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Hello, everyone, welcome to yet another session of our NPTEL on nonlinear and adaptive
control. I am Srikant Sukumar from Systems and Control, IIT Bombay. So we are well into
the 11™ week of our lectures on nonlinear and adaptive control. And by now we have learned
quite a bit of adaptive control, we have covered a large breadth of the theory of adaptive
control design and analysis. And I really hope all of you have learned enough material by
now to be able to apply in design algorithms to drive autonomous systems such as the

Space-X satellite that you see in our background.

Now, in this week, we have started to look at a new paradigm in adaptive control until the
week before this, we have always been looking at persistence of excitation for learning of
parameters in adaptive control. We never really promised parameter convergence in our
typical analysis, you always more or less concerned with only tracking of the errors sorry
tracking of the system states to the to the desired states, but of course, parameter learning is
also a key aspect and we did spend a decent bit of time looking at persistence of excitation,
uniform complete observability, integration, lemmas and things like that, which sort of are

what help us to prove convergence in the persistence of excitation domain.
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Srikant Sukumar

But now, starting this week, we have been looking at initial excitation based adaptive
controller where you have essentially 2 layers of filters on your regressor and your control
and because of this somehow not somehow, but interestingly, I would say the update law
design becomes simpler and also has nice negative terms in theta tilde itself, which is not
usually present in typical PE based adaptive control, typical certainty equivalence adaptive

control does not contain any theta tilde term.

Of course, there is a theta hat term in sigma epsilon modified adaptive controls, but that those
have deteriorated performance even in absence of disturbances. So this is rather nice, rather
powerful, and you also of course, show that V dot become negative definite in the presence of
initial excitation. Of course, if there is no initial excitation, there is no persistent excitation
then you will end up in the same kind of trouble in the presence of disturbance. So I wanted

to make a few comments on the results we have.

870



(Refer Slide Time: 03:26)

T14PM Thu9 Jun
Adaptive_Control_Week12

Adaptive_Control_W

cady facte "
o of  west

o
then, Y;p(f) > 0,1 for all t > T which implies

. I AT
V<= ’“"I"))"’()\//I/”I"T)H’/"

By choosing k > 1 and a sufficiently large X, we can claim negative definiteness of V (notice

there is no A in the control implementation but only in the analysis ).

lethie 1173

S
—————

Fact:- Y being initially excifmg 7 18 iitially exciting

Srikant Sukumar

115PM Thu Jun

Adaptive_Control_Week1:

v o f€ w-}‘;
T,5) 70 "

' -

[ 1@ 7T

v v tz0

|Z[*

) AT
e ()\/lu Ty > )6

By choosing k > 1 and a sufficiently large ), we can claim negative definiteness off

there is no A in the control implementation but only in the analysis ).

lethie 1173

-
——

Note:-Initial excitation is a weaker requirement than persistence of excitation

So anyway, so this is where we start, I will mark this is lecture 11.3 and what I want to do is
make of course, a few comments, several comments. The first thing it is written here is of
course, that the initial excitation is a weaker condition then persistence excitation that should
be obvious from here itself, we spoke about it in the previous lecture, that here you need
excitation to happen on all sliding windows time, and here the excitation is required only at
initial time, so that is would be obvious. The second thing is that the original regressor Y
initially exciting is sufficient for Y F to be initially exciting. So therefore, you do not need to
verify initial excitation property on the filtered signal, but on the original signal itself is

sufficient, this is rather useful.
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Srikant Sukumar

Few other comments like I said, into add a page, few other comments. 1 so comments on
what we have obtained one like I said in the absence of persistence or in the absence of
excitation of anything of excitation, robustness still an issue here. So please do not think that
just because I did some new method I got rid of persistence, I have initial excitation, yes,
initial excitation is easier to obtain than persistent excitation. Like say if you have some
excitation initially it is okay, more than okay. But if you do not have even that, then you still
have robustness issue in the presence of disturbance, robustness still an issue here in the
presence of disturbance. So you will have to resort to the same kind of methods. I mean, you

will not have a big advantage here.
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So remember that, remember what happens, I mean, if you go back here, I mean, this
becomes more evident, if you look at this. Yes, there is theta tilde terms in this equation,
which is nice, just like sigma epsilon modification, but these terms are scaled by Y I F and Y
I F transpose Y F. And these are only semi definite at best, if you do not have excitation, if
you do not have any excitation, these are only semi definite not definite, therefore, these

terms may not contribute to giving you robustness. So this is, again, a problem.
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Note:-Initial excitation is a weaker requirement than persistence of excitation.

