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Hello, everyone. Welcome to yet another session of our NPTEL on Nonlinear and Adaptive
Control. T am Srikant Sukumar from Systems and Control, IIT Bombay. So, we are in the final
week of our course on nonlinear adaptive control, and I really hope that you have learned
sufficient material to be able to design algorithms that can drive autonomous systems such as

what you see in the background.

Now as always, we are interested in all sorts of applications. Of course, what you see here are
mostly aeromechanical systems in the background which is due to my own interest in these, but
of course, adaptive control designs are not restricted to these and you can use it on power
networks and biological networks and so on and so forth. So, I am always open to hearing more

about sort of applications that you folks are envisioning, the use of adaptive control.
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Tn this result, the metric defining densencss is the supremurm
norm. Moreover, the last layer thresholds 6, W are not needed
for this result. The issues of selecting o, and of choosing V;
for a specified § ¢ R™ and e are current topics of research
(see, e.g., [28] and (31)) it 2.3
Lechre_=
B. Stability and Passive Sysiems

Some stability notions are needed to proceed. Consider the
nonlinear system

i = f@ul), y=hzt)

K( vith state z(f) € R™ We say the solution is uniformly
\° ultimately buumled (UUB) if there exists a compact set U C

R™ such that for all z(to) = 7 € U, there exists an €>0
end a number Tz, 7o) such that |z(t)[| <« forall ¢ > tg+7T.
As we shall see in the proof of the theorems, the compact set
U is related to the compact set on which NN approximation
property (3) holds. Note that U can be made larger by selecting
more hidcer-layer neurons

Some aspects of passivity will subsequently be important
[11), [16], [17], [41]. A system with input u(#) and output y(t)
is said 10 be passive If it verifies an equality of the so-called
“power form”

i(t) =y u—glt) @
with L(t) lower bounded ard g(t) 2 0. Thet is

T T
/ (/r(T\u(T)xer/ (-7 ®
0 0

for all 7' > 0 and some y > 0.
We say | the system is dissipative if it is passive and in
addition

/ 1/‘(r]u,(')r/rl\lm\ph:ﬁ/ dr)dr>0. ©
b 4

A special sort of dissipativity occurs if g(t) is a monic
quadratic function of [lz| with bounded coefficients, where

Given 4 desired amm trajectory qalt) & o the tracking
error is

et) = alt) -

" et
In standard use in robotics is the filtered tracking g emor g« L("/k
r=éthe) 2 9 w®

where A = AT>0 is a design panmc(u marix, usually
selected diagonal. Differentiating r(t) and using (7}, the arm
dynaimics ey be writien in terms nh; filtered tracking error
as fys Me+ MAZ = %ff g +4(8)1Eg) + 5 E

Mi =2V 1+@+ n (10)
where the nonlinear robot function is

Ja) = Mg)(a+ A2) + Vin g, 8)(du + Ae) + G(g) + Elg)
an

JrMe

and, for instance, we may select
=l i) a2
Define now a control input torque as
o=+ Ky 13
gain matix K, = KT>0 and f(z) an estimate of f(z)

provided by some means not yet disclosed. The closed-loop

sysiem becomes

Mi= (Ko +Kn)r+f 4= =Ko 4 V)46 (14)

where the functional estimation error is given by g

F=f=f

This is an error system wherein the filtered trac

driven by the functional estimation error.
The control 7, incorporates a proportional-

(PD) term in K,r = K, (¢ + Ae) \

of the paper we shall use (14),

So, what we are looking at in this week, in this final week is the connections with learning, and
we are now specifically looking at sort of a deep learning problem. But of course, here, we are
sort of different in the typical, different from the typical learning sort of results in the sense that

we are not doing the learning offline then implementing it later but we are doing learning and

control simultaneously.

We can do this because essentially this is connected to parameter learning which we already
know very well. So, that is what we sort of applied. The only difference or which is of course a

significant difference is that now we have a very nonlinear regressor parameter form which is not

what we, we are used to until now.
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define C™(8) as the space such that f is continuous. We
denote by \| | any suitable vector norm. When it is required
10 be spes
norm of f(z) (over §) is defined as (3]

sup,eglf@ly J: S - R™

Given A = [a;], B € R™™ the Frobenius norm is defined
by

Il = te(aT4) = 3",

with tr( ) the trace. The associated inner product is (A, B)p =
tr(A7B). The Frobenius norm is nothing but the vector two-
norm over the space defined by stacking the matrix columns.
into a vector, As such, it cannot be defined as the induced
‘matrix norm for any vector norm, but is compatible with the
two-norm o that [[Azfls < [|Al|g ]z, with A € R™™ and
z € R™

When z(t) € R is a function of time we may use the
standard L, norms [17]. We say «(t) is bounded if its Lo
norm is bourded. We say A(t) € R™ ™ is bounded if its
induced matrix oc-norm is bounded.

A. Neural Networks
Givenz € RN* 4 tree-Jayer NN (Fig 1) has a nel output

given by
A
=1

\':
W=y, {w
j=1
Ny (U]

i=1,-

ic we denote the p-norm by ||- |,. The supremum %

% Multiiayer_neural-net_Lewi..

The NN equation may be conveniently expressed in ma-
trix format by defining z T ,\,l’ y = [_/]

- yn3|T, and weight mat
Including 2 = 1'in 2 allows one to inciude e mmhwld
vector [fy10,0+++Bna]” as the first column of V°
VT contains both the weights and thresholds of the first- 10
second-layer connections. Then ‘)‘ ‘t"”

= WTa(VT) 'fﬁl )

where, if z = (2127 a vector we define o(z) = [g(z1)
a(z2) -7 Including one as a first tem in the vector o(V7z)
allows one to incorporats the thresholds f,, as the first column
of W' Any tuning of ¥ and V then includes tuning cf the
thresholds as well

Although, to account for nonzero thresholds, z may be
augmented by zp = 1 and o by the constant first entry of
one, we loosely say that z € RN* and o: RN? — RN?,

A general function f(z) € C™(8) can be writien as

f(2) = WTa(VTz) +£(x) 3)

with Ny = n, N3 = m, and ¢(z) a NN functional reconstruc-
tion error vector. H' Ahcr\. exist V; and constant “ideal” weights
7 and V is

there exist Ny and constant weights so that for all b y
(3) holds with |l¢l| <ewx. 3
Various well-known results for various getivation {3

any sufficiently smooth function can be approxim:

suitably ]nrgv net [8], [13], [31], [38). The functiona *
R in C™(S) if for any f

We are always assuming linear parameterization and things like that. But you see here that

everything is rather nonlinear. And so, we still have to see how we can deal with this kind of

nonlinearity.

