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Hello, everyone. Welcome to yet another session of our NPTEL on Nonlinear and Adaptive
Control. I am Srikant Sukumar from Systems and Control, IIT Bombay. We have for a while now
been motivated by our desire to drive uncertain autonomous systems such as the SpaceX satellite
that you see in the background. And in our quest, we have already seen how to analyze and
lately, how to design controller for uncertain dynamical systems. And these adaptive controllers,
I hope that, will help you to design and develop algorithms for your own practical dynamical

systems in your own research areas.
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Tuning function in adaptive design helps us to avoid the drawbacks of the ex-

tended matching design method.
1 Certainty equivalence of modified system
Definition 1.

i=f(z)+ F(x)0+g(z)u, zeR" 0eR uek

System (L.1) is globally adaptively asymptotically stabilizable if 3 a control law @

u([l.(‘)) = 0, adaptation law T(Mw_:_[ "> 0 such that
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Definition 1.
&= f(a)+ F(z)0+g(x)u, veR"0eR ueR (L1)

System (1.1) is globally adaptively asymptotically stabilizable if 3 a control law a (2 J}) with

a(D. I)) =0, adaptation law 7(r, #) and adaptation gain I =TT > 0 such that

u *1\(.:.()]

0= I'r(a, F))

guarantees that (r,0) are globally bounded and z(t) — 0 as t — oo. Here, 7 is the tuning

function Luduse 3

Definition 2. Smooth function V,(z, #) positive definite in « for each 8 is called aj
control Lyapunov function (ACLF) for (1.1) if 3T = I'" > 0 such that for cacjd

V(2.6 is a CLF for
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a(t)"? stabilises the aforementioned dynamies.

We shall now shift our focus to control affine systems of the form,

bw\\'lﬁ(\.)) 29) :'ﬁf@(I‘H)H ), t20
J’J ), Tl = P 9)filx(t)). Z
\4 \I‘\ \v})

where 2 1 [0, +00[ = R", w; : Bir) - R, fy, fi, ..., fun are C*

,,\"" uy“ functions Further, since we are typically interested in stabilisation
9 Al at the origin, we assume the existence of = (i) € R™
such that the following holds G Quomnbes yze, & oW
§ %M gquikilriam
fol0) + L Loy =0 4~ = x
= cho B
For (2.3) we can now an state equivalent version of Definition 2.5 for ) ‘3) -9, .l,"
i control affiue syste v fi
mn =ik
Definition 2.7. A function V : " — & of class C* is said to be a 1$0
)

control Lyapuno function for (2.3) if the following conditions hold:

o V(0)=0and V(z) > 0 for z€ B(r), « #0
¢ [2Viz)
f [ fi(x)] = 0, for some x € B(r), 2 # 0 and i = 1.2.....m,
then [242 ()] <. i vy [ 12“|h]
W 9%

The proof of the equivalence of Definition 2.5 and Definition
for (2
tions are e to verify since no infimum over all possible control

vectors needs todiecomuuied and e as befgre that the direc-

3) is straightforward and left to the reader. The new condi-
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where @ : [0, 4% = R”, u; : Bir) = R  f are C*

2 s

{
uy‘ functions. Further, since we ,m'h]nnll. interested in stabilisation
N at the origin, we assume the existence of a = ( i) € R™
’ .
\ such that the following holds G %\mm\m ree, 0w

qu {brium.

_\

0+ Y usi0)=0 47
=1

For (2.3) we can now an state equivalent version of Definition 2.5 for
control affine systems as,

Definition 2.7. A function V'
control Lyapunov function for

— R of class C* is said to be a

if the following conditions hold:

o V(0) :r,\ul\( )> 0 for z€ B(r), z #0
olf I DD (2)] = 0, for some a € B(r

for (2.3) is straightforward and left to the reader. T

o

L
L -

o \\}1’ tions are easier to verify since no infimum over all possible control
2 vectors needs to be computed and ensures as before that the direc-
7

tional derivative of a Lyapunov function is negative for all non-zero
states along dynamics (2.3).

The power of the existence of such a control Lyapunov function as

v (¥ [ fold ) defined above lies in the ease of design of an almost smooth stabilising
2 .
PP ACVN IS o o ’\%W) ; W‘X]B
= OV Y 25 * ™ 1 T
ﬁt") f-()* “rf,(()r = = { W
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For (2.3) we can now an state equivalent version of Definition 2.5 for T
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to verify since no infimum

be computed and ensures as before that the direc-

of a Lyapunov function is negative for all non-sero

ong dynamics (2.3)

[ such a control Lyapunov function as
of an almost smooth stabilising
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So, what we were doing until last time was that we were starting to look at the tuning function
method. And in the quest to understand the tuning function method, we had to talk about the
notion of control Lyapunov functions. So that is what we did. We started last session with a

control affine system, which is essentially a system which is linear in the control.