So I mean, if you look at the Lyapunov analysis, essentially, you have this term, this is your
actual term, this you get this term only after you have excitation. If you do not have
excitation, you are left with this term. And then you have some serious issues still, I mean,

because this term is not necessarily this is not necessarily positive definite, it is only a
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negative definite, this is only semi definite. So you still have this non-strict kind of Lyapunov
function, which therefore means that you still have robustness issue in the presence of
disturbance. So you have not resolved robustness per say. Great. So I hope you understand

that.
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Now the second thing is, of course, that it is an easier condition. So if you have for example,
so if you if I try to draw some axis, and what I am going to do is try to draw 2 signals. So if
this is a signal for example, so this is a signal, say, I call it f 1 of t and then I have a signal
which is say the same, but then after this is still continuous, and this signal is f 2 of t. So it
should be obvious to you that. So it should be obvious to you that f 1 of t is initially exciting,

not persistently exciting, and f 2 of t both I E and PE.

So again, of course, it should also be evident to you therefore, I mean, so of course larger
class of signals are initially excited. So it should be evident to you that persistence excited
persistent excitation implies IE, but IE initial excitation does not imply persistent excitation,
so this is important. So therefore, this indicates that initial excitation is a weaker requirement.
So therefore easier to satisfy, we just need some excitation at some initial time and you are

done and you it is enough to identify things.
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By uniqueness again we have uzp = Yypf.

1.1 Control Design for tracking

We have
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Few more things, if you look at this condition for excitation, initial excitation, this is sort of
true even for persistent excitation. Although these conditions are written as a function of
time, these are written as a function of time notice, but in reality your Y F is your Y F is
obtained how your Y F is obtained by integrating Y or filtering Y and Y contains the states.
So Y F in fact, | even written the expression. So the expression for Y F is something like this,

where h is also depending on the state.
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So in reality and this is the case for most problems that you will ever consider, in reality Y F t
is actually Y F x, x dot t depends on the states and its derivative or if you do not want to put
the derivative because we got rid of its view in whatever some integration by parts it is a
function of state and time. And if you see the definition here just like in case of the
persistence also is only a function of time. So then it begs the question what happens if Y F is

a function of the state?

So we come back to the same issue that we talked about when we discuss the integral lemma,
we have to talk about notions now need notions like lambda uniform initial excitation. So
what was lambda uniform initial excitation? It essentially says that there exist t, sigma 1
positive such that for all lambda in some domain integral 0 to T, Y F transpose t lambda Y F t
lambda dt is greater than equal to sigma 1 I. So basically we need lambda agnostic initial

excitation that condition.

Why can we talk about a parameter and not a state? Because if you see if | plug in the
solution here, So this becomes a function of actually plug in solution, if I plug in the closed
loop solution there is actually a function of I get Y F x 0, t 0, t, is a function of just the initial
time state and time, initial time, initial state, and time and therefore, these are parameters
because these are constant values. So until now, when we whatever we talked about is sort of
non-uniform results because we have to plug in a particular x 0, t 0, then we have to verify
the integral condition like this, like this in fact sorry like this and then we have negative
definiteness of Y F and all Lyapunov analysis goes through and all that, but that is not very

nice.
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The way to go would be to define these notions of lambda uniform initial excitation, which
would be something like this. In fact which is very identical to when we define lambda
uniform persistence of excitation okay and integral lemma also it is very similar to that. If
you have lambda uniform it means that for a particular set of initial time conditions, you will
get you have this kind of condition satisfied and then you will have your nice parameter
convergence also along with tracking results. So this is very-very important point remember,

what we did here until here is not uniform with respect to initial conditions, time.

And if you want to have uniformity with respect to initial conditions and time, you have to
define the initial excitation differently, you have to define it as lambda uniform initial
excitation. Because in this case and in almost every case you will ever believe it with
regressor invariably as dependence on states and this is almost unavoidable. So this is again

another, very-very important point.
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Srikant Sukumar

Then, of course, you notice that I mean, we sort of talked about this earlier also but if you
notice this there is a state dependent term which did not of course exist before this. So now,
how to deal with it is of course an interesting question. And the way the authors have
proposed to deal with it is of course, adding this gain lambda, which is only in the analysis
and does not appear anywhere else. And so of course, you can sort of dominate this outcome.

Now, this is a time for the state varying quantity.