(Refer Slide Time: 02:38)
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literature (although cf. [111). Then the Ly norm of the state is
overbounded in terms of the L, inner product of output and

input (i.e., the power delivered to the
advantage to conclude some internal

of the system without the usual assumptions of observability
(e.g., persistence of excitatiqn), stability, etc.

11 1

C. Robot Arm. Dynamics M1 2 -m

The dynamics of an n-link robot manipulator may be

expressed in the Lagrange form [17]

M(@)i+ Vi, 0)i + Gla) +

with q() € R" the joint varj ze

ered racking

considered as r(t) an|
tem, standard technig
stable behavior. In {3
With omin(A) the mi
is diagonal, so that g

The following sta
required [17] and ho

Property I: M(q
bounded by

system). Thic we uge to
boundedness properties

u: - M
e ety

1-44) FQ)

-t

Fl+m=1 O
with mq, mo known

vector, M(q) the mcr—

In the previous lecture, of course, we started to understand some details about how my robotic

arm dynamics looks because this is the application that we are going to be looking at for
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application, for the use of these neural nets. And we saw the basic Euler-Lagrange

what each term means, what is the joint on the world space coordinates.

(Refer Slide Time: 02:55)
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= n,N; = m and let ¢ be any

n the functional range of NN (2) is
|

¢ defining denseness is the supremum
layer thresholds 8., W are not needed
5 of selecting o, and of choosing Ny
nd ¢y are current topics of research

)k
w 123
edd E—

Systems

are needed to proceed. Consider the

Jut), y=hiz,t)

We say the solution is uniformly
B) if there exists a compact set U C
to) = 2o € U, there exists an € >0

Pact set on which NN approximation
MTRrqhat U7 can be made larger by selecting

Multilayer_neural-net_Lewis_Liu ~
Multiayer_neur:

gravity vector, and F(g) the friction. Bounded unknown dis-
turbances (including, e.g., unstructured unmodeled dynamics)
arc denoted by T4, and the control input torque is 7(t).

Given a desired arm trajectory ga(t) € B™ the tracking
error is

e(t) = qa(t) — q(t). ®) :
T et
In standard use in robotics is the filtered tracking error @ at
N P et K,L'l :
r=é+he _2 9) vef

where A = AT >0 is a design parameter matrix, usually
selected diagonal. Differentiating r(¢) and using (7), the arm
dynamics may be written in terms of the filtered tracking error

as g Me+ MAC - ~1_qd+[vﬂf@e_nf_qpf g-C
Mit ==Var =17 +@‘r 4

where the nonlinear robot function is

thie.

e

and=tor
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Systems

are needed to proceed. Consider the

wut), y=h(z,t)

We say the solution is uniformly
B) if there exists a compact set U C
ty) = g € U, there exists an ¢ >0
uch that ||z(t)| <e for all > to+T.
roof of the theorems, the compact set
pact set on which NN approximation
hat U can be made larger by selecting
1s.

ivity will subsequently be important
ystem with input w(t) and output y(t)
t verifies an equality of the so-called

p) =y u—g(t) ©

Multilayer_neural-net_Lewis_Liu
* Multilayer_neur

al?

In standard use in robotics is the filtered tracking error
b o €5 e
LJ‘ o

e )

r=é+he _3 9)
where A = AT>0is a design parameter matrix, usually
selected diagonal. Differentiating r(t) and using (7), the arm

dynamics may be written in terms of the filtered tracking error

as plys Me+ MAC = vl_qd+[v_m_i+ag_nfg;+ 5t
Mi ==V =7 +{f 1 (10)
where the nonlinear robot function is

Je) = M(q)(da + A¢) + Vau(g, ¢) da + Ae) + Glg) + E(G)
(11

Jtﬂi

and, for instance, we may select
o= g i)
Define now & control input torque as
To= f + Kyr

soipatix Ko = KX>0 and f(z) an estimate of
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fla) = M(q)(fs + Aé) + Vin(g. 9)(da + Ae) + Glg) + £(G)

o
see in the proof of the th

to the compact set on which NN approximation (11
holds. Note that U can be made larger by selecting lecht T
n-layer neurons. and, for instance, we may select
bects of pa \"uy \v1‘].l subsequently be important = [BTéquTq'ﬁdT]T. )
17], [41). A system with input w(t) and output y(t)
e passive if it verifies an equality of the so-called Define now a contro! input torque as
. n=f+Kr 13
() =y - g(t) @ 5 .
gain matrix K, = K7 >0 and f(z) an estimate of f(z)
bwer bounded and g(¢) > 0. That is provided by some means not yet disclosed. The closed-loop
T T system bzcomes

S

T - A "
”(”“”dfzﬂ 9= O e Kyt Kt b= Kot Ve G (14)

0 and some 7 > 0. where the functional estimation error is given by
the system is dissipative if it is passive and in

f=f-f
00 N n !
by o p . This is an error system wherein the filtered track
7)u(r) dr # 0 implies Tdr>0. 6) . 3 _
(" \rlelr) dg 03y ,[J 9tr) { driven by the functional estimation error.

The control 7, incorporates a proportional-pl
(PD) term in K,r = K,(é + Ae).
In the remainder of the paper we shall use (14)

o e s s that th,

B sort of dissipativity occurs if g(t) is a monic
n2U%F (2| with bounded coefficients, where

"internal state of the system. We call this stales
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gain matrix K, = K >0 and f(z) an cstimate of f(z)
provided by some means not yet disclosed. The closed-loop
sysiem becomes. Y,

"

Mi= (K, + R+ [t 1=~ (Kot V) +6  (14)

br bounded and g(t) > 0. That is

T
Penes [Cana- o
0

and some 7 > 0. where the functional estimation error is given by
system is dissipative if it is passive and in - Z
Fif=f (15)

r)u(r) dr # 0 implics /wg['r) dr>0. (6) Tf?is is an error syﬁtcm \vhcjrein‘ the filtered tracking error is
driven by the functional estimation error.