It is a multiple input system, but linear in the inputs. And so, there is a drift vector field f 0, and
there 1s control vector fields f 1. And we then defined what is a control Lyapunov function which
is essentially similar to a Lyapunov function, but the derivative has the control term appearing in
it. And therefore, when we talk about the negative definiteness, we take infimum over the all

possible control signals.

We take the infimum over all possible control values, in fact, not signals, and then compute the
derivative and we want that to be strictly negative for non-zero values of the state in a local
domain B r. So, there were two alternative ways of defining this. One was using this infimum,
the other was saying that if the control terms contribute nothing, then the drift term has to

contribute negative values.
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§2.2. CONTROL LYAFUNOV FUNCTIONS

feedback. The associated results were stated and proved in [Arh‘ifi,
Son89]. We will only state the results here and refer the reader to
Son89] for detailed proofs. However, before we proceed we state
below the small control property which is a strengthening of the
second condtion of Definition 2.7

£

(Small Control Property)

Ve > 0,35 > 0 such that Yz 0 and [z <4,

Ju = (ui,... up) €R™ with Ju = uf <eand,

"";Ev')|/”(r; Fufiln) + g falr)] <0,

The elaim that (Small Control Property) is a stronger condition is
=2 fi@)] = 0forall i = 1,2 ....m in the
above inequality, then |5 fy(z)] < 0 thus satisfying the sccond

condition in Definition 2.7,

easily verified. If

Subject to the (Small Control Property), the work in [Son89)]
came up with an expleit expression for a stabilising feedback control
for (2.3) which is smooth everywhere in a perforated neighbourhood

of the origin (excluding + = 0) and continuous at the crigin. This
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(Small Control Property)

Ve > 0.3 > 0 such that Vo # 0 and [z <4,

Ju = (uy,....u,) € R™ with Ju —uf <eand,

".[")[_h‘(r:+m/.(:)+ * (o)) <0
p

The claim that (Small Control Property) is a stronger condition is
casily verified. If [“Z fi(z)] = 0 for all i = 1,2 m in the
above incquality, then [“5. fy(r)] < 0 thus satisfying the second
condition in Definition 2.7

Subject to the (Small Control Property), the work in [Son89]
came up with an expleit expression for a stabilising feedback control
for (2.3) which is smooth everywhere in a perforated neighbourhood
of the origin (excluding x = 0) and continuous at the origin. This
is result is formalised below and is known as the Artstein-Sontag
theoren.

Proposition 2.8. Consider the control affine system in (2.3) and
assumed that there exists a control Lyapunov function as per Defini-
tion 2.7. Then the system (2.3) satisfies the (Small Control Property)
if and only if it admits an almost C* -stabiliser u(z(t)) with u(0) = .

As mentioned, the stabiliser obtained above is almost C” i.e.
smooth everywhere in a perforated neighbourhood of the origin {ex-
cluding = = 0) and continuous at the origin. The explicit strucure
of the stabiliser used to prove the above result is called the Artstein-
Sontag universaldgmuude and is exprossed polow for all 7 € B(r).
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came up with an expleit expression for 2

for (2.3) which is smooth everywhere in a perforated neighbourhood
of the origin (excluding = = 0) and continuous at the origin. This
is result is formalised below and is known as the Artstein-Sontag
theoren.

Proposition 2.8. Consider the control affine system in (23) and
1 Defini-
1l Control Property)

> Artstein-
T€

L@ r.‘)")i

or °

So along with this, and what is called the small control property, which is essentially, essential,
which is essentially required for ensuring continuity of the control near the equilibrium, we are
able to talk about a necessary and sufficient condition which is called the Artstein-Sontag
theorem, which essentially says that having a control Lyapunov function is equivalent to having

a C infinity stabilizer, almost C infinity stabilizer.

