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Hello everyone. Welcome to our final session of Nonlinear and Adaptive Control. I am Srikant
Sukumar from Systems and Control, IIT Bombay. I am very very thankful to all those who have
attended this course. And I really hope I have been able to generate enough interest in the topic
of nonlinear adaptive control, it is a rather rich area. And it is of course a rather powerful set of
tools in nonlinear control, which is what makes it one of the most applied areas in nonlinear
control, for fighter jets like what you see in the background here and also for spacecrafts. These

have even been tested in actual flight conditions.

So, and of course there are also companies that specialize in adaptive control for drones. So, a lot
of applications again I focus mostly on the aerospace applications or aero-mechanical
applications, because my own background. But, there is quite a bit of work out there on

electrical, biological, chemical systems also using adaptive control.

So, what we have been looking at in this last week is a little bit of what you see in the bottom

right of our motivating image in the background, which is on neural networks. So, as you can see
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here in the image, this is like a deep learning network, so essentially a multi layered neural
network. So, it is typical practice in neural networks to do to have several layers now, because
again, we have a lot more computational power and lot more data available to train these

networks.

So, the typical approach is to have an offline training, where you input a lot of training data on
the left of this network, and you get the output on the right of the network. And use this
input-output in order to tune the weights that appear in this sort of nonlinear function
approximator. And then, you use these weights in order to do actual experiments. And when you
go to the actual run, you design yours controllers based on these weights. So, this is what we

have been looking at.

(Refer Slide Time: 02:48)
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For notational convenience define the matrix of all the
weights as
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we take the following
Factd: For sigmoid, RBF, and wah activation functions.
the higher-order terms in the Taylor serics are bownded by

HOVT )} < o+ eQalVie + ] Viielr
where ¢, are computable positive constants ]

Fact 4 is direct 10 show using (19), some standard norm
inequalitics, and the fact that of) and i derivative are
bounded by constants for KHF, sigmoid, and tank.

The extention of these Ideas 1o nett with greater than theee
layens is not difficult, and leads 10 composite function terms in
the Tuybor series (giving rise to hackpropagation filtered error
wims for the multilayer net case—soc Theorem 3.1).
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B. Controller Structure and Ervor System Dynamics

Define the NN functional estimate of (11) by
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with V. W the current (estimated) values of the ideal NN
weights V. W as provided by the twning algorithms subse
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We of course, are looking at rather special situation where there are a couple of things, the

weight or the learning itself of the weights is happening online along with the control. And
secondly, in order to make sure that this learning plus control mix is stable. We use adaptive
control principles. So, I hope you have seen by now that the adaptive control is essentially very
very closely connected to deep learning. And we also saw that deep learning is now prevalent
also in reinforcement learning and other classification approaches. So, over and all you
understand, I hope you understand that these adaptive control, stable adaptive control methods

are of significant use in learning.
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So, we are looking at a very specific case of this three-layer neural network being applied as a
function approximator to a multi-link robot. And because it is like a neural network
approximator, we do not really care to write out these mass inertia functions, and the Coriolis
functions by hand for every single robot. If you bring in any robot, this is like a plug and play
controller. So, once you you could, if you have a control module, you can plug it into any
multi-link robot, which has this kind of Euler-Langrange system structure, like you see here in

equation-7.

And and, you can start controlling it, because your neural network using this adaptive law will
automatically learn all these nonlinear robot function. So, this is, this is what is the cool aspect,
that it is agnostic to what kind of M, V, G, F you have, this function, the neural network function
approximator is going to learn it. And how the learning happens via the adaptive update laws is

what we saw last time, so, we sort of added a robustification term.

(Refer Slide Time: 05:09)
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1. NN CoNthotLER

In this section we derive a NN controller for the robot
dynamics in Section 1. We propose varous weight-tuning
algonthms, including standard backpropagation. It is shown
that with backpropagation tuning the NN can only be guaran
teed to perform suitably in closed loop under unrealistic ideal
conditions (which require, ¢.g., f() linear). A modified tuning
algorithm is subsequently proposed so that the NN controller
performs under realistic conditions,

Thus, assume that the nonlinear robot fanction (11) is given
by an NN & in (3) for some Constant “ideal™ NN weights 1
and V, where the net reconstruction erroe 8(2) I8 botinded by
& known constant £y. Unless the pet is “minimal,” suitable
“ideal” weights may not be unique [1], [42). The “best”
weights may then be defined as those which minimize the
supremum norm over § of ¢(z). This issue is not of major
concem here, as we only need 1o know that such ideal weights
exist; their actual values are not required

According to Theorem 2.1
tion always holds for continuous functions. This is in stark
contrast to the case for adaptive control, where approximation
assumptions such as the Erzberger or linear-in-the-parameters
sasumptions may not hold. The mildness of this asumption

this mild approximation assump

is the main advantage to using multilayer nonlinear nets over
linear two-layer nets.

For nolational convenlence define the matnx of all the

Tt —ter—

NN's. Proper use of these Taylor series-based resulls gives
a requirement for pew terms in the weight waing slgorithms
for nonlinear NN's that do not occur in linear NN's,

Let WV, W be some estimates of the ideal weight values, as
provided for instance by the weight tuning algorithms 10 be
introduced. Define the weight deviations or weight estimation
emors as

W=w-Ww, 2=2-2

\Jm,l

A

V=v-1
and the hidden-layer oygout emor for o i ]
- -
i T@(v':) )
>
flay be writte
)

(21
The Taylor series expansion for a give n a8
22

alVIE) = o(V2) 4 o' (Vi)W T2 4 O(V")?

with @(E) & dalz)/lliss, wnd O(:)? denoting terms of
order two. (Compare t [33] where a different Taylor series
was used for identification purposes oaly.) Denating @' =
o' (VT2). we have

5 IR 2 4OV x)* =8V 140(V

Different bounds may be put on the Taylor &
order terms depending on the choice for of)

OV 2) = [o(VTz) = 0(V7x)| = o' (V72
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And of course, we sort of wrote the dynamics in a rather nice way, either in the in form 28 or in
the form of equation-30. So, it was either in the form of equation 28 with the disturbance terms
wl, or in the form of equation 30 with disturbance terms labeled as W. So, the first result then
that we saw was on backpropagation, which was rather ideal situation, where we assume that
these disturbances are 0. We saw that it is not very easy to sort of claim w1 is 0, it is obvious if
you assume that the second order terms are 0. So, your function is a linear function. And we do

not have these, it is an exact estimator and the disturbance is 0.

So, these terms will become 0 rather easily, but we realize that this term will become 0, only if

you know you have this kind of W tilde, V tilde type of a thing. So, this is a sort of linear in
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parameter type of assumption of the function is, if you want these to be 0. And if this does

happen, we did have this backpropagation-based tuning of weights.

So, this sort of maps, why it is given this name is because this sort of maps to the sort of weight
tuning algorithms that standard nonlinear neural networks use offline. So, this is the update law, I
mean, and if you notice that, you have to remember that this sigma hat was essentially, sigma hat

is just defined as sigma of V hat transpose x.

So, so remember, this is just notation, so, sigma hat is just V hat transpose x. So, this was a
notation that was used. And so that notation, so you can see that W hat dot depends on V hat, and
V hat dot also depends on W hat. So, they are sort of inter dependent here. And we also saw how
the Lyapunov analysis goes because of this ideal circumstance, where you do not have this wl

and v. We just make them 0 here, and you look at this equation.

So, all you have is, so this term goes to 0 because of the skew symmetry, then this term
contributes to a nice negative term. And these two terms are of course cancelled using the update
law. And then you have of course, this L function, this Lyapunov candidate function L, its
derivative is negative semi-definite. And then you can use your LaSalle invariance or Barbalat’s

Lemma signal chasing to prove r goes to 0.

(Refer Slide Time: 07:52)
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lube R
Since L >0 and L, < 0 this shows »x;:rnlug in the sense of or when fz) is noolinear, cannot be guaranteed 1 yield
Lyapunoy so that r, V', and W (and hence V', W) are bounded.  bounded weights in the closed-loop system.
Moreover General Case: To confront the stability and tracking per|
x formance of a NN robot arm controller in the thomy geners
[ Ldt<mo (36)  case, we require: 1) the modification of the weight tuning rule:
J and 2) the addition of a robustifying term v(t). The problem i
LaSalle’s extension [17], [41] is now used 10 show that this case is that, though it is not difficult 1o conclude that r{)
r(t) in fact goes w zero. Boundedness of r guaranices the  bounded, it is impossible without these modifications to sho
boundedness of « and ¢, whence boundedness of the desired  that the NN weights are bounded in general. Boundedness of
trajectory shows ¢, 4, are bounded. Property 2 then shows  the weights is needed to verify that the control input 7(t
boundedness of V,,(7,4). Now, L = -2r" K¢, and the remains bounded.
boundedness of M~'(¢) and of all signals on the righthand  The next theorem relies on an extension 1o Lyapunov theary
side of (28) verify the boundedness of L, and hence the The disturbance 7y, the NN reconstruction error ¢, and the
uniform continuity of L. This allows one  invoke Barbalat's  nonlinearity of f(x) make it impossible to show that thd
Lemma [17), [41] in connection with (36) to conclude that L  Lyapunov derivative L is nonpositive for all r(t) and weigh
goes to zero with ¢, and hence that (1) vanishes @ values. In fact, it is only possible 10 show that L is negativ
Note that the problem of net weight initialization occurring  outside a compact set in the state space. This, however, allow

in other approaches in the lierature does not arise. In fact, ome to conclude boundedness of the tracking error and U
selecting the initial weights W(0), V(0) as zero takes the NN neural net weights. In fact, exp|
out of the circuit and leaves only the ouier tracking loop in  during the proof. The required