The control 7, incorporates a proportional-plus-derivative
(PD) term in Kyr = K, (¢ + Ae).

In the remainder of the paper we shall use (14) to focus on
selecting NN tuning algorithms that guarantee the stability of
the filtered tracking error 7(t). Then, since (9), with the input
considered as 7(£) and the output as e(t) describes a stable sys-
tem, standard techniques [23], [41] guarantce that e(1) exhibi
stable behavior. In fact, |ell; < [|r]l2/amin(A), Jéllo ga
With opin(A) the minimum singular value of A Gen||

- e 1 e is diagonal, so that omin(A) is the smallest element ¢ ||

elot cxumuqnz, %{abf“ly' it %s .‘l_ai_ﬂb The following standard properties of the robot dynag

1‘,- ;J i = ‘1(1.)' F([) required [17] and hold for any revolute rigid serial rol

D3of12s Mq,= "M -l Property I: M(q) is a positive definite symmetri
Rl cs of an -link robot manip may bebaunded by

prt of dissipativity oceurs if g(t) is a monic
ion of (|| with bounded coefficients, where
ernal state of the system. We call this state-
and are not aware of its use previously in the
ugh cf. [11]). Then the L, norm of the state is
n terms. of the Lo inner product of output and
power delivered to the system). This we uge to
onclude some internal boundedness properties

ithout the usual assumptions of obscrvabilily
5 f
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considered as (£) and lhc output as e( ) descrlbes a slable $ys-
tem, standard techniques [23], [41] guarantee thme( ) exhibits
stable behavior. Tn fact, [lells < ||7||2/amin(A), ]|z < Ir]%,
with omin(A) the minimum singular value of A. Generally A
is diagonal, so that o5 (A) is the smallest element of A.
29,5 o The following standard properties of the robot dynamics are
o' % S 6Q4)- F({) required [17] and hold for any revolute rigid serial robot arm.
M"l., Property 1: M(q) is a positive definite symmetric matrix
n-link robot manipulator may be bounded by

1]). Then the Ly norm of the state is
the Lo inner product of output and
vered to the system). This we use to
me internal boundedness properties
c usual assumptions of observability

), stability, ete. {l:“ 1',1“1.

ml < M(q) < moI
[i~Glg)+F(@)+ma=1 O ”
with mg,my known positive constants.
'Ze vector, M(q) the iner- PrapenyZ Vi (g, g) 1s bounded by v (g)|[gl, with vy(¢) €
cori 1s/cemx_‘irwml matrix, G'(qllh/e : ( . o world
I.vv l:A im’f;' j”"‘}

TH1BAM Mon 18 Jun
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YT
e=["eT g g3 1) (12)
sulfided for Ll
Define now a control input torque as ¢+ he= @70

Tozf"‘KvT é-' 'Iﬁ3+¢,r 7€t{v
n,d 7 -0
2 4’6&00

gain matrix K, = KT >0 and f(z) an cstimate of f(z)
provided by some means not yet disclosed. The closed-loop
system becomes Y

Mi = ~(K, A @)+ f+ma= —(Ko+V)r+¢ (19)
where the functional estimation error is given by
f=f-f 1s)

This is an error system wherein the filtered tracking error is
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Define now a control input torque as

To:f+KvT E- -I?f33+4>1f1€4u

5 0
gain matrix K, = KX >0 and f(z) an estimate of f(z) g

provided by some means not yet disclosed. The closed-IOOp") 26&;
e

system becomes .
Y 2 ee —>°

Mi= (K4 Q)rtfrra= (Kot Va)r+(  (14)  as £7
where the functional estimation error is given by
f=f-1 13

This is an error system wherein the filtered tracking error ‘is
driven by the functional estimation error.

The control 7, incorporates & proportional-plus-derivative

And we also constructed this error variable with respect to a desired arm trajectory. And we also
defined this backstepping error type variable, which we have seen before, and we wrote the
dynamics in terms of this backstepping error variable. And in these dynamics now, we have this
function f which is called a nonlinear robot function. And this is the function, as you can

imagine, we will approximate using our three-layer neural network.

So, this is where we were. | am going to mark our lecture here, lecture 12.4. So, now if you look
at how we want to design our controller, what we do is, we put in an approximation or a
estimation of f, and that is called f hat. So, unlike what you have seen in adaptive control before,
we are not approximate, we are not just estimating parameters but we are now estimating

functions. And that is why we have the notion, notation f hat.

And then of course we have a K v times r which is like a gain matrix, symmetric positive definite
gain matrix times this backstepping error variable r. So, this is the control. So, it is called tau 0
because we, we design the control sort of assuming that there is no disturbance. We cannot do
anything to sort of really cancel the disturbance here. So, we just design a control assuming there

1S none.

And this is you sort of try to cancel this guy with its estimate, just sort of getting motivated from
the certainty equivalence type idea. Then we leave this term as it is, because honestly, this term is
going to cancel out on its own. So, we do not worry about this term. Now, so as we mentioned f

hat is an estimate of f by some means which is not yet disclosed.

1003



So, what happens to the closed loop system? So, there is this notation error here. So, the closed
loop system is not K m but V m, becomes this guy, minus K v plus V m times r, and plus an f
tilde, and this tau d. And this is where you have sort of this f tilde which is the function
estimation error. So, this is just a term zeta naught which is combining these two, nothing special

about this.

So, this is essentially like an error system. So, I am going to highlight this and. So, this is sort of
the error system. And of course, this is driven by the function estimation error. So, f tilde of
course shows up here. So, this is sort of like a, I mean although the tau 0 seems to have only one
term which is K v,  mean K v r, [ mean just two terms but one of them is to more or less counter
the effect of the nonlinear robot function, and the other term is what is the like the stabilizing

term that we usually inject

And this term, we always look like just one term, is in fact a proportional derivative type term
because of the nature of r. So, I have a e dot term and an e term. So, this is important to
remember, that it has both a proportional and a derivative term. So, a pd-type controller, very,
again, something which is very standard in aero-mechanical applications even for space stuff, pd

type controllers are known and found to be stabilizing.

So, in the remain, of course, in the remainder of the paper we, I mean, the authors use this
equation 14. And we, of course, focus on tuning this neural network in a smart way so that you
can get r to go to 0 because you want r to go to 0. So, why is it, I mean one very quick aside, why

is it sufficient for r to go to 0? I want to quickly point that out wherever r is defined.