So what does it mean dominated, because how do you talk about boundedness? This is sort of
cyclical question, this works fine, it is not a big issue, if you choose a large enough lambda to
begin with, then this is a negative term this is a nice negative terms, so V dot is negative semi

definite, V is non-increasing, therefore states are bounded. And from that you get some
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bound on the states and from that, I get some bound on the Z. Using that bound on the Z 1
will get another value of I will get another value lambda. And from that is how I will choose

my lambda. So this is the very interesting point.
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So in fact, I will probably put it more carefully more precisely here how to choose lambda?
Again may not be very important for you, but it is important for any theoretician analyst to
understand how this choice of lambda is made. So remember, what you end up doing by
choosing lambda is proving V t is less than or equal to V 0. So which means that you have
your half norm e square plus lambda norm theta tilde square, but in this case e is just scalar,
so I am going to just say e square is less than equal to half e square at 0 plus lambda theta

tilde square at 0.

And now, with this I of course, want to get a bound on e, [ want to get a bound on e. So if I if
I look at it conservatively, I can say that e square at t is less in fact I will remove the square
root this is e of t is less than equal to square root of e square 0 plus lambda norm theta tilde 0
square. | hope you understand because I know that the sum is less than this, therefore, each
term has to be less than this also, I have taken a conservative value because that is the best

you will be able to do in this situation, then I have taken a square root on both sides. Great.

Now that I have this bound, what do I know about the Z in this particular case? Z is basically
0 x. So then I will you can say that norm of Z is equal to x in fact, which is less than equal
to... Because 1 is the trajectory that I am trying to track. So this is of course, if I take a bound
on the trajectory is bounded. So if I take the upper bound as r m, so this is less than or equal
to the square root of e square 0 plus lambda norm theta tilde 0 square plus r m, this is my

bound on norm Z.
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And now what do I need? I need my lambda to dominate this, this is the interesting thing
here. And now see this what do I need? I will actually I need that, so what do I need? I need
that lambda mu I F sigma 1 should be greater than norm Z t square divided by 2 for all t. So
in fact, this is I mean, because this is an upper bound, so it should be able to evident with. So
because this does not depend on time, it should be evident that for all t this bound holds the
right-hand side does not depend on time. So for all time t, this bound has to hold. So
obviously, you want this to be if this is greater than square root of e square 0 plus lambda

norm theta tilde 0 square plus r m whole square by 2.

Now, if I want to keep this simple, I mean, actually, I cannot keep this very simple to be

honest. There is a little bit of a complication here, I mean, it is not that the solution does not
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exist here, the solution does exist, I mean, you should be able to find a solution here. The
only thing is that there is a lambda on both sides of this equation. So it is like solving a
quadratic. So not super obvious how to get this lambda, but there does exist such a lambda.
So I hope you remember this sort of a slightly complicated sort of situation that we land

ourselves in with this choice of lambda.

(Refer Slide Time: 22:17)

1:33PM Thu 9 Jun

Adaptive_Control_Week12 v

V = —ke® + eZ0 — Nupl WEYeh — Muypf" Y0

< —ke* + [e]| Z])[16]) = AurrTYief < 0
~
Lty lzl* Bl
< EY

where we use the fact that g0 Y,V Y; 0 > 0. Now,
1
Yip(t) = /3',‘(,-))',(,-)«1,—
Jo

If Y is initially exciting (IE) with constant (T, ay) > 0 i.c.,

3 - %
Y(Ft YF Te . LrH: {0]:0 T é'zr
b T Ye(r) ' Ye(r)dr 2 0,1 >0
z Jo e~— ;
ir = I YF @ @ d o ealy juclank  ranle g

% ) of west 4
then, Yyp(t) > oy for all t > T which implies =

34PM Thu 9 Jun

Adaptive_Control_Week12 v

;')[e‘ + /\115”7] < {l
lelb] ¢ {gzlﬁ)f AB (o)1

Nzbn= 12E)] ¢ el + ()
Jm

&
= ‘{ezloh ATEI™ + Sy

Need, Mes > lzwn* g

Q
74 —
pehavior ia Are [J F (g« MBI « 9y |

ahente af;o.xuk«fiw IR { j
rt encenl

6

883



135PM Thu9 Jun

Adaptive_Control_Week12 v

Adaptive_Control_W

Systems &

2

£ 4(1][%. It's time derivative will be given by

0

Choose V = Le

4
V = —ke® + eZ6 — Nupl WEYeh — Muppf Y0

< ke + [el | Z] 0] = AurrT Ve <0
~ %
¢ LeFy ll=l* gl
< Y

where we use the fact that ,\;:,9 YeYr 6> 0. Now,

Yir(t) = /Y,’(,»))’,(r)'h
Jo

If Yy is initially exciting (IE) with constant (T, ¢y) > 0 i.c.,

0 134
Y- YeYe, Ye€az0 6N

T
b T ! Yi(r) ' Ye(r)dr 2 011 >0
vtz (v (v ndr i

136 PM Thu 9 Jun © ewmum

Adaptive_Control_Week12 v

filter layer:

Yie =4V Ye; Yip(0) =0

e = Ypup; wp(0) =0

Clearly, Y;r > 0 by construction and

Yipd = Y, (Vi) = Y up and Y;40(0) = 0

By uniqueness again we have uyp = Y 6.