Fig. 2. Itis well known that the PD term K¢ in (26) can then  Theorem 1.5-6], the last portion ¢3
stabilize the plant on an interim basis. A formal proof reveals  the proof used in [26] g
that K, should be large enough and the initial filtered error Theorem 3.2; Let the desired
7(0) small enough. The exact value of K, needed for initial  Take the control input for (7) as ]
stabilization is given in [9], though for practical purposes it is

[

anly nansseary i saloot K
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Nate: thal the problem of net weight initialization cccurring  ouiswe a compact s in the stale space. T
in other approsches i the litersture does pot arise. In fact.  one 1o conclude bowndedness of the I
sebecting the instlal weights W0}, V'(0) as zcro falie the NI neural ot weights, [ fact, explicit bounds are discovered
out of ihe chreut and leaves only the cuter tracking loop In  dunieg the prool. The requered Lyapunoy extemsion is |17,
Fig. 2. 1tis well known that the PD term K7 in (26) con then  Theorem 1.5-6], the kst portion of cur proof being similar to
stabilize the plant on an imerios basis. A formal proof reveals  the proof wsed in [26].
thae K, should be larpe enough and the initial filicred error Theorem 32: Lat the desired trajectory be boanded by (1),
7(0) wmall enough. The exact valuc of K, nocded for initial  Take the control lnpet for (7) as (26) with robustifying tem

stabufization (s given m (9] hough for practical parposes it is

only necessary fo select K, large w{t) = =Kz(M2lr + Zu)r )
Note mext that (¥3) and (M) are nothing bt the contmuous

time version of the backpropagation algorithm. o the walat  4ng pain

sigmoid case, for instasce

K,>Cy (40)

on

with €y the known constant in (32). Let NN weight tuning

be provided by

¥TWr = a(V o)l = oV 2)|Wor %)

: r.T
which s the illered error weightod by the current estimae W W=Far' < Fi'Vigr" = xFir|W “n
and multiplied by the usual prosduct involving the hidden layer ¥ o Gela™ Wi = sClri? )
outputs
Beorem 3.1 indic . should suflice ’
Theorem 3.1 indicates when backprop alone should suffice wish any cossiat mairices P FTs0.G L

namely, when the disturbunce wy(t) is oqual w0 zer0. Ob-
serving the fint 1erm in (29 that this is a stronger
avvamption thas simply lineari ¢ robed fusction f(r) in
(10). That s, even when «(r) = 0, 7, = 0, and f{z) is linear
hackprop uming is o guaramieed 1o afford seccessful acking

and sealar deskgn parmmeter & >0 Then, for Ls
control gain K. the filiered tracking ervor #{f
weight estimates W ase UUB, with pr
specifically by the right-hand sides of (43
the trncking error may be kepe aa small as desircd
the gains K, in (26)
Proc: Lat the approximation property (3) (8
- for all x in the compact §

y ¢

of the desired trajeciory. Note that f(2) i lncar only in the
one-hink robot am case umption wy(f) = 0 means
morcaver, that the NN can cuctly appraimate ihe required
Buaiinm cns ol of 1B Thi P
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™ control begins immediately, and the NN weights a

B 1T a
4 ¢
his controller, the closed-loop filtered error dynamics

lo initialize without the requirement for “initial stabili

weights.”
Meal Case~Backpropagation Tuning of Weighi«. The neu

L_v____, resal details he closed oop behavio i 4 cetin elied ¢ 0

( ATA ¢ase that demands: 1) no net functional reconstruction error: )
e [ 2) no unmodeled disturbances in the robot arm dynamics; and 14)
g and subtracting MWD& yields 3) no higher-order Thylor series tenms. The List amous (‘if
\f Kot Vadr 4+ WHa 4 WTa 4 (e 415) 4 ¢ assumption that f(z) in (10) is lincag, In this case the tu 0
rules are straightfor “
ith ¢ and o defined in (21). Adding and subtracting now T o’

the proof and the
the algorithm works,

Mis-(K,+Var+ W+ W5+ WTs Theorem 3.1; Let the desingd trajectony be bounded and
»7,  suppose the disturbance te Jin (28) 15 equal to zero,

“Let the control input for (7) Deeghden by (26) with ig) = 0 |
The key step is the use now of the Taylor serics approxi-  and weight wning.pg L = ,;4‘ i
= Y ot N

wtion (23) for &, according 10 which the closed-loop error ol
Al ﬂﬂj 1 ay W

' I 7%
f VW e W T el 8
M K.+V. \ ruy g(qt)

where the distrbance ferms are

and any constant pos

W1 .{\ WToWTzy bre).  (29) the tracking error r(f) goes to zero with ¢ and

. estimates VW are bounded |
unwly.u-mulhnumxsymmdwmﬁ!lﬂ Proof- Define the Lyapunov function candi

butside which & certain Lyapunov function derivafive

NeEative: Therclore, write finally the error sysiem I .‘.r‘,ﬂfn + bt (WTP-1W) 4 fte (¥ e\
Mi = ~(K, +) 11(9

So, so this is sort of where we were going, I am to mark our final lecture here, starting here. Like

I said, you can use Barbalat’s Lemma signal chasing or you can use the LaSalle invariance to
claim that r goes to 0. And once you have r going to 0, you know that you also have error, and
the derivative of the error tracking error going to 0, and that is essentially what it is. So, few
important points. The first in the introduction itself the author's mentioned that most of these
neural network-based laws require very specific or very good weight initialization, so, that

problem is does not arise at all.

In fact, if you see if you take the initial conditions on the weights W hat, V hat to be 0. You see
that the right-hand side of this guy and this guy becomes 0, so it is an equilibrium. So, this entire
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update goes away, so you will stay at W hat and V hat to be 0 for all time. So basically, it takes

the neural network out of the circuit and has the only has only the outer tracking.

So, so of course, basically, if you I mean you can do some kind of a local stabilization using this
Kv term. So, if you have a large enough Kv, and if the filtered error r is already small enough,
then you are fine, so, so anyway. So, so of course it is not possible to choose its large Kv for
several practical reasons. So, this is so this is the connection to the backpropagation algorithm.
So, this is equation-33 and 34 are matched with 37 and 38, which is what is known in the neural

network theory as the back-propagation results.

(Refer Slide Time: 09:49)
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unction over all of K™ ThS 1§ 4 Sirong assumipion
I'Mm \‘ further reveals (he fuillre of simple back- |
[ropagation in the general case, In facl. i the wo-layer NN~
e | I'{ie, Tinear in the parameters). it is easy to
show that, using updatc wie (33), the weights IV are pot .
gencrally bounded unless the hidden-baver vatpat () obeys ™
--«mnmll’!-\ndmmilm 1n the three-tayer (nonlinear) o AT o
T conditions are not casy 1 deriv s faced with - 1 *x
ubservahility properiics of a cenaim bilinear sysiem. This. suWT(F'W e
used in & nev vlmv cannol exactly recomsifit
o arn with bounded unmodelod disturhances.

operty (4) hold with

e Lyspunoy function (35), differeotiating,
o from the exvor system (30) yields

bt VIG 'V o'W ) 4 (o

So, theorem is when it reveals that when, when only this back propagation alone will suffice.
And this is when this term is exactly equal to 0. And and this is what [ was saying that this first
term in 29 reveals that it is a rather strong assumption than just some linearity of fx. So, even if
epsilon is 0, tau d is 0, f is linear, this is not guaranteed. So, and of course, fx is of course, only
linear in the one link arm case. So, there is a lot of assumptions, a lot of assumptions. So, this is a
I mean, wl being equal to 0 is a very strong assumption. So, so of course, then there is additional

results that are in this article also.

So, that is what is there in theorem 3.2, it reveals the failure of simple back propagation in the
general case. Basically, it can be shown the author's themselves, I am not sure if they are

showing it themselves, so we will not worry about that right now. But, the point is it can be
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shown that the weights become unbounded. I mean, all of this is because of the assumption that
wl is equal to 0, wl is not really 0, even for the linear fx case. And even the linear case happens,
only if fx is only the robot the single link rotate. So, this is what the authors say are generally not

bounded, unless the hidden layer obeys a stringent persistence condition.

(Refer Slide Time: 11:26)
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0and ! < 0 this slmmmlhl) in the sense of
that r, V', and W (and hence V', W) are bounded

/ ~Ldt<
0

extension [17], [41] is now used to show that
goes 10 zero. Boundedness of r guarantees the
of e and ¢, whence boundedness of the desired
ws ¢, .z are bounded. Property 2 then shows
of Viu(g,9). Now, L = 2" K,7, and the
of M~"(4) and of all signals on the right-hand
verify the boundedness of L, and hence the
inuity of L. This allows one to invoke Barbalat's
[41] in connection with (36) to conclude that L
with ¢, and hence that r({) vanishes |
he problem of net weight initialization occurring
oaches in the literature does not arise. In fact,
imtial weights W(0), V(0) as zero takes the NN
reuit and leaves only the outer tracking loop in
ell known that the PD term K, 7 in (26) can then
lant on an interim basis. A formal proof reveals

(36)

or when f(z) is nonlincar, cannot be guaranteed to yield
bounded weights in the closed-loop system.