So, sufficient for r to go to 0. Why? Because this is an e dot plus lambda e equal to some phi
function. This goes to 0, which means e dot is equal to minus lambda e plus phi. And what do I
know about phi? Suppose, if phi is also bounded, we can prove that pi is bounded, which means r
is bounded. If let us see, I will put it properly. If r is bounded, that is 1 infinity, and r of course
goes to 0, implies phi is bound and phi goes to 0 which means that, and what do I know? I know
that this is a stable system because lambda is positive definite symmetry. So, this is a stable

system with a bounded forcing.

So, you have already proved this kind of a result when we did this Ortega construction a long

time ago, that if this e dot plus lambda e type thing goes to 0, then e has to go to 0. So, this
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immediately implies that e comma e dot both go to 0 as t goes to infinity. So, it is enough for us

to show that r goes to 0. So, that is what we aim to do.

This is essentially like an Ortega type construction idea. Even in the Ortega construction, we did
the same thing. So, if you do not remember, again, I would ask you to go back and refer to the
Ortega. So, that is what it is mentioned here. So, e exhibit stable behavior, in fact, e is less than r,
I mean, even if you do not have, I mean of course we are talking about r going to 0. In this case

that may not happen.

But even if r remains bounded, has some nice bound or just by virtue of this equation thatr is e
dot plus lambda e, then it is, it can be shown, even without talking about things going to 0,
because honestly speaking in this article we will not be able to prove that anything goes to 0 per
se, but we only prove nice bounded performance because after all, now whenever we talk about
using neural networks for functions, it is eventually an approximation of the function. So, there is

always some error.

So, obviously, if there is some error, you cannot expect, just like in case of the disturbance, you
cannot expect to, for things to converge to 0. So, the best you will do is get some kind of
bounded performance. So, just with the relationship between e and r, you can actually conclude
that the two norm of e is bounded by the two norm of r and similarly the two norm of e dot is

also bounded by the square of, norm r square, norm r.

So, this is important to remember. Then, we also have very standard properties of the robot
model. So, M is basically positive definite symmetric, and therefore it satisfies this kind of a
unique variable. So, you remember that whenever you have positive definite symmetric matrices,
you have this kind of an inequality satisfied. The second property is that V m is bounded. And by
some continuous function multiplied by norm of q dot. This is again a property of the centripetal

coriolis term.

1005



(Refer Slide Time: 11:25)

1123AM Mon 13 Jun

Multilayer_neural-net_Lewis_Liu

LEWIS e al.: MULTILAYER NEURAL-NET ROBOT CONTROLLER

LM

Property 3: The matrix M ~ 2V}, is skew-symmetric.
Property 4: The unknown disturbance satisfies HTd‘F by,
with bg a known positive constant
Property 53 The dynamics (14) from G(E) to #(t) are a
stat— strict passive system.
Proof of Property 5: See [21].

III. NN CONTROLLER

In this section we derive a NN controller for the robot
dynamics in Section Il. We propose various weight-tuning
algorithms, including standard backpropagation. It is shown
that with backpropagation tuning the NN can only be guaran-
teed to perform suitably in closed loop under unrealistic ideal
conditions (which require, e.g., f(z) linear). A modified tuning
algorithm is subsequently proposed so that the NN controller

performs under realistic conditions

% Multiiayer_neural-net_Lewi..

;0
1
b
Fact 3: For each time ¢, z(t) in (12) is bou
llzll < e:Qa+ callrll

for computable positive constants ¢; (¢, de
increases).

The next discussion is of major importance
it is the key to extending linear NN results
NNs. Proper use of these Taylor series-based
a requirement for new terms in the weight tunil
for nonlinear NN’s that do not occur in linear

Let 1;',W be some estimates of the ideal wei
provided for instance by the weight tuning algy
introduced. Define the weight deviations or weig
€ITors as

5 N
V=v-Vv, W

4
[

Thus, assume that the nonlinear robot function (11) is given
by an NN as in (3) for some constant “ideal” NN weights W

and V, where the net reconstruction error ¢(z) is bounded by

a known constant ¢y. Unless themmetamsmms

T125AM Mon 13 Jun

algorithm is subsequently proposed so that the NN controller

perioms under realistic conditions.

Thus, assume that the nonlinear robot function (11) is given

by an NN as in (3) for some constant “ideal” NN weights W

and V, where the net reconstruction error ¢(z) is bounded by

al,” suitable
st

supremum norm over § of €(Z]. TS issue is not of major
concern here, as we only need to know that such ideal weights
exist; their actual values are not required.

According to Theorem 2.1, tis mild approimation assump-
tion always holds for continuous functions. This is in stark
contrast to the case for adaptive control, where approximation
assumptions such as the Erzberger or lingar-in-the-parameters
assumptions may not hold, The mildness of this assumption
is the main advantage to using multilayer nonlinear nets over
linear two-layer nets.

For notational convenience define the matrix of all the
weights as

w oo
z:{o V] (s

A. Some Bounding Assumptions and Facts
Some required mild bounding assumptions are now stated.
‘The two assumptions will be true in every practical situation,

and are standard in the existing literature. The facts are easy
to prove given the assumptions.

be Taylor series expan:

% Multilayer_neural-ne

V=V-V, W=W-W, Z=2-2 Q0

and the hidden-layer output error for a given z as
F=a-d=a(Viz)-o(V7r)
‘The Taylor series expansion for a given = may be written as

+o(VTe)V T2+ O(VTz)?

22

with o’(2) = do(z)/dz|s=3, and O(2)? denoting terms of
order two. (Compare to [33] where a different Taylor series
was used for identification purposes only.) Denoting o=
&(7Tx), we have

7 =/ (V)P 240V e = 8'VTe40(V . (@3)
Different bounds may be put on the Taylor series higher-

order terms depending on the choice for (). Noting that

? = [o(V'z) - o(VTa)] - o (VT2) VT

% @)

we take the following.
Fact 4: For sigmoid, RBF, and tanh activation functions,
the higher-order terms in the Taylor series are bounded by
102l < e+ esQull Vil +esl Pl I,

y

where ¢; are computable positive constants.

Fact 4 is direct o show using (19), some stand
inequaliies, and the fact that o() and its derivZh
bounded by constants for RBF, sigmoid, and tanh.