So, if you have a control Lyapunov function, then the system satisfies the small control property
if and only if there is a C infinity stabilizer. So, the if and only if is what was rather important for
us. The one side of it, that is if that a function V is a control Lyapunov function then the
Artstein-Sontag universal formula actually gives us a way of constructing an almost C infinity
stabilizer, which means that the controls so constructed is in fact smooth everywhere but at the

origin, which is the equilibrium, where it is continuous at least.
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RGROUND: LYAPUNOV THEOR

i) + ol + 6@ ., bl)

b

It is immediately evident that the control law (2.4) is stabilizing

for (2.3) and can be proven using the same control Lyapunov function

'
1
@ Ve /l in Defnition 2.7. In fact,
5 +“) . oV (a
. (-2 7% =T wie) +o ()]

154 ;
v%Yu : 1L‘a = a(r) + b(a) Tulx)

0 L] —ya(x)? +[b(@)[" b(z) #0 i
\ - # 13 ¥ ~ s Ne) =0 4 o) <0 by o
17 n either case, ¥ < 0 as per Definition 2.7 which completes the proof

1/ of Asymptotie Stability of the origin. Let us now focus on the regular-
e % "( itv of u(r). Let e - independent
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It is immediately evident that the control law (2.4) is stabili
for (2.3) and can be proven using the same control Lyapurov function

| in Definition 2.7. Tn fact,
) 0“) oV (x
R 7= P10 i)+t vl
v,0

= a(z) + b(x) "ulz)

:{7\/1,(.)!“/4..)" b(r) #0 sl 1

a(x) b(z) =0 < a(y) <0 CLF‘

In either case, V < 0 as per Definition 2.7 which completes the proof

mptotic Stability of the origin. Let us now focus on the regular-
ity of u(z). Let us assume for the moment that a,b are independent
variables and we define the function,

o 7 Hla,b

Consider also the set {(a.b) e R
V) now all tuples of the form (a,b, z(a, b)) with,

=0

=0,a 2 0}. Consider

b=
bl =1, o
T T

q
For all such tuples, H(a, b, 2(a,b)) =0 and, Dz"( 2

-2 b=0
D:H(abz(eb) =] =’
VETFIT, b#0

b) is smooth on 8 since H(a,b, 2) is smooth on § x R. It
ine to TS T TR (al) bl
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b(a) u(z)

[
7~ =Va@)? + )" b(x)#0 - "F
episknte
3.t a(E) o) =04 0 b TG
gL of
17 In either case, V < 0 as per Definition 2.7 which completes the proof
of Asymptotie Stability of the origin. Let us now focus on the regular-

Ve x /»'( ity of u(). Let us assume for the moment that o, b are independent Y

¢ ,2)\‘..1‘ ables and we define the function

g
L %-: Hla,b, 2:z-1° = 0

b AT 3 &
- v 1) Consider also the set, § {(a,b) € R%b = 0,a > 0}. Consider
- a6t (.\ now all tuples of the form (a,b,2{a,b) with,

0. b=0
)¢ 4 2la,b) = ;
wr L AD = e ) L o
fi(a = bz -2a
@~ =6 Forall suck tuples, H(a, b 2(a,b)) = and, o, H(ak2)
)

bt ') -0

v fe D.H(a,b, =(a,b)

{—z, b
.
5T, b

N s noneero foralf (a,b) €S. Therefore, by the implicit fnction
Phoren z(a.b) is the unique solution of H(a,b,z) = 0 on § and
firther z(a,b) is smooth on 8 since H(a,b, z) is smooth on 8 x R. It
‘only remains to note that wher I)«hmnml 2.7 holds, (a(z),b(x)) € S

2 or all 2 # 0. Finally, continuity of u(x) at the origin is a consequence
n ok the (Small Control Property)
s 7 0
o 1 uu ’& = . T
s -,L = (O 20

And so, there was a nice expression for such a control law. And the other way around which is

also very important for us to understand because that is what we have been doing in the past is
that if you design, if you choose a V which is positive definite and smooth and all that, and then
you take the derivative and you are able to come up with a control law such that this V becomes
negative definite, then this automatically also means that the V function that we chose to begin

with was a control Lyapunov function.

And this is what we have been doing, we have been designing our control laws we have and the
update laws for the estimates using a suitable Lyapunov function or a candidate Lyapunov
function. And so, these were in fact control Lyapunov functions. So instead of choosing
whichever control came out of this particular method of just intuitively choosing a control, just
like we see in this example, where we took a system x dot is minus x cube plus u and we took a
V which was x squared by 2, and after taking the derivative, sorry, we took the V as x squared by
2, and after taking the derivative we somehow have an intuitive idea of what the control should

be so we just choose it as minus x.