General Case: To confront the stability and tracking per-
formance of a NN robot arm controller in the thomy general
case, we require: 1) the modification of the weight tuning rules
and 2) the addition of a robustifying term v(#). The problem in
this case is that, though it is not difficult to conclude that r(t) is
bounded, it is impossible without these modifications to show
that the NN weights are bounded in general. Boundedness of
the weights is needed to verify that the control input 7(t)
remains bounded.

The next theorem relies on an extension to Lyapunov theory
The disturbance 74, the NN reconstruction error ¢, and the
nonlinearity of f(x) make it impossible 1o show that the
Lyapunov derivative £ is nonpositive for all #(¢) and weight
values. In fact, it is only possible to show that L is negative
outside a compact set in the state space. This, he
one to conclude boundedness of the tracking ¢
neural net weights. In fact, explicit bounds afy
during the proof. The required Lyapunov exteg
Theorem 1.5-6], the last portion of our proof be|
the proof used in [26].

@1 be large enough and the initial filtered egpr__ Theorem 3.2: Let the desired trajectory be boud

Now, therefore, there is a need to look at the more general case. So, so of course, there is need to
modify the tuning weight, there is the need to add a robustifying term, so, both of these are there.
So, we already added v, because in the previous result, we assumed that v was exactly 0. And we
gave a set of weight tuning rules. Now of course, the authors will give a slightly different weight

tuning. So, so this is what is going to be detailed in the second theorem.
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M *(g) and of all signals on the nght-hand ¢ niext theorem relies on an extension o Lyapunov theory,
verify the boundedness of L, and hence the The disturbance 7y, the NN reconstruction error ¢, and the
uity of L. This allows one (o invoke Barbalat’'s nonlinearity of f(x) make it impossible to show that the
[[41] in connection with (36) to conclude that £ Lyapunov derivative L is nonpositive for all r(t) and weight
ith ¢, and hence that r(t) vanishes. W values. In fact, it is only possible to show thar L is negative
 problem of net weight initialization occurring  outside a compact sef in the state space. This, however, allows
haches in the literature does not anse. In fact, one o conclude bouhdedness of the tracking error and the
nitial weights W(0), /(0) as zero takes the NN neural net weights. In explicit bounds are discovere
uit and leaves only the outer tracking loop in  during the proof. The requirét-Lyapunov extensi
1l known that the PD term K, r in (26) can then  Theorem 1.5-6], the last portion of our proof being similar to
ant on an interim basis. A formal proof reveals the proof used in [26].

d be large enough and the initial filtered error ~ Theorem 3.2: Let the desired trajectory be bounded by (18)
ough. The exact value of K, needed for initial Take the control input for (7) as (26) with robustifying term
given in (9], though for practical purposes it is

1o select K, large o(t) = =Kz(|1Z)|¢ + Zar)r (39)

t (33) and (34) are nothing but the continuous-
pf the backpropagation algorithm. In the scalar  ypg gain
for instance

a'(z) = a(2)(1 = 0(2)) (37 K.>C
with (5 the known constant in (32), Let NN w|
be provided by

TWr=o(VT2)1 - oV 2)Wr (38)
— e

So, of course, this I mean the disturbance tau d and the reconstruction error, make it impossible
to show that L is L dot is non-positive for all r. So, therefore, you can only show that it is L dot is
negative outside a compact set, so this is what is as usual our residual set, type result, you are
used to this. Because, if there is disturbance, there is an epsilon error in the function
approximator, then, you are used to the, I mean you have to have some kind of residual set
performance zone, you cannot have exact conversion. So, one should not even expect any exact

convergence. So, this is the first important thing to remember.

(Refer Slide Time: 12:53)
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should be large enough and the initial filtered error  Theorem 3.2 Let the desired trajectory be bounded by (18).
hall enough. The exact value of K, needed for initial Take the control input for (7) as (26) with robustifying term
ation is given in [9], though for practical purposes it is

cessary (0 select K, large u(t) = =Kz(\2llr + Zn)r (39)
next that (33) and (34) are nothing but the continuous

rsion of the backpropagation algorithm. In the scalar gy gain

case, for instance

K.>C (40)

a(2) = a{z)(1 - o(2)) 37

with C; the known constant in (32). Let NN weight tuning

i be provided by
#TWr = oV T2 - o(VTe)Wr aap ™ : g—

i s i ‘ O T T g
s the filtered error weighted by the current estimate W W = Far® = F&' Vo™ = kFilr|W @1
(tiplied by the usual product involving the hidden-layer V =Ge(aTWr)T = kGlr|V @)
rem 3.1 indicates when backprop alone should suffice; with any constant matrices F = FT50.G = G'>0,

. when the disturbance wy(t) is equal to zero, Ob-
the first term in (29) reveals that this is a stronger
tion than simply lincarity of the robot function f(z) in
at is, even when e(z) = 0,74 = 0, and f(z) is linear,
bp tuning is not guaranteed to afford successful tracking
fesired trajectory. Note that f(x) is linear only in the
2 m case. The assumption w;(f) = 0 means,
IERRR or. that the NN can exactly approximate the required

war all of PP This is's sieans i

and scalar design parameter x>0, Then, for large enough
control gain K, the fillered tracking error r{t T
weight estimates V', W are UUB, with practical boy
by the right-hand sides of (43) and (34). !
error may be kept as small as desired by
the gains K, in (26).
Proof: Let the approximation property (3) §
egiialedcounc o dopall = in the compact |8
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= Facr 5: The disturbance term (31) is bounded according to

Tl < (en + b + exZuc) + caZadl &l p + et el

|
i Il S % +erlZlle o

with €, computable known positive constants

i |
m |
[ =y
< Y . Weight Updates for Guaranieed Tracking Performance

M——

el [

L=
e

I\
I
W

Fig. 2 NN conrol srwciun
NN weights

VW remain bounded, for then the is bounded

with (t) a function to be detailed subsequently that provides
robustncss. in the face of higher-order terms in the Taylor
series. The proposed NN control structure is shown in Fig, 2,
where ¢ = [¢747|7e = [¢"

Using this controller, the closed
become

Mi =

are that stability is
hase 50 that NN
and the NN weight
equirement for “ir

The key features of all our al
guaranteed, there
control begins imm
10 initialize without {

weights,”

Ky 4 Valr + WTa(VT2) - WTa(VTs) st exsile o o beh

] sult details the ¢ p behavior in a
'_V,\-—-J case tha 1) no et functional recof
e 1 subtractinglBiBByicl ('R 2) no unmodeled disturbances in the robot am;
Adding and subtracting W@ yields 3 bigher-order Taylor seres ferns, The L :

Mi = =Ky 5 Vi lr 4 W 4 1 rpepeeprmemremesees 7 10 (1) 15 lineag. In this

So see, so, this is the sort of robustifying term that the authors introduce. So, this is essentially
the robustification term, it contains of the I mean honestly not a smooth term. It is a non-smooth
term if you may, and this term is like a norm of Z hat, Frobenius norm of Z hat. And then of
course, you have some state dependent terms. And then end with some gain which is larger than
some constant C2. And this constant C2 is known in equation 32, it is coming from the bound-on

W. So, the idea is sort of to take care of this, sort of terms, so we will see how that happens.

(Refer Slide Time: 13:38)
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SUll GELAITS The ClOed-00p Dellavior in & certain \dealizeq
i case that demands: 1) no net functional reconstruction ermor
Adding and subtractingiiBiBlbyicld 2) wo unmodcled disturbances in the robot arm dynamics: and
dding and subtracting T yields 3 no higher-order Taylor eries tems. The la
Mi Ke+Voalr+ WTa+ WTa + (e +1) +v assumption that f(z) in (10) s hineag, In this
rules arc straig rd
the proof and the ns. thus determines
the algorithm works, and w annol be relied on.
Theorem 3.1: et the desinsd trafectory be bounded and
(27, Suppose the disturhance fer )m (28) is equal 1o zero.

Let the control input for (7) Be=ghien by (26) Wil w(t) = 0 ] p
the Taylor series approxi-  and weight tuning provided by Yag'd
! 1 Y ~ \

10 which the closed-loop error L ~
WaFinT 0“& ‘p an W

-

with ¢ and o defined in (21). Adding and subtracting now
W yicks

(K, Vi )r e WTa s W& VT e 2 V =G (M)
where the disturbance tems are and any constant positive definile (design) matrices F, G, Thea
wilt) = WreVTE + WTOP 2 + (e + 74 (29) the wacking error ¢t o zero with ¢ and the weight
— . estimates ¥, W are bounded.
- tely, using this error system does mmld Proof: Define the Lyspunov function candidate
itside which a certain Lyapunov function decivative
¥ ARgative. Thercfore, write finally ilw(uw@m L= br"Mr+ dte (WTF W) 4 Je (VTGY),
7

M# = = (K, + Vo )r + WT(o = &
FWT VT s o
K, +Va)r+0 oy L=r"Mi et M b (WTETW) 4

Differentiating yields

where the disturhance terms are whence substitution from (28) (with w
WTalv e+ WIO(VT2)? 4 ) = . ’
L=-r"Kor+ e (M- Wo)r +te ¥
t is imporant o note that the NN recons: ’
I importan that thy n cu Ve W T

z), the mobot disturbances 7, and the higher-orler ter
HIES e —
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paic nothing bul The Continuous:

pagation algorithm. In the scalar .4 gain

(40)

(2)(1~a(2)) @ K:>C

with Cy the known constant in (32). Let NN weight tuning
be provided by

o)1 - o(VTz)|Wr (38)

ighted by the current estimate W W =ForT - Fa'VTor™ - kF|r|W (41
roduct involving the hidden-layer V- Gr(6TWr)T = xG|r||V €2)

kn backprop alone should suffice;
wy(t) is equal to zero. Ob-
) reveals that this is a stronger
rity of the robot function f(x) in
) = 0,74 =0, and f(z) is linear,
teed to afford successful tracking
¢ that f(z) is lincar only in the
R assumption wy () = 0 means,
303:xactly approximate the required

with any constant matrices F' = F7>0,G = GT>0,
and scalar design parameter x> 0. Then, for large enough
control gain K,, the filtered tracking error r(t) and NN
weight estimates ¥, W are UUB, with practical bou
specifically by the right-hand sides of (43) and (44). I
the tracking error may be kept as small as desired by {f
the gains K, in (26).