‘The extension of these ideas to nets with greater 158
leyers is not difficult, and leads to composite functior
bt rise to ion filt

Assumption [: The ideal weights are bounded by known
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linear two-layer nets
For notational convenience define the matrix of all the
weights as

A Some Bounding Assumptions and Facts

_wio

2= g

Some required mild bounding assumptions are now stated.
‘The two assumptions will be true in every practical siuation,
and are standard in the existing literature. The facts are easy
to prove given the assumptions.

Assumption [: The ideal weights are bounded by known
positive values so that [|V|z < Vag, |[W]jr € Wy, or

12)lF < Zu an

with Zys known.

Assumpiion 2: The desired trajectory is bounded in the
sense, for instance, that

<

4d
(a
|\da|

where g € R is a known constant.

Viz) = o(V7a)) = o' (VPa)V Tz (24)
we take the following.

Fact 4: For sigmoid, RBF, and tanh activation functions,
the higher-order terms in the Taylor series are bounded by

OV 2| < s + e4QalVile + sVl

where ¢; are computable positive constants. n

Fact 4 is direct o show using (19), some standard norm
inequalitics, and the fact that ¢(-) and its derivative are
bounded by constants for RBF, sigmoid, and tanh.

‘The extension of these ideas to nets with greater than three
layers is not difficult, and leads to composite function terms in
the Taylor series (giving rise to backpropagation filtered error
terms for the multilayer net case—see Theorem 3.1).

B. Controller Struciure and Error Systent Dynariics
Define the NN functional estimate of (11) by
f(@) =W o(VTz) (5)
with ¥, the cument (estimated) values of the ideal NN
weights V, W as provided by the tuning algorithms subse-
quently to be discussed. With 7, defined in (13), i
control input

r=1,-v=Wo(VT2)+ K -v

1130 AM

Vion 13 Jun

Multilayer_neural-net_Lewis_Liu ~

D(Tw Az
Property 3: The matrix M ~ 2V;, is skew-symmetric.
Property 4: The unknown disturbance satisfies |7k ba,

with by a known positive constant.

PropértyS: The dynamics (14) from (E) to #(t) are a
stat— strict passive system.
Procf of Property 5: Sece [21].

TII. NN CONTROLLER

In this section we derive a NN controller for the robot
dynamics in Section Il. We propose various weight-tuning
algorithms, including standard backpropagation. It is shown
that with backpropagation tuning the NN can only be guaran-
teed to perform suitably in closed loop under unrealistic ideal
conditions (which require, e.g., f(z) linezr). A modified tuning
algorithm is subsequently proposed so that the NN controller
performs under realistic conditions.

Thus, assume that the nonlinear robot function (11) is given
by an NN as in (3) for some constant “ideal” NN weights W/
and V, where the net reconstruction error &(z) is bounded by
a known constant . Unless the net is “minimal,” suitable
“ideal” weights may not be unique [l], [42]. The “best”
weights may then be defined as those which minimize the
supremum norm over § of e(z). This issue is not of major

concern here, as we only need 1o know that suchuideal weights _agder twa(Campare to [33] where a diff;

Multilayer_neural

Fact 3: For each time ¢, z(t) in (12) is bounded by
[lzll £ 1Qa+eslir]

for computable positive constants ¢; (e decreases as A

(19

increases).

The next discussion is of major importance in this paper;
it is the key to extending linear NN results to nonlincar
NN’s. Proper use of these Taylor series-based results gives
a requirement for new terms in the weight tuning algorithms
for nonlinear NN’s that do not occur in linear NN's.

Let V,W be some estimates of the ideal weight values, as
provided for instance by the weight tuning algorithms to be
introduced. Define the weight deviations or weight estimation
errors as

V=v-7,

W=w-Ww, Z=2-2

(20)

and the hidden-layer output error for a given  as

The Taylor series expansion for a given ©

o(VTa) = o(VTz) + o' (VT)V T 4

with o’(2) = do(z)/dz];=z, and O(z)?
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Proof of Property 5: Sce [21].

1. NN CONTROLLER

In this section we derive a NN controller for the robot
dynamics in Section II. We propose various weight-tuning
algorithms, including standard backpropagation. It is shown
that with backpropagation tuning the NN can only be guaran-
teed to perform bly in closed loop under unrealistic ideal
conditions (which require, e.g., f(z) linear). A modified twning
algorithm is subsequently proposed so that the NN controller
performs under realistic conditions.

Thus, assume that the nonlinear robot function (11) is given
by an NN as in (3) for some constant “ideal” NN weights W
and V, where the net reconstruction error £(z) is bounded by
2 known constant y. Unless the net is “minimal,” suitable
“ideal” weights may not be unique [1], [42]. The “best”
weights may then be defined as those which minimize the
supremum norm over S of e(z). This issue is not of major
concern here, as we only need to know that such ideal weights
exist; their actual values are not required.

According to Theorem 2.1, this mild approximation assump-
tion always holds for continuous functions. This is in stark
contrast to the case for adaptive control, where approximation

ssumptions such as the Erzberger or linear-in-the-parameters
assumptions may not hold. The mildness of this assumption
[is the main advantage to using multilayer nonline:

Maultiayer_neural-net_Lewi...

The next discussion is of major importance in this paper;
it is the key to extending lincar NN results to nonlinear
NN’s. Proper use of these Taylor series-based results gives
a requirement for new terms in the weight taning algorithms
for nonlinear NN's that do not occur in linear NN’s.

Let V,W be some estimates of the ideal weight values, as
provided for instance by the weight tuning algorithms to be
introduced. Define the weight deviations or weight estimation
€rrors as

W=w-Ww, 7=2-2

=V-7, 0)
and the hidden-layer output error for a given z as
d=c-6=0(V"2)-o(V ). @
The Taylor series expansion for a given z may be written as
o(V'2) = o(V1a) + o' (VT2)V o + O(V ) @2)
with a’(2) = do(z)/dz;=;, and O(z)? denoting terms of
order two. (Compare o [33] where a different Taylor ser
was used for identification purposes only.) Desifi,
o'(VTz), we have
5= o/ (V') VT2+0(VT2)? = 'V T2+ 0(V'EH
Different bounds may be put on the Taylor
order terms depending on the choice for o(-). N*
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Al With DACKp l uning (e NN can only
teed to perform suitably in closed loop under unrealistic ideal
conditions (which require, e.g., f(z) linear). A modified tuning
algorithm is subsequently proposed so that the NN controller
performs under realistic conditions,

Thus, assume that the nonlinear robot function (11) is given
by an NN as in (3) for some constant “ideal” NN weights W
and V, where the net reconstruction error &) is bounded by
a known constant . Unless the net is “minimal,” suitable
“ideal” weights may not be unique [1], [42]. The “best”
weights may then be defined as those which minimize the
supremum norm over S of (). This issue is not of major
concern here, as we only need to know that such ideal weights
exist; their actual values are not required.

