)|ds)
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1 2 2 2

Q

%az,ﬂ)(da)(dﬁ)

+(Mua.)(awz,,; .

Similarly, here is derivative with respect to 8, we must get rid of that. With the help of

using the basic concept

(sza 8u20) '8 (N22a1) oy, + ( N22a]) Oty 5
(szal) 0ty = ( szalauzo) '8 _( szal) 55 Oy

I, expression will be:

Nna a,
1, =_ﬂ szala”zu) 18 _((szal ) 1B a”zu)"‘(szazm a”m) +( “:RI - (')‘WU)

Q

+(M22a,61p2),ﬁ—((M22a,),ﬁ awz)"'(Mzzazm awl)
~ a, ~ a, =, a,
+[N22(W(J’(3_E j“]é‘w ]6_ sz(wu’ﬁ_R_;“zu]ﬁ awul_lszE(wuyﬁ_R_;uzu)auzul(_da](dﬁ)

In this way, we get the expression (C).

In next week lecture, I will explain /5, /,, 5, external work done and clarify the issue in



the definition of non-linear terms.

Thank you very much.