Proof: Let the approximation property (3) |§
g enneeuey—sm—tor-al=e in the compact g

Multilayer_neural-net_Lewis_Liu

with €y the known constant in (32). Let NN weight tuning

be provided by
= o (VT - oV (G ’

prror weighted by the current estimate W W =Far® = F&'VTar" - kFlr|W 1
usual product involving the hidden-layer V =Gz [U;J'“-”'r :NUHY"I\-' @)

fates when backprop alone should suffice;
isturbance w(f) is equal to zero. Ob-
n in (29) reveals that this is a stronger
ly lincarity of the robot function f{z) in
hen £(z) = 0,74 =0, and f(z) is linear,
bt guaranteed to afford successful iracking
ory. Note that f(x) is linear only in the
base. The assumption wy () = 0 means,
KN can exactly approximate the required
1™ This is a strong assumption.
r reveals the failure of simple back-
neral case. In fact, in the two-layer NN
linear in the parameters). it is easy to
pdate_rule (33), the weights W are not
oless the hidden-layer output o(x) obeys
jon [18]. In the three-layer (nonlincar)
R rc not easy to derive as one is faced with

with any constant matices F = FT50.G = GT>0,
and scalar design parameter > 0. Then, for large enough
control gain K,, the filtered tracking emor r(t) and NN
weight estimates V, W are UUB, with practical bounds given
specifically by the right-hand sides of (43) and (44). Moreover,
the tracking error may be kept as small as desired by increasing
the gains K, in (26)

Proof: Let the approximation property (3) hold with
a given accuracy ¢y for all = in the compact set U, =
{z)|z|| < b} with b, > ¢yQy in (19). Define U, = {rfjr]] <
(hy = ,Q4)/cz}. Let r(0) € U,. Then the approximajis
property holds.

Selecting now the Lyapunov function (35), differentiat}y

and substituting now from the error system (30) yields S

And then the neural network weight tuning is changed a little bit. If you see the second term is
not very different from what we had. So, you had Gx sigma hat prime transpose, W hat r
transpose. And this is exactly the same, Gx sigma hat prime transpose W hat r whole transpose,
this is exactly the same. But, the first term was F sigma hat r transpose in the back-propagation
term case, and here it is modified to include two more terms. Again, there is a non-smooth term
here, but, it is a nice continuous term, but a non-smooth term, because it is a norm r type of a

term.

And this term is also written in terms of norm r type of term, I think this is not equal to, this is

what I need to. Let us see, let us just a second please, just give me a moment, please. I think that
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term is not quite right. I believe this is not equal to this is actually a minus term, and this is not an

equal to, but this is a minus term. That is a typo error in the paper, so that is fine.

So, this also the V hat dot is also changed, and the W hat dot also changes. So, you have the ideal
version and then you have these new terms. And now, how you and essentially what you can
prove is that for large enough Kv and the filter tracking error r, these become uniform ultimately
bounded with practical bounds given specifically by 43 44. So, this is what you sort of obtain,

this is what you sort of obtain.

(Refer Slide Time: 15:49)
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Theorem 3.1 indicates when backprop alone should suffice;
namely. when the disturbance w(f) is equal to zero, Ob-
serving the first term in (29) reveals that this is a stronger
assumption than simply linearity of the robot function f(x) in
(10). That is, even when (z) = 0,74 = 0, and f(z) is linear,
backprop tning is not guaranteed to afford successful tracking
of the desired trajectory. Note that f(z) is linear only in the
one-link robot arm case. The assumption w;(t) = 0 means,
moreover, that the NN can exactly approximate the required
function over all of ™ This is a strong assumption.

Theorem 3.2 further reveals the failure of simple back-
propagation in the general case. In fact, in the two-layer NN
case V= T (ie., linear in the parameters), it is easy to
show that, using update rule (33), the weights W are not
generally bounded unless the hidden-layer output o) obeys
4 stringent PE condition [18). In the three-layer (nonlincar)
case, PE conditions are not easy to derive as one is faced with
the observability properties of a certain bilinear system, Thus,
backpropagation used in a net that cannot exactly reconstruct
f(x), or on a robot arm with bounded unmodeled disturbances,

with any constant matrices F' = FT>0,G = GT>0,
and scalar design parameter % > 0. Then, for large enough
control gain K, the filiered tracking error rt) and NN
weight estimates V, W are UUB, with practical bounds given
specifically by the right-hand sides of (43) and (34), Moreover,
the tracking error may be kept as small as desired by increasing
the gains K, in (26)
Proof: Let the approximation property (3) hold with

a given accuracy ¢x for all x in the compact set Uy =
{xz]l < be) With b, > e,Qy in (19). Define Up= (rljrf <
(b = &,Q4)/ez). Let r(0) € U.. Then the dpproximation
property holds

Selecting now the Lyapunov function (35), differentiating,
and substituting now from the error system (30) yields

L==r"K,r+ §r (M = 2V,)r
+ e WI(F'W 4 807 = 5V T2eT)

VG WV + 2 TWTe) 417 (w

Multilayer_neural-net_Lewis_Liu

selecting the initial weights W(0), V(0) as zero takes the NN
oul of the circuit and leaves only the outer tracking loop in
Fig. 2. It is well known that the PD term K, in (26) can then
stabilize the plant on an interim basis. A formal proof reveals
that K, should be large enough and the initial filtered error
r(0) small enough. The exact value of K, needed for initial
stabilization is given in (9], though for practical purposes it is
only necessary o select K, large.

Note next that (33) and (34) are nothing but the continuous-
time version of the backpropagation algorithm. In the scalar
sigmoid case, for instance

Theorem
the proof

and gain

(&)

a'(z) = o(2)(1 = a(2))

#TWr = a(VT o)1 - o(VT2)Wr

(38)

which is the filtered error weighted by the current estimate W
and multiplied by the usual product involving the hidden-layer
outputs.

Theorem 3.1 indicates when backprop alone should suffice;
namely, when the disturbance wy(f) is equal to zero, Ob-
serving the first term in (29) reveals that this is a stronger
assumption than simply linearity of the robot function f(z)in
{10V, That is, even when e(z) = 0,74 = 0, and f(z) is linear,
22 > wning is not guaranteed 10 afford successful tracking
of the desired trajectory. Note that f(z) is lincar only in the

with any

with Cy the known constant in (32). Let NN weight tuning
be provided by

neural net weights, In Pag
during the proof. The requird

1.5-6], the last portion of our proof being sim
used in [26].

Theorem 3.2; Let the desired trajectory be bounded by (18).
Tuke the control input for

At obustifying term
=

(39)

K.>C; 40)

W =FarT — Fa'VTzr? - kF|lr|W

V =Gz(aTWr)T

@n

constant matrices F' = FT>0,G

and scalar design parameter % >0, Then, for S
control gain K., the fillered tracking emor |
weight estimates ':’, !
specifically by the right-hand sides of (43) and (4
the tracking error may be kept as small as desired

are UUB, with practical
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ME = =K, 4V, e+ W o+ W73 VT 2+ 28 V= Qe(aTWr)T
here the distorbance terms are and any constant positive definite (design) matrices F, . Then
wy(t) = WVl + WIO(VIz)? 4 (e 4+ 74).  (29) the tracking ermor r(t) goes to zero with ¢ and the weight
estimates V, W are bounded.
Uakagtunately, using this error system does not yield Proof: Define the Lyapunov function candidate
tside which a certain Lyapunov function derivative
ercfore, write finally the error sysiem L= 4rTMr+dte (WTE'W) + 4 (VTGW). (35)

=g ‘_-J“i,(!)
(Ko + Vlr-£ (8 -0 7 Differentiating yields

FWTa'VTr 40+ v
(Ky + Vi )r +0 L=eTMi 4 3" Mr o te (WP 'W) 4 tr (VTGV,

here the disturbance terms are whence substitution from (28) (with w; = 0,v = 0) yields

wit) = WalTe+ WOV ) 4 (e 4+1a). QD) : ; =

o b=—rTKor + 17 (M o2ledat te W7 (F-'W 4 61

It is important to note A ;

y su V(6w Kg Wl

serics CXpansic The skew symmetry property makes the second term zero,
i N o 2

as disturbances in the ¢ and since W = W = W with W constant, so that dW /df =

£ dW [dt (and similarly for V), the tuning rules g
known computable function,

follows from Fact 4 and some standard norm inequalities L=-"K,y €0

Multilayer_neural-net_Lewis_Liu -

RRLL o the proof and the conditions thus determined showing when

the algorithm works, and when it cannot be relied on

(o + Vo br + +W'a + Theorem 3.1: Let the desired trajectory be bounded and
+ 1)+ v (27) suppose the disturbance 1 ) in (28) is equal to zero,
1