According to Theorem 2.1, this mild approximation assump-
tion always holds for continuous functions. This is in stark
contrast to the case for adaptive control, where approximation
assumptions such as the Erzberger or linear-in-the-parameters
assumptions may not hold. The mildness of this assumption
is the main advantage to using mulilayer nonlinear nets over
lincar two-layer nets.

For notational convenience define the matrix of all the
weights as

W0
zz[o V]. (16)

net_Lewi

introduced. Define the weight deviations or weight estimation
errors as

VeV-V. W=W-W, Z2=2-2 )
and the hidden-layer output error for a given z as
@ =0-6=0(V'z) - o(V7a). 21

The Taylor series expansion for a given  may be written as

o(VT2) = o(VTz) + o' (VT2 T2 + OV

22

with 0’(2) = do(z)/dz|s=z, and 0(z)* denoting terms of
order two. (Compare to [33] where a different Taylor series
was used for identification purposes only.) Denoting tr =
o'(VTz), we have

6 =o' (V)W 240(VTs)? = 5'VT+0(V )2 (23)

Different bounds may be put on the Taylor series higher-
order terms depending on the choice for o). Noting that
OV 2)" =[o(V'z) ~ o(V7z)] - o' (VT2 ]
[\
i

we take the following.
Fact 4: For sigmoid, RBF, and tanh activat;
the higher-order terms in the Taylor series are b

{1
1021 < 5 + exQulVile + 517 4]
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supremum norm over S of (z). This issue is not of major ~ with o 5 denoting terms of
concern here, as we only need to know that such ideal weights  order two. (Compare to [33] where a different Taylor series
exist; their actual values are not required. was used for identification purposes only.) Denoting ¢’ =
According to Theorem 2.1, this mild approximation assump- ~o'(V7), we have
tion always holds for continuous functions. This is in stark ).
contrast to the case for adaptive control, where approximation 2 & 2. @3
assumptions such as the Erzberger or linear-in-the-parameters
assumptions may not hold. The mildness of this assumption
is the main advantage to using multilayer nonlinear nets over L
linear two-layer nets. O(V7z) = [p(VTz) = o(V7a)] - o' (VT)V Tz (24
For notational convenience define the matrix of all the
weights as

Different bounds may be put on the Taylor series higher-
order terms depending on the choice for o(-). Noting that

we take the following.
Fact 4: For sigmoid, RBF, and tanh activation functions,
W 0] the higher-order terms in the Taylor series arc bounded by
= . 6

Z= :
e IO(VT )’ < 5+ caQullVIie + sVl )
A. Some Bounding Assumptions and Facts where ¢; are computable positive constants. |
Fact 4 is direct to show using (19), some standard norm
inequalitics, and the fact that o() and its derivative are
bounded by constants for RBF, sigmoid, and tanh.
The extension of these ideas to nets with greZg: i
layers is not difficult, and leads to composite fu
the Taylor series (giving rise to backpropagatio,
terms for the multilayer net case—see Theores

Some required mild bounding assumptions are now stated.
The two assumptions will be true in every practical situation,
and are standard in the existing literature. The facts are easy
to prove given the assumptions.

Assumption [: The ideal weights are bounded by known
positive values so that ||V[|p < Vi, ||W|jp < Wiy, or

Z|lp < Z, 17
12)p < 20 an B. Controller Structure and Error System Dyn
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Multiayer_net

According to Theorem 2.1, this mild approximation assump- ~ o’(V7z), we have
tion always holds for continuous functions. This is in stark
contrast to the case for adaptive control, where approximation
assumptions such as the Erzberger or linear-in-the-parameters
assumptions may not hold. The mildness of this assumption
is the main advantage to using multilayer nonlinear nets over . . N )
linear two-layer nets. oV z) = [U(VE‘) —o(VTr) -/ (VTr)VTz (24

For notational convenience define the matrix of all the
weights as

& = (V) e +0(VTr)? =6V z+0(V 22, (23)

Different bounds may be put on the Taylor series higher-
order terms depending on the choice for ¢(-). Noting that

we take the following.
Fact 4: For sigmoid, RBF, and tanh activation functions,
a [W 0] the higher-order terms in the Taylor series arc bounded by

o 077 2)%| < e3 + caQallVllp + s VI| ]

A. Some Bounding Assumptions and Facts whete ¢; are computable positive constants, | |

Fact 4 is direct to show using (19), some standard norm
inequalitics, and the fact that o(-) and its derivative are
bounded by constants for RBF, sigmoid, and tanh.

The extension of these ideas to nets with greater than three
layers is not difficult, and leads to composite function terms in
the Taylor series (giving rise to backpropagatign;“'s
terms for the multilayer net case—se¢ Theore”

Some required mild bounding assumptions are now stated.
The two essumptions will be true in every practical situation,
and are standard in the existing literature. The facts are easy
to-prove given the assumptions.