1.1 Control Design for tracking

We have
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Now, if its initial excitation is not there, then we are in a rather big soup. Because then we are
left with this kind of a term and this is not even positive definite. If there is no initial
excitation, then this term could be is not positive definite, let us remember that this term is
not positive definite here, then it is not very clear how this kind of a term can be dominated.
So to be honest, if you look at this behaviour in the absence of excitation is not evident. |

hope this is clear.

If there is no excitation, then I am left with this kind of Lyapunov function derivative,
candidate function derivative, and then this term is not positive definite, so I cannot really use
this term to dominate anything. And then I am left with this term where this e can be
managed here, sure, but then there is still some kind of a term in theta tilde. So at best, I will
get somewhere where residual set type of and starts to look like the Sigma Epsilon
modification type of situation, unless I can somehow smartly use this term, not very clear, to
be honest, that is not very clear whether it will be possible it is obvious that this Y I F is
connected to this theta because Y I F is connected to Y, it is not super obvious, it is not super

evident how to use this.

Of course, if you retain this term also you still have a Y again a semi definite term again may
have some connection to Z, so this may help you dominate this even in the absence of
excitation, but it is not very evident, how that would be possible, it is a little bit more of a
complicated proposition. So excellent. So as always, when you get something you also give
some, | mean, of course, you already gave something in the form of adding more dynamics, |
mean, you increase the order of the system, if you, so Y I F is typically, the size of Y I F is
more like the size of the regressor, so the size of Y is basically the size of theta. So it is like in

this case one parameter, so one additional parameters are 2.

So in this case it became 1 by 2. So therefore, Y Fisalso 1 by 2 andif Y Fis 1 by 2 then Y I
F became a 2 by 2 matrix. So you added significant number of states to your system. So you
already did ask for something more, but on top of that, you can see that there are some things
that may still be a little bit complicated, especially things like the choice of lambda and then
what happens in the absence of this initial excitation. In the persistence excitation in the
absence of persistence excitation, you still know that you get tracking convergence like 0
tracking errors, in this case, this is not very clear whether such a thing is happening. It may be
possible for large values of k and lambda and such, but it is not very clear. So ideally, it

would make sense to sort of combine the usual certainty equivalence, PE adaptive law and
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this law is what would be sort of my recommendation, but of course, I have not done that

answer shown it here. I leave it to you folks to try it out. Excellent.

So what we looked at in this session, is that we had completed the analysis for the initial
excitation based adaptive controller for a single integrator. In the previous session, we wanted
to have a discussion of what the properties are. So we looked at a few rather interesting things
interesting features, the positives in the sense that it is a initial excitation is not persistent
excitation, and the fact that all these signals are initially exciting and not vice versa. But then
we also saw some drawbacks, which is how to choose lambda, what happens in the absence

of initial excitation. So there are a few drawbacks also how we do things.

But it is rather important to keep this in mind when we are using the initial excitation based
design. In the end, like I said, I propose that you sort of use a combination of the CE
adaptation law and IE adaptation law or the PE adaptation law and IE adaptation law. But
again, that is not something I have shown here in this discussion. I leave it to you folks to try
it out and see how it works. In the upcoming session, we will look at again backstepping
extensions for this. So we just want to integrate it with what we have learnt. And I hope you

will see that it is not too difficult to do that.

The most important thing to remember is that the in the initial excitation with adaptive
control design, the adaptive control law, the update law is designed is completely decoupled
from the dynamics, the dynamics almost plays no role, because everything is in terms of the
Y, Y Fand Y I F, so whatever is inside this Y, Y F and Y I f is what captures the dynamics.
The structure of the parameter update law remains the same irrespective of the dynamics
therefore, it is very easy to stretch this to any dynamical system. And so it has found use in
many different dynamical systems and that is rather nice. So great, I hope you enjoyed this

session and I hope you will join me again next time. Thank you.
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