Let the control input for (7) Be-givgn by (26) avith u(t) = 0
The key step is the use now of the Taylor series approxi-  gnd weight tuning provided by f J

mation (23) for o, according 10 which the closed-loop emor .
system is 5% W =Far™
2 v v T S ’
M# = (K AV ) r+ W WTo P Tr sl (28) ’\]1,) V =Ge(a i
ol

where the dist e ferms arc § o
where the disturbance terms. arc and any constant positive definite (design) matrices F, G. Then

" estimates V, W are bounded.
Uslagunately, using this error sysiem ¢°‘»\"°§Yl=m Proof: Define the Lyapunov function candidate
utside which a certain Lyapunov function derivative
I8 negative, Thercfore, write finally the g‘r[nf@;\‘lll L="Mr+ dtc (WTF'W) 4+ Le (VIGWY).  (35)

Mi=~(K, + Ve + WT(a = ¢ )i

! ' Differentiating yields
4 n- W+
=—(K] : L=r"Mi4 " Mrbte (WP W e (VTC

r+¢ (30)

s
r\ wy(t) = W Jn@ FWIOWVT2) 4 (e + 1) (29) the tracking error r(f) goes to zero with f and the weight

where the disturbance terms are whence substitution from (28) (with w;

wit) = WTalVJe 4 WHO(V 2P 4 (e 4 ). ) Iy ! ; |
L==rTKur+ 3T (M = 2Va)r + tr 1§

It is important to note that the NN reconstruction error

e T Tar
+a VG 'V e W
#(x), the robot disturbances 74, and the higher-order terms

in the Taylor scries expansion of f(x) all have exactly the  The skew symmetry propenty makes th

ST —

So, so you of course, assume these nice approximation properties hold, which is this for the
function approximator with some epsilon N, in and we assume that this also holds not
everywhere, but in this nice set. This is nice set. And again you have Ur, which is a set, which is
correspondingly defined for the r variable. You typically assume that these bounds hold within a
certain set. So, then of course this approximation property holds here, for this set r in Ur, 0 in Ur.
So, now as usual you do the Lyapunov derivative, so this is the nice term, then you have this

skew symmetry term which is going to go away.

Then, this first term is coming just from the derivative of our same L. The L is not changed

actually, the L is still the same, so this, so this is the term. So, the first term here, so this term is
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coming from this guy, and then this is coming from your r dot. And so, this these terms are
coming from r dot. So, in fact, these, this term and this term is not different from what you had in
the previous case, except for of course, the fact that you have introduced a V. And, so that sort of
also has to show up here, those terms also show up corresponding to the v here, because you

have this kind of a term.

So, and then then you have this term which was again same as before. So, so the additional terms
if you see are, you had a sigma hat r transpose and this term already, so the additional terms here
are, so, these two terms were already there. So, the additional term is sort of this guy. Let us see
this an additional term, but this two was already there. Yes, this is an additional term because we
are using equation number-30, so we are using this guy. So, the, so this guy results in this term,
and the V term is coming from this, so this guy accounts for the first term here. So, everything

else is the same, in fact, my my my mistake, the V is not even stated until now.

(Refer Slide Time: 18:37)
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The twning rules give ; - e
L= ~rTKor 4wl WT(W - W) " i B i
# wfrfier VIV = V) + Tw 4 v) . — }
Ky + e 27(2 - 7 -,-'wl Tw¥ g
A, el
Since tr INZ=2)=(2,2)p - |2} < |20 \2)5 - AN [ L_
Z||F, there results | 1
L < =Kominllrll* + sllrlll 21 p(Zn = 1211¢) . N e —_—
Kz(1Zll¢ + Za)Ir P + il S
< =Kominllrll® + =llrllllZ1#(Zae = 1 Z1l5) Fig. 3. Neural net closed-loop emor system.
Kz(121l¢ + Za)llrl? %
L i 3 i weight errors are fundamentally bounded by Zjy (through
t [IelllCo + Cil|1Z + CallZl el p: 2
rliCo+ CulZlle + CallZllrl The parameter x offers a design trade-off hetween the rell
< =[Irl[ Ky minlirll + K2} £ (12 )1# — Zar) eventual magpitudes of ||r|| and || Z||
Co=C||Z|s The first terms of (41) and (42) are nothing but the sta
backpropagation algorithm. ]
where K,y is the minimum singular value of K, and the modification (26] in st

Tast inequality holds due 1o (40). Thus, L is negative as long
as the term in braces is positive.
Defining C's = Zy+C', [r and completing the square yields
Ko minlirll + 12 F(1Z2)lF = C2) = Co

&{l|ZllF = C3/2)* = kCHA+ Ky min)lr]] = Co

which is guaranteed POSItive 85 o uiabile e Y510 WaVe in the backpig

guaraniec bounded paramete
sort of forgetting term in the
in (41) is novel and bears disgly
terms can be thought of as b
nonlinear “backprop” n
The second term in (4
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Theorem 3.2: Let the desired trajectory be bounded by (18)
Take the control input for (7) as (26) with robustifying term

(s should be large enough and the initial filicred error
small enough. The exact value of K, needed for initial
ization is given in (9], though for practical purposes it is
necessary (o select K, large

next that (33) and (34) ase nothing but the continuous
version of the backpropagation algorithm. In the scalar
id case, for instance

olt) = =Kz(\Z]lr + Za)r 39

and gain

o'(z) = ofz)(1 - () (an
with Cy the known constant i

be provided by

aTWr = o(VT2)[1 = o(VT2)Wr (38

is the filtered error weighted by the current estimate W W =For" = Fa'VTar" - aFlr|W “n
nultiplied by the usual product involving the hidden-layer V = Gz(aTWr)T ;”’-h, na @)
s
orem 3.1 indicates when backprop alone should suffice; T . T

H with any constant matrices F = FI>06 = G' >0,
ly, when the disturbance wy(f) is equal w0 zero. Ob- ¢

: >0, Then, & enou,

g the finst term in (29) reveals that this is a stronger b TI:;h‘k;(wn ﬁd"ﬂ‘h‘mm NUI:I(IBI '"‘ “'«"( and Nl.s

nption thn simply lincarity of the rabot function f(x) in
That is, even when () = 0,74 = 0, and f{z) is linear,
rop tning is not guaranteed to afford successful tracking
b desired trajectory. Note that f(x) is linear only in the
nk robot arm case. The assumption w (L)
Sver, that the NN can exactly approximate the required

fon over all of B™ . This is & strong
Ef 32 further reveals the faflure of simple b

weight estimates |/, W are UUB, with practical bounds
specifically by the right-hand sides of (43) and (44). Mot
the tracking error may be kept as small as desired by inciy
the gains K, in (26). o

Proof: Let the approximation property (3) hol
a given accuracy ¢y for all z in the compact set
irﬂ.rﬂ £ b ) With B > 3@ in (19). Define [F' 4

= ) means,
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weight errors are fundamentally bounded by Z ¢ (through

+I#lCo + Cill2 e + Cal\ 21 lInf) : )
(G + CillZ e + Call 20l The parameter x offers 4 design trade-off between the rel
Il | Ko minllrll + KNZ] (N Z e - Zar) eventual magnitudes of |r|| and ||Z]|s
Co=Ci||Z || The first terms of (41) and (42) are nothing but the stan

backpropagation algorithm. The last terms correspond 1

where Ky iy is the minimum singular value of K., and the

Tast inequality holds due 1o (40). Thus, L is negative as long
as the term in braces is positive

Defining €3 = Zyy+C' [ and completing the square yields

Kominlirll + 5| ZIF(1Z]lr = C2

= &([|Z]lF - Cy/2)*

-G

+ Kyminlrll = Co

kO34
which is guaranteed positive as long as either

nL_,/-l-r(.;.

Il > ———=b 3

or
Ve > o2+ J3l 4 Cofnzbz )
where
Cy=Zx+Ci/x (45)

Thus, I, is negative outside a compact set. The form of the
right-hand side of (43) shows that the control gain K, can
be selected large enough so that b, < (b; — €Q4)/c2. Then,
any trajec
Il A

y (1) beginning in [, evolves completely within

condine to 9 standard 1 vofSR T

e-modification (26] in standard use in adaptive contrd
guaraniee bounded parameter estimaies; they form a sp
sort of forgetting term in the weight updates. The second
in (41) is novel and bears discussion. The standard bac
terms can be thought of as backward propagating signa
nonlinear “backprop™ network (27| that contains multip)

The second term in (41) sees
travelling wave in the backprop net that provides a se
order correction to the weight tuning for W
Note that there is design freedom in the degree of com
ity (e.g., size) of the NN, For a more complex NN (e.g.,
hidden units), the bounding constants will decrease, res
in smaller tracking errors. On the other hand, a simplified
with fewer hidden units will r
degradation ¢an be compen
known, by selecting B
signal v(t), or for A in 9)

to correspond to a for

weights for the two. Im- a
presented in (32], [33], and [
are used for uning W. In the |4
algorithm is given in [22] d
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So, once you do that, the authors apply the tuning rule, and they do a bunch of simplifications. I
am not going into the complete details of this. I would ask you to verify the steps here, in order
to get to this, I will ask you to verify the steps. So, these nice negative terms still remains. And
then you have this kind of W minus W tilde, V minus V tilde, and r transpose w plus v type of
term. So, V is still not substituted notice. And then of course, there is a you do this kind of nice
trace equalities, and then you bound these trace equalities. And once you do that, you start

working with the norms everywhere, the vector norms and the matrix norms here.