Assumption [: The ideal weights are bounded by known
positive values so that [[V]|g < Vay, [W)|p < Wy, or

Zl|r < Z; 17)

I121p < 2 an B. Controller Structure and Error System Dy,
with Zyz known. Define the NN functional estimate of (11) '/}
Assumption 2: The desired trajectory is bounded in the f[r) :W’T(T(V.‘ 2) f
sense, for instance, that - =4
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2 number 7'(¢, 7o) such that ||z(¢)|| <& forall ¢ > to+7T.
we shall see in the proof of the theorems, the compact set /() = M()(da + A8) + Van(g, §)(da + Ae) + Glg) + £Ld)
[ related to the compact set on which NN approximation (11)
perty (3) holds. Note that U can be made larger by selecting
e hidden-layer neurons

ome aspects of passivity will subsequently be important [T 4T T AT ST
mmfm»mﬁnm;wmmmmaanwwm s=ledagal wﬁwinmi 7
aid to be passive if it verifies an equality of the so-called Define now a control input torque as e’ +he = PO

wer form™ 3 L. L
o T2 ft Kur R OATRT:
L(t) =y u—-g(t) @) - ; T
gain matrix K, = K7 >0 and f(z) an estimate of f(:r)»"d g
L(t) lower bounded and ¢(t) > 0. That is provided by some means not yet disclosed. The clnsed—kmp') 9¢€
system becomes Yo, ¢ il

lehre 12-4
and, for instance, we may select

T
T\ () e g ) 2 ec
/O Fonearz [one-rt O gpem= kv a0 €

all T > 0 and some 7 > 0. where the functional eslimation error is given by
Ve say.the system is dissipative if it is passive and in - 2
ition f=f-1

2.

R o} T ‘This is an error system wherein the filtered xmc‘T 8
(r) dr # 0 implies (7)dr>0. (6 i b \
/u ¥ (rjulr) dr #:0implics /g glr) dr ® driven by the functional estimation error

=

The control 7, incorporates a pmpor,imulrpg
(PD) term in Kyr = Ky(é + Ae).

In the remainder of the paper we shall use
selecting NN tuning algorithms that guarantee ti*)

b special sort of dissipativity occurs if g(f) is a monic
Biratic function of [[z/| with bounded coefficients, where
) is the internal state of the system. We call this state-
't passivity, and are not aware of its 1SC previouskimteshes

And the third property which is a very important property in the Lyapunov analysis is that the
matrix M dot minus twice V m is skew-symmetric. What does it mean? It means that any
quadratic form which is alpha transpose M dot minus 2 V m alpha is 0. So, the, so the quadratic
form corresponding to any skew-symmetric matrix is always 0. So, that is what we have in
property number 3. Of course, we assume that the disturbances are bounded. So, norm is missing

here but you assume that the disturbances are bounded.

This property five, we do not use yet. I mean we do not talk about it. So, we, so we are, which is
where there is a psi naught and r. That is why you had the psi naught here. Sorry, the zeta naught
here. So, if you remember, this is zeta naught, that was sort of inserted here. The purpose was to
talk about passivity. But you remember that we said that we will not discuss the passivity aspects

of this article in these series. So, as of now we skip it. If we need to, we will talk about it later.

This is a property. So, this is not an assumption. So, these are properties. So, it is not like we are
assuming anything. So, of course this property can also be proved. There is a nice reference that
is given for this. So, now we know that we need only good behavior of the r variable and we

have the dynamics of r given by this equation 14 here, which is also something nice.

Now, if ftilde was 0 and tau d was 0, then this is well known to be a stable, asymptotically stable
system. So, if both of these are 0, then you are in very good shape, no problem. Now, the issues
happen when this is non-zero. And of course, there is disturbance. So, of course that also, if it is

non-zero, then this is at least bounded. So, you want some bounded performance.

1010



So, what you need at the least is that you have a some nice bound on this f tilde. So, this is the
least you want. So, you want a good function approximator. So, that is why you start talking
about the neural network control. That is where we start discussing the neural network control.
So, that is what we say, that this nonlinear robot function, if you remember, 11, so this guy, this

whole thing, assume that it is given by a neural network as in 3.

So, it is essentially like a, the function f x is replaced by this kind of a weights thing, I mean you
had it here, you had it here. Suppose this function f x is approximated in this manner, where of
course epsilon is small enough. And then you have these weights and offsets and so on and this

activation function. So, it is like a, approximated by a three-layer neural network.

Now, why can we do this, because we, by this nice Theorem 2.1, we have that you can
approximate almost any continuous function in this way. And f x is of course continuous. So, of
course, we have this fact that this error is bounded by some constant epsilon n. So, you always
need bounds on the errors side. If you do not have bounds on the errors, then you can not get

bounded performance even with your Lyapunov analysis.

So, of course there is results which say that these ideal weights are not necessarily unique. So, I
mean, that is, one cannot expect, like, when in standard adaptive control problem, the value of
the parameter is sort of fixed and known. For example, if you say the mass of your drone is
unknown and you use an adaptive controller, so the mass is a fixed quantity, you know what the

mass 1s.

Well, you do not know what the mass is, for example, but you know that it is a fixed quantity.
But in this case, that is not necessarily the case because these are not masses and properties of
the system but these are more like weights to some kind of sigmoidal function, which is used to
approximate actual nonlinear function. So, therefore the choices are not necessarily unique. So,

we should keep this in mind.

So, of course this according to Theorem 2.1, this mild approximation assumption always holds
for continuous functions. So, anyway. So, this is of course, this is of course, the important part
here. So, then of course, just for, we define a new notation, which is this z equal to W 0 0 V. This

is just to make our lives easy in terms of notation.
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Now, before doing any actual neural network, type of design, what we want to do is to look at a
few different bounding assumptions and facts. And some of them are assumptions, of course, and
some of them are facts. That is to say that some of them are guaranteed to hold true and others

have to be based on some assumptions.

So, the first is an assumption. The facts are easy to prove given the assumptions. Therefore, we
start with the assumptions. The first assumption is that the weights are bounded. This is a very
fair assumption. I mean if the weights are not bounded, then possibly your function x is not
ground, function f x is not bounded. So, having bounded weights is a very reasonable

assumption.

The next is that the desired trajectory is also bounded. So, desired trajectory is defined by q d.
But here, we talk not just about q d, but about all the derivatives or at least two derivatives of q d
also. Now, this is again no different from the assumption which we made in our previous
adaptive control problems. We just said it in words. We said that you have a bounded trajectory

with bounded derivatives.

So, here we are making it a little bit more specific, we have taken q d, and its two derivatives.
So, it is again, a very reasonable assumption. You do not want your system to be following
trajectories which are too sharp or too jerky and so on. So, therefore you do assume that you

have bounded reference with bounded derivatives. So, this is again something very reasonable.

The important thing here is of course that this is a known constant. So, you know this value. And
similarly, here, also you know these terms. So, the important thing is that you know these
bounds. In case of trajectory, of course this is not difficult, but in case of weights, knowing a
bound is sort of the kind of thing we assumed when we talked about projection in adaptive
control. So, in this case, we are posteriorly assuming that there is a known bound on the

variables, that we are trying to learn.