And this is where of course you introduce the expression for V also, and that expression for V

gets substituted here. So again, I am not going into the details, I will ask you, I will request you



to sort of verify the details. These are simply just using standard norm inequalities. And then this
this particular equality and inequality right here, and after substitution of v, you get this kind of
final expression, this kind of a final expression. Here Kv min is of course, minimum singular
value of Kv, and the last inequality holds due to 40. So, so basically 40 is this guy. So, a lot of lot
of the earlier inequalities that were mentioned have been used here, in order to arrive at these

bounds, at this nice bound here.

So now, if you do a nice completion of squares after defining this kind of a this kind of a new
variable C3. So, what is the completion of square? The completion of square is being done here
on this term, so this term is this guy, and here is what you have here. And and you you sort of

nicely break it into these pieces.

And, of course, this is where you sort of, you sort of do a standard completion of squares in order
to get your residual set bound. And that is essentially what is being done in these steps, that is
essentially what is being done in these sets. So, you get two different sets. So, one set is obtained
from here, this guy, that is here C3. And this, and then you have another set on r. So, once it is on

the Z tilde, which is a parameter error, and other set is on the r, which is the state errors.

(Refer Slide Time: 21:58)
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Thus, L s negative outside a compact set. The form of the
right-hand side of (43) shows that the control gain K, can
be selected large enough so that b, < (b, — ¢,Q4)/c2. Then,
any trajectory r{t) beginning in U, evolves completely within
Uy According o a standard Lyapunoy theorem exiension [17),
[26), this demonstraies the UUB of both |irfl and | Z[lz. ®

Some remarks are in order. First, since any excursions of
rll or [|Z]5 beyond the bounds given in (43) and (44),
respectively, lead to a decrease in the Lyapunov function L,
it follows. that the right-hand sides of (43) and (4d) can be  (4) = W74, for error system (28)
taken as practical bounds on [|r|| and ||Z]| . respectively, in
the sense that the norms will be restricted to these values plus

o-la

presented in [32], [33], a

are used for wning W, In the nonlinear cas
algorithm is given in [22]

IV, PASSIVITY PROPERTIES OF THE NN

The closed-loop error system appears in Fig. 3, with
signal (; defined as

Galt) = -WT(g -~ &'V7z), for error system (30).

bitrarily small ¢ >0, (In the former case, signal w(t) shoul

arison with the results of [26] for adaptive control  Note the role of the NN, which i
s that the NN recor jon emor ey, the bounded effective blocks appearing in a typical feedback c
series terms, all  in contrast to the role of the NN in the controller

embodied in the constants Cy, Cy, increase the bounds on Passivity is important in a closed-loop system as it g
[¢|| and ||Z]| in a very interesting way. Note from (43), antees the boundedness of signals, and hence suita

however, that arbitrarily small tracking eror bounds may formance, even in the presence of a
be achieved by selecting large control gains K,. (If K, is turbances as long as they arg
taken as a diagonal matrix, Ky, i simply the smallest cannot be guaranteed to be p

gain clement.) On the other hand, (44) reveals that the NN however, that the weight Hu‘.u\‘

And it is what you get is that L dot will be negative outside this compact set, and which is
defined by these two inequalities 43 and 44. And therefore, you have standard uniform ultimate

boundedness for both r and Z tilde F. And because Z tilde contains both V tilde and W tilde, you
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have what you need. So, one thing is obvious that any excursion beyond these 43 44 leads to
decrease in Lyapunov function, which means that you will get them back into the bounds. So, Z
and Z tilde and r of course, restricted within this residual set. So, so anyway, I mean these bounds
are dictated by number of higher order terms in the Taylor series, and magnitudes of the Taylor

series bounds et-cetera.

(Refer Slide Time: 22:51)
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€ - Ko minllrll® + sllrlllZ|r(Zn

[1Zllr)

Kz(12llF + 23)lirl*

+IeliCo + Coll 2 + Call 21 F i)

Pl (Ko miallrll + s1Z0F (N2 07 ~ Zne)

Co ~ Gy |Z]])
ere K, in 18 the minimum singular value of Ky and the
t inequality holds due to (40). Thus, L is negative as long
the term in braces is positive,
Defining €y = Zag+C) [w and completing the square yields
Kooslirll + 5121 (1216 - C2) - Co
&(|Z]|r - C3/2)* - kC} /4 + K, minll]l - Co
ich is guaranteed positive as long as either
&Ui/4+Co

K\ min

=b,

[iell >

W2l G+ R+ Colmbz o)

Fig. 3. Neunsl net closed-loop ermor system

weight errors are fundamentally bounded by Zyy (through Cy).
The parameter & offers a design trade-off between the relative
eyentual magaitudes of ||r]l and |IZ|L¢

The first terms of (41) and (42) are nothing but the standard
backpropagation algorithm. The last terms correspond 10 the
e-modification [26] in standard use in adaptive control to
guarantec bounded parameter estimates; they form a special
sort of forgetting term in the weight updates, The second term
in (41) is novel and bears discussion. The standard backprop
terms can be thought of as backward propagating signals in a
nonlinear “backprop” network [27] that contains multiplicrs.
The second term in (41) seems to correspond 10 & forward
travelling wave in the backprop net that provides a second-
order correction 1o the weight tuning for W

Note that there is design freedom in the degree of complex
ity (e.g.. size) of the NN, For a more complex NN (e.g., more
hidden s), the bounding constants will resulting
in smaller tracking errors. On the other hand, a simy
with fewer hidden units will result in larger error bol

degradation can be compensated for, as long as bof

known, by selecting a larger value for K, in the roff

Ca=Zu +Cy/x (45) signal v(t), or for A in (9).
An alternative to guaranteeing the boundedness ¢J

pus, 18 negative outside & compact set. The form of the yeiop for the two-layer case (ie., linear in th

Ph-hand side of (43) shows that the control gain

PPN =per=—m here ¢
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with Cy the known constant in (32). Let NN weight tuning
be provided by

(38)

TWr = a(VTz)(1 - oV z)Wr
@n
@)

g o T ey S -
ltered emror weighted by the current estimate W W=Far" = Fa'Viar' = sF||r||W

d by the usual product involving the hidden-layer V =Gz(aTWr)T :K(;m“'

.1 indicates when backprop alone should suffice;
In the disturbance wy(t) is equal to zero. Ob-
rst term i (29) reveals that this is a stronger
an simply linearity of the robot function f(x) in
even when e(z) = 0,74 = 0, and f(z) is linear,
ng is not guaranteed to afford successful tracking
trajectory. Note that f(z) is lincar only in the
t arm case. The assumption wy(t) = 0 means,
it the NN can exactly approximate the required
all of #™ (This is a sfrong assuniption:

B.2 further reveals the failure of simple back:
n the general case. In fact, in the two-layer NN
(i, Tinear in the parameters), it is easy to
ing update_rule (33), the weights I are not
ded unless the hidden-layer output a(x) obeys

condition [18). In the three-layer (nonlincar) . X LeNf - OV
4 . 4 FANia

with any constant matrices F = FT>0.G = G" >0,
and scalar design parameter > 0. Then, for large enough
control gain K, the filtered tracking emor r(t) and NN
weight estimates ¥, W are UUB, with practical bounds given
specifically by the right-hand sides of (43) and (44). Morcover.
the tracking error may be kept as small as desired by increasing
the gains &, in (26).
Proof: Let the approximation property (3) hold with
a given accuracy ey for all z in the compact set'ly =
{xfl]] £ be ) With by > ¢3Qq in (19). Define DS
(b, = eyQ4)/ea}- Let r(0) € U,. Then the ap
property holds o
Selecting now the Lyapunov function (35), dif
and substituting now from the error system (30)

And of course, as you know that the first terms are nothing but the backpropagation algorithm
itself. So, this is what is the standard backpropagation, and the last terms look like the epsilon

modification. So, if you look at these terms, these are sort of like, so, these are like the standard
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backpropagation. And these terms look like your epsilon modification, because this contains a V
hat term and this is basically a W hat term. So, this is like an epsilon modification. And this why
it is an epsilon modification instead of a sigma modification? Because the additional terms are

scaled by the state remember.

In the sigma modification, the W hat and V hat term would be scaled by a constant, here they are
not scaled by a constant, they are scaled by the state value itself. So, why it is better is because, if
r becomes close to 0, you do not stop learning the parameter. Because, in the constant gain case,

if r goes close to 0, these terms are dead.

These terms, if r goes close to 0, these terms become 0. But, this term continues to dominate and
push W hat and V hat will continue to dominate and push W hat and V hat towards 0. So,
whatever parameter value that was learned is lost. So, this is like an epsilon modification,
because it is also scaled by norm r. So, that is the whole idea. So, this is like an epsilon
modification. So, as I mentioned, we will not look into the passivity properties of the neural

network right now.

(Refer Slide Time: 24:27)
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bounded in terms of the power delivered (o each block. Then,

Unfortunately, though dissipative, the closed-loop system
boundedness of input-output signals assures state boundedness

is not SSP so, when disturbance wy (¢) is nonzero, this docs

not yield boundedness of the intemal states of the wight A
blocks (1., W, V') unless those blocks are observable, that js  We define an NN as passive if, in the ecror formulation,

it guarantees the passivity of the weight-tuning subsystems
Then, an extra PE condition is needed 1o guarantce bound
edness of the weights (18], We define an NN as robust if,
in the error formulation, it guarantees the SSP of the weight
tuning subsystem. Then, no extra PE condition is needed for
boundedness of the weights. Note that 1) SSP of the open-loop
plant error system is needed in addition for tracking stability
and 2) the NN passivity properties are dependent on the weight
tuning algorithm used

without any sort of obscrvability requirement

persistently exciting (PE). Unfortunately. this does not yield
a convenient method for defining PE in a three-layer NN, as
the two weight-tuning blocks are coupled, forming in fact

eorem 3.2; it

is in the context of error system
Theorem 4.2: The modified weight tuning algorithms (41),
(42) make the map from r(t) 1o ~ W7 (& - 3V7z), and the
map from r(f) 1o =WT#V 7z, both SSP maps. V. ILLUSTRATIVE DESIGN AND SIMULATION

Procf: The sevised dynamics relative to W, Vare given i s link m ik extensively in literaure for

illustration purposes appears in Fig. 4. The dynamics are
W ==FarT + F&'VTar® + xFri¥h {49) given. for instance in [17); no friction term was used in this

example. This arm is simple enough to simulate conveniently
yet contains all the nonlinear terms arising in general n-link
manipulators, The joint varisble is ¢ = [giga]T. We should
like 10 illustrate the NN control scheme derived herein, which
will require no knowledge of ihe dynamics, nof

by

V = =Ge(dTWr)" + xGjr| ¥ (50)

1) Selecting the noancgative function

L= juWF'W structure which is needed for adaptive control

iconsed use kmided lo: INDIAN INSTITUTE OF TECHNOLOGY BOMBAY. Downioaded o June 07,202
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Fig. 6 Response of adapuive
Adsptin Cosrsar: N Uit aaed dosired joint agls.

-

‘ ¢
T (Sac)

(b

ntroller with
ameler et

sdeled dynamics. (a) Actual

Fig, 6. Respooss of adity
and desired joint anghes. (b

The (1, 1) entry of the robot function matrix Yis £(Ga +

Méy)+g cos q) (with A = Ay, A2}). To demonstrate

the deleterious effects of unmodeled dynamics in adaptive
control, the term g cos g was now dropped in the con
troller. The result appears in Fig. 6 angd is unsa
is emphasized that in the NN controlle
T H H unmodeled

Tiose (Sec) NN Controller with Backprop Weigiy
b processing of signals yields a more ad

Fig. 5. Responsc of adaptive controller. (a) Actual and desired joint angles.  Z(£) than (12) that already contains sont
{b) Parametcr estimates. inherent (0 robot arm dynamics, Since 11§

- Jbe rolue igint variables arc as sines |
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th unmodeled dynamics. (a) Actual
fmaics.

The (1, 1) entry of the robot function matrix Yis £(ja; +
Apéy) + g cos gy (with A = diag{A,, A2}). To demonstrate
the deleterious effects of unmodeled dynamics in adaptive
control, the term £3g cos ¢; was now dropped in the con
troller. The result appears in Fig. 6 and is unsatisfactory. It
is emphasized that in the NN controller all the dynamics are
unmodeled

NN Controlier with Backprop Weight Tuning: Some pre

f signals yields a more advantageous choice for

Fig, 5. Responsc of adaptive controller, (a) Actual and desired joint angles.  #(£) tha hat already contains some of the nonlinearities

(b) Parametcr catimaics. inherent to robot arm dynamics. Since the only occurrences of

the revolute joint bles are as sines and cosines, the vector

Adaptive Controller—Baseline Design: For comparison, a can be taken as
standard adaptive controller is given by [40]

T T
sin (¢)"¢" sqn (d)

r=YV 4Ky (51)
¥ = FYTy (52) where {; = g4 + Aé, (3 = g2 + Ae anj

is needed in the friction terms. The \'.‘"

with F = FT > 0 a design parameter matrix, Y (e, ¢, qg, 4a, §a)  Fig. 2
a fairly complicated matrix of robot functions that must be The response of the controller (26)
explicitly derived from the dynamics for each arm, and W the  backprop weight tuning (¢ g.. Theorem

vector of unknown parameters, in this case simply the link The sigmoid activation functions w

Multilayer_neural-net_Lewis_Liu

Fig 5. Response of adaptive controller. (3) Actual and desired joint angles.  (£) than (12) that already contains some of the nonlinearities
(b) Parameter estimates inberent 1o robot an ics. Since the only occurrences of
the revolute joint variables arc as sines and cosines, the vector

Adaptive Controller—Baseline Design: For comparison, a can be ken as
standard adaptive controller is given by [40)

YV +K,r N
¥ =FYTy (52) where {; = gz + Aé, (2 = g4+ Ae and the signum lunction
is needed in the friction terms. The NN controller appears in
with F = FT > 0 adesign parameter matrix, Y (e, &, g4, dasfa)  Fig. 2
a fairly complicated matrix of robot functions that must be The response of the controller (26) (with v(t 0y with
explicitly derived from the dynamics for each arm, and ¥ the  backprop weight tuning (¢.g., Theorem 3.1) appears in Fig. 7
vector of unknown parameters, in this case simply the link  The sigmoid activation functions were used, and 10 hidden
masses my,msy layer neurons. The values for gq(t), A, F, K, were the same
We took the am parameters as & = &5 = lm,my = 0.8 as before, and we selected G = diag{10, 10}. In this case the
kg, ma = 2.3 kg, and sclected qy4(t) = sin £, q24(t) = cos &, NN weights appear (o remain bounded, though this cannot in
K, = diag {20,20}, F = diag {10,10},= A = diag {5,5}. general b !
The response with this controller when g(0} = 0,g(0 The choice of 10 hidden-layer neurons was made as follows.
0,11 (0) = u,_n;,;u;aﬂ’i\‘ﬁﬁﬁﬁn 1 Figebs Three simulations were perfor using five, 10, then 15
N Bood behavior, which obtains since there are onlySghidden-layer neurons. It was obscrved that going from five-10
unknown parameters, so that the single mode (e.g., two Jleurons significantly improved the perford i
poles) of gy(t) guarantees PE [11] from 10-15 neurons made no perceptible i

2= |(T¢E cos ()T sin (g)7" sqn (§)T)"  (53)

IR iz hoensed use limied fo: INDIAN INSTITUTE OF TECHNGLOGY BOMBAY_ Downloaded on Jure 1.2022 a1 05:39:43 UTC from EE (S

We want to just quickly look at like design. So, so this is like a standard adaptive control for a
like a two-link robot, this is what planer two-link arm. So, this is like a standard setup for a lot of
experiments in adaptive control. So, then you have the desired and actual joint angles here, so,

you have ql, q1 desired and g2, q2 desired.

And then you also have mass estimates. The estimates of course do not converge you see, do not
look like they converge to true values. But, whatever, I mean there is not what you guarantee in
adaptive control anyway. So, note the good behavior which obtains, since there are only two

unknown parameters. So that means, so you have nice persistence type results.

1061



(Refer Slide Time: 25:22)

Multilayer_neural-net_Lewis_Liu

Adapivs Conticlr with Ussmedaled Drsassis

Multilayer_neural-net_Lewis_Liu +

Two-link planar elbow arm.

Aduptive Controler: Desired aod Acteal Joist Asghs Aduptiws Contzelas with Unmodaled Dysami
- m]__.___ el

Fig. 6. Response
Adsptive Controlier M Eatizmaten and desired joint &

L ) T -
J < :“ln
- — e
| 5 |
[ | The (1, 1) entry of the robot N ma
L | A1éy) + g cos gy (with A = diag{Ay, A2}
St ) Al ™ o odele

Now, if you add some unmodeled dynamics, so, some unmodeled terms, dynamical terms in the

simulation you add, and you still implement an adaptive controller, not a neural network-based
controller. You start to see significant deterioration in the performance. So ql is like this you can
see, and ql desired is this, and similarly, q2 is this. You know, this guy and the q2 desired is this
dotted line. So, you see that things sort of match for some time, but they do not match for a
while, and so on and so forth. And the estimates of course, look rather bad, the estimates start to

look rather bad.
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Fig. 7. Response of NN controller with backprop weight tuning, (a) Actusl
and desired joint angles. (b) Representative weight estimates.

Fig. & Response of NN controller with improved weil
and desired joint angles. (b) Representative weight st
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Fig. 7. Response of NN controller with backprop weight tuning. () Actusl
and desired joint anghes. (b) Representative weight estimates.

easy in our software 1o specify a new number of hidden-layer
neurons, and cach simulation run took about one minute of
computer time, Similar simul o be made 10

determine flcg.uvc-ﬂﬁn’ﬂwr\ for the vanous Tessgi) gains.
Sller with Improved Weight Tuning: Thi) response
controller (26) with the improved weight' ning in
Fk = 0.1. The

p 3.2 appears in Fig. 8, where we tgol
. andthat=wstig straight backprop,
and the weights are guaranteed to remain bounded even though
PE may not hold. The comparison with the performance
of the standard adaptive controller in Fig. 5 is impressive,
even though the dynamics of the arm were not required to
implement the NN controller.
No initial NN training or leaming phase was needed. The
NN weights were simply initialized at zero in this figure
To study the contribution of the NN, Fig. 9 shows the
112 s with the controller 7 = K, r, thal is, with no neural
net. Standard results in the robotics literature indicate that

T T T T
1 ‘ U L] w
Tisne (Sae)
)

Fig. 8. Response of NN controller with improved weight tning. (s) Actual
and desired joint angles. (b) Representative weight estimates.