Then we come to the first fact. It says that for each time t, x is bounded in this way. So, X is
bounded means it is not like a uniform bound or anything, but we know that x contains of,
consists of what? x is, x consists of g, well actually, I should probably point it out here. So, if you

look at this, I am sorry, we define x here.
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So, the x is defined this way. And so, x contains what, it contains q d and its two derivatives. So,
these we already know are bounded by the cap q d, by our assumption and then the error contains
e and e dot. So, these contain what? These contain again q and q d dots, q and q d and q d dots
and q dots. And this is of course bounded by some r along with some q d. So, this is not difficult
to see because you can actually get this sort of a bound on x, like a linear bound with respect to,

a fine bound with respect to r.

So, now we sort of want to talk about using some kind of Taylor series approximations so that
we can in fact do, deal with these nonlinear regressor parameter form. Remember, the linearity in
the regressor parameter forms is what helped us design most of our adaptive controllers. Without

that, we would be in quite a soup.

So, this is what. I mean, it is e for extending linear NN to nonlinear NNs. And this requires use
of Taylor series based results. So, this is what is important. [ mean, eventually when we have a
nonlinear regressive parameter from, the nonlinear terms in the neural network, we still want to
look at some linear versions and we do it by taking Taylor series approximations of these

nonlinear terms.

Because without the linearity, it would be impossible to deal with the structure that comes about
and different kind of nonlinearities that come about. And it would be impossible to get any kind
of stabilization results. So, we of course, as always, assume that V hat and W hat are estimates

for the ideal weights. And we of course define the tilde versions for V, W and z.

And of course, we, we also have the sort of error in the activation function values. This is
defined using this notation as sigma applied on V transpose x and sigma applied on V hat
transpose x. So, this is again, a notation. So, what we want to do is to sort of expand this into,
expand this with some kind of linear terms. And that is the whole idea. We want to use the Taylor

series.

So, Taylor series gives us some linear terms. This is standard when we linearize nonlinear
systems also. So, what is the Taylor series expansion of say this V transpose x. We know that V
can be written as V tilde plus V cap. So, we take the V cap as the center, sort of, and, so we have

sigma V cap transpose X.
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And then, you take the, sort of, you sort of take the derivative with respect to your V cap
transpose, this V cap transpose x term. So, you take the partial of the derivative with respect to x
and that is what is this sigma prime notation. And then, you have multiply use the error term
which is this V tilde transpose x. And then you have all the second and sorry, the higher order

terms here.

I am sorry, I think we, right, have the higher order terms right here. So, of course this is defined.
So, this is defined as a partial with respect to some, sigma prime is defined as derivative with
respect to some z, evaluated at z hat and so on. And o z square of course define higher order

terms, and this is all well known.

So, of course there are some, I mean the authors point to some other reference where a different
Taylor series was used, but that is okay. So, now of course, we, the authors want to simplify
notation. So, they call this term as simply sigma hat prime. Why sigma hat prime? Because this
sigma prime evaluated with this hat term. So, that is the rationale for using this kind of a

notation.

And so, what do we have? We have sigma tilde as, sigma minus sigma cap. And so, sigma, we
use this kind of an expansion here. So, what do you have? So, sigma cap also contains, sigma cap
is essentially this. So, whenever I subtract, if [ subtract these two, I just get this term. And that is
sigma prime V hat transpose. So, let me fix this, V hat transpose x. And this V tilde transpose x.

So, you get these two terms right here.

And then you have a second order term. So, this is of course simplified. We just call it sigma hat
prime, and this is v tilde transpose x. So, this, this, this term is just to, I mean I will just mark it.
So, this term is just this whole guy. And it is just a shorthand, it is nothing other than that. So,
now, there is also the requirement to put some kind of bounds on the higher order terms. And so,
we, I mean the authors do do that. So, this kind of a bound is sort of used. And again, this is, I
believe transpose, And, so this is like this kind of a bound. It is, so let me see. I am trying to see

if this is any different from what we have, different bounds are put on there.

So, this term is bounded with again, the sigma tilde because this looks like sigma tilde. So,
essentially this, I mean honestly speaking, this bound is essentially derived from this equation,

because if I take this on one side, I simply have this subtracting this. And this is sigma tilde, this
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is essentially sigma tilde. And then you have this guy here. So, this is what you have. So, this, if
this guy is to be evaluated, then you take this to the other side. So, you have sigma tilde, which is
this, minus this whole thing. It is this whole thing. So, now in order to get some kind of a

reasonable bound for this term, you use this expression 24.

So, you have a Fact 4, which is that for sigmoid, RBF and tan hyperbolics, all the three activation
functions that we looked at, you have this to be bounded in this way. And these are of course,
obtained using some kind of bounds on these guys. So, this is somehow using that. So, because
you see that these bounds also contain the Frobenius norm of V tilde itself. So, these bonds are

obtained using this expression right here. So, that is the whole idea.

So, of course they also use the, not just the, they also use the fact that sigma and its derivative are
bounded by constants for the RBF, sigmoidal and tan hyperbolics. So, of course, I mean the
author has mentioned that, for nets greater than three, this kind of bounding and these kind of

ideas are not too difficult to extend either, and then it can be done.

So, what did we look at in this session is that we had already seen the robot dynamics. So, we
saw a little bit more of sort of how the control structure looks in today's session. We also saw
how the nonlinear robot function looks, and we understood why r going to 0 is sufficient for our

purposes.

And finally, we, once we understood that this f tilde that is the function approximation error is
what we want to drive as close to 0 as possible, we understood that this is where the neural
network comes in. So, this neural network is used to approximate this function using this

theorem that we looked at earlier.

We know that, we sort of know that this function approximation using neutral networks will help
us to get close to true value of f. Therefore, f tilde can be made to have like an epsilon n bound.
And that is what we looked at, at how this neural network approximation will work, how we use
the Taylor series to sort of linearize the terms in the neural network and bound the nonlinear

terms.

And this is what we will use in the subsequent analysis to define these parameter estimation and

parameter learning and these parameters, of course, the weights of the neural network, and we
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will hopefully be able to show that you have nice, stable performance the way you require. So,
we will continue with our discussion in the subsequent session, and I hope to see you again soon.

Thank you.
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