Castrolier withous NN: Desred sod Actanl doist Anglm

Fig. 9. Response of controfler without NN. Actual anciglesns

An improved weight tuning algorithm was ¢ .
these deficiencies. The improved algorith:
backprop term, plus the e-modification ter
control, plus a novel second-order forward fj )
from the backprop network. A robustifying
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Fig. 8. Response of NN controller with improved weight tuning. (a) Actual
and desired joint angles. (b) Representative weight estimates.

Fig. 7. Response of NN controller with backprop weight tuning. (s) Actual
and desired joint angles. (b) Representative weight estimates

‘Capsrolier withowt NN Desired and Actsal Joint Asgio

easy in our software 1o specify a new number of hidden-layer
neurons, and cach simulation run took about one minute of
computer time. Similar simulation iterations may be made 1o
determine cffective numbers for the various design gains
NN Controller with Improved Weight Tuning: The response
of the controller (26) with the improved weight tuning in
Theorem 3.2 appears in Fig. 8, where we took x = 0.1. The
tracking response is better than that using straight backprop,
and the weights are guaranteed to remain bounded even though T H
PE may not hold. The comparison with the performance Tiame (o)
of the standard adaptive controller in Fig. 5 is impressive,
even though the dynamics of the arm were not required 1o
implement the NN controller.

No initial NN training or learning phase was needed. The  Animproved weight wning algorithm was deriy
NN weights were simply initialized at zero in this figure these deficiencies. The improved algorithm cf

To study the contribution of the NN, Fig. 9 shows the backprop term, plus the e-modification term friy
esponse with the coniroller 7 = K.r, that is, with no neural ~ control, plus a novel second-order forward propy
Bet. Standard results in the robotics literature indicate that  from the backprop network. A robustifying co
such a PD controller should give bounded errors if K, is also needed to overcome higher-order mod

NPTE harge enough. This is observed in the figure. Tt is \atpmilittmmhtduoxed tuping algorithm makes the NN

Fig. 9. Response of controfler without NN. Actual and desired joint angles

Then, you implement like similarly, like a backdrop backpropagation-based weight tuning to this
kind of a problem. So, and you you basically look at this responsible neural network. And you
see that you get nice better tracking, because ql converges to ql desired, even with this unknown

unmodeled dynamics. And similarly, q2 converges to q2 desired.

The weights do not seem to do nice things still, and then, we add this improved weight tuning.
And you see that you get slightly quicker tracking, better tracking performance. And mass
convergence also lot of sort of looks similar. So, and then of course, we see the controller
performance with and without without the neural networks. So, that that that is not matching at

all, as you can see.
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e improved we uning in
Theorem 3.2 appears in Fig. 8, where we took x = 0.1. The
tracking response is better than that using straight backprop,
and the weights are guaranteed to remain bounded even though
PE may not hold. The comparison with the performance
of the standard adaptive controller in Fig. 5 is impressive,
even though the dynamics of the arm were not required 1o
implement the NN controller.

No initial NN training or leaming phase was needed. The
NN weights were simply initialized at zero in this figure
To study the contribution of the NN, Fig. 9 shows the

response with the controller 7 = K, r, that is, with no neural
net. Standard results in the robotics liwrature indicate that
such a PD controller should give bounded errors if K, is
large enough. This is observed in the figure. It is very clear,

Fig. 9. Response of controller without NN, Actual and desired joint angles.

Animproved weight tuning algorithm was derived to comrect
these deficiencies. The improved algorithm consists of a
backprop term, plus the e-modification term from adaptive
control, plus a novel second-order forward propagating wave
from the backprop network. A robustifying control term is
also needed to overcome higher-order modeling emor terms
The improved tuning algorithm makes the NN strictly state

passive, so that bounded weights are guaranteed in practical
" nonideal Situations.

No NN off-line leaming or training phase was needed;
simply initializing the NN weights at zero made for fast
convergence and bounded errors. Structured or partitioned
NN's can be used to simplify the contd
as make for faster weight updates [21)

however, that (he addision.ol.tha NAL makes 4 Very sigsifi
"
P

P in.the teack:
R

VL. CONCLUSION

A multilayer (nonlinear) NN controller for a serial-link
robol arm was developed. The NN controller has a structure
derived from robot control theory passivity notions and offers
guaranteed tracking behavior. Backpropagation tuning was
shown 10 yield a passive NN, so that it only performs well
under ideal conditions that require linear robot dynamics, no
NN reconstruction error, and no robot unmodeled disturbances
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So, this is sort of what the, so, so that is what this is sort of highlighted to study the contribution
of the neural network. Figure-9 shows the response of the controller that with no neural network.
And standard results in the robotics indicate PD controller should give bounded errors, if KV is
large enough. This is observed is however the addition of the neural networks has made a
significant improvement in the tracking performance. So, this is the idea, so how they sort of
illustrated value of this neural network type method is that they started with this nice baseline

robotic model.
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is emphasized that in the NN controller all the dynamics are
unmodeled
NN Controlier wi
processing of sign
z(t) than (12) thal
inherent (o robot

the revolute joint sines and cosines, the vector
Adaptive Controller—Baseline Design: For comparison, a £ can be taken as

tandard adaptive controller is given by [40] P shn (07 .!; i "J‘l T (53)
YV 4+ K,r (51)

¥ = FYTs (52) where {; = g4 + Ae, (2

is needed in the friction terms. The NN controller appears in

with F = FT >0a design parameter matrix, Y (e, é,q4,G4,Ga) Pig. 2.

@ fairly complicated matrix of robot functions that must be The response of the controller (26) (with u(t 0) with

explicitly derived from the dynamics for each arm, and W the  backprop weight tuning (¢.g.. Theg pears in Fig. 7

vector of unknown parameters, in this case simply the link  The sigmoid activation fug gz Uyl 10 hidden.
bmasses my, ms layer neurons. The value ( ere the same
We took the arm parameters as £, = f3 = Im,m; = ( as before, and we selected L35 In this case the

kg, my = 2.3 kg, and sclected gy 4(t) = sin t,qq(t) =cos &, N
(v = diag {20,20}, F = diag {10,10},= A = diag {5 1,
The response with this controller when ¢(0) 0,¢(0 e choice of idden-layer neuron mw
), 11 (0) = 0,1m5(0) = 0 is shown in Fig. 5. Three simulations were performed, usi ¢, T ‘
Note the good behavior, which obtains since there are only  hidden-layer neurons. It was observed that going N s -
o unknown parameters, so that the single mode (e.g., two neurons significantly improved the performanciiiie
les) of gq(t) guarantees PE [11]. from 10-15 neurons made no perceptible improf§

¢4+ Ae and the signum function

And then they, they added some terms into this the system matrices like the M, Vm and G and F
and all that, so they added just one term. So, so, so basically, they see that there is a deteriorated
performance here, if you do not have a neural network type controller. Then, so basically is this
is like, you see the performance here using the backpropagation is the idealized weight tuning
also, when you assume some disturbance terms are exactly 0, well they are not. And then all

these quantities are still the same, which is this, there is an additional term.
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easy in our software to specify a new number of hidden-layer o e W Pl

neurons, and each simulation run took about one minute of
computer time. Similar simulation iterations may be made to
determine effective numbers for the various design gains,

NN Controller with Improved Weight Tuning: The response Asges 0
of the controller (26) with the improved weight tuning in
Theorem 3.2 appears in Fig. 8, where we took x = 0.1. The

tracking response is better than th - e *
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Fig
i e

7. Response of NN controller with back
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And and here, you see that, you sort of have relatively better results in terms of the tracking

performance. A weight convergence anyway is not completely guaranteed even here, unless
there is some kind of a persistence, but you do have very nice tracking performance. And then of
course, you also show improved tracking and quicker tracking by using the modified weight
tuning method. And that is what is sort of illustrated here. So, in conclusion, I really hope that

you sort of got a good feel for how adaptive control is very closely connected to deep learning.

And the only difference here in adaptive control is that we look to prove stability, which, and
therefore analytically, especially. And which may make designing all sorts of arbitrary tuning
laws difficult. But, that is essentially what we do in adaptive control. Also, we designed tuning
laws and we prove stability with that. And in this case, stability would mean some kind of good
function function approximation, and therefore good tracking. So, the other thing is, because we

were doing this adaptive control-based learning, we also were doing everything online.

Of course, you can use the same laws and do things offline also, because we saw that this
backpropagation is essentially the best tuning that we did in adaptive control law, with an
adaptive control law is same as what we have for the standard case, like like, your offline

learning type of situation.

So, we are sort of at the backend of our course, and I really hope that this last week did give you
a very good idea of how relevant adaptive control is even today, in the sense that it has very very

close ties to deep learning. And hence to other forms of learning, like reinforcement learning and

1068



classification problems, which are still connected to some kind of parameter estimation, and

parameter learning.

I really hope all of you enjoyed the course as much as I enjoyed delivering it. And I am always
open for feedback, comments, applications, cool new results, cool cool new experiments. So, |
hope you will stay in touch through this course and learn more about the avenues that nonlinear
adaptive control affords us. Thank you. And I am very glad for all of you, for all of your

learning, and the fact that you listened to what I had to say for these learnings. Thanks a lot.
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