And this is, this is in fact a smooth controller, everywhere, including the origin so therefore it
means that this V is a control Lyapunov functions. So instead of choosing this particular project,
this particular choice of controller, that is u equal to minus x, we could have in fact use the

information that V is a CLF to construct a controller using the Artstein-Sontag formula.
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So, so anyway, so the idea is that we can use either the Artstein-Sontag formula to construct a
controller or we can also use our own intuition using a particularly or suitable choice of control
Lyapunov function. So, this is essentially, the, this is essentially equivalent methods, essentially

equivalent methods. So that is really the idea, so, of what we did last time.

(Refer Slide Time: 06:32)
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Definition 2. Smooth function V,(x, #) positive definite in x for each # is called an adaptive
control Lyapunov function (ACLF) for (1.1) if 3T =T" > 0 such that for each # € R?,

V,(x,0) is a CLF for

v,
i=f()+ F(z)(0+ r((WJ

_‘, +g(z)u

Srikant Sukumar

So, what we want to do now, what we want to do now is to continue our discussion on adaptive
control Lyapunov functions because if you notice until now, we did not, I am going to, we did
not actually talk about any uncertainties in the system at all. We only talked about a standard

nonlinear control system. There was no uncertainties any.

So now we are in a, of course in this course, we are in a situation where there is uncertainties
also. So, we want to talk about what is called adaptive control Lyapunov functions. So, let me
first mark what we did in the last lecture. We did lecture 9.3, which was control Lyapunov
functions. And now, we are on lecture 9.4. And this is where we start with the definition of an

adaptive control Lyapunov function.

So, we already saw what is, what it means to be globally adaptively asymptotically stabilizable
system. I want to remind you of this because this is going to show up in a discussions soon. So a
system of the form 1.1 is said to be globally adaptively asymptotically stabilizable if you can

find a control law that is a feedback law which depends on the state and the parameter estimate,
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and also a tuning function tau, again depending on state and parameter estimate, and an
adaptation gain such that you have an adaptation law and a control law, and such that both x and

theta hat states are globally bounded, and x goes to 0 as t goes to infinity.

So, this is the, what it means for a system to be, for the system 1.1 to be globally adaptively
asymptotically stabilizable. So, let us begin with this rather longish introduction, let us begin
with our definition 2, which is that of an adaptive CLF. So, what is an adaptive CLF or an

ACLF?

It is essentially a smooth function now, of both x and theta, because there is a parameter
involved. Remember that theta is a constant. Is it, because we are talking about theta and not
theta hat. So, theta is a constant. This is just a constant parameter. So, so essentially an adaptive
CLF is, a function V a is called an adaptive CLF for this system if what happens, there exists
some positive definite gain gamma such that for every theta, remember for every theta, which is

a vector in Rp V ais a CLF for this modified system.

What is the modification? This term. This term is the modification. So, V a, we will see the
reason why this modification and not any other modification, V a which is a function of the state
and the parameter, the constant parameter is an adaptive CLF if there exists positive definite gain
gamma such that for every value of parameter theta, V a is in fact a CLF for this modified system
1.2. That is, it. So, CLF and ACLF are just related by this modified system. That is all. And we

will soon see, like I said, why this particular modification and nothing, and nothing else.
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Theorem 1 (Equivalence of ACLF and CLF of modified system). The following statements

are (‘(|\l.\'«\l‘l‘m:

1. There exists (a, V,, T) such that a(z, ) globally asymptotically stabilizes (1.2) at © = 0,

¥0 € R? w.r.t the Lyapunov function V,(z,6).

2. There exists an ACLF V,(z.0) for (1.1). Moreover if an ACLF exists th

globally adaptively asymptotically stabilizable.

Proof. 1 = 2 is obvious siu
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Theorem 1 (Equivalence of ACLF and CLF of modified system). The following statements

20

are equivalent:

1. There exists (o, V,,T') such that a(z, ) globally asymptotically stabilizes (1.2) at z = (,

7 € R? w.r.t the Lyapunov function V,(z.6).

2. There exists an ACLF V,(z,0) for (l.l).d}[mw\'ﬂr if an ACLF exists then (1.1) is

globally adaptively asymptotically stabilizable.
Proof. 1 = 2 s obvious since (a,V,,[) existence implies

W oV
@ = Fa)(o+ T

& ") +gla)a(e. O} < ~W(a.0)
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Theorem 1 (Equivalence of ACLF and CLF of modified system). The following statements

are equivalent:

1. There (‘Vl.\l)t"l that a(z,6) globally asymptotically stabilizes (1.2) at z = 0,
|

¥ € R? w.r.t the Lyapunov function V,(z,6).

)

2. There exists an ACLF V,(z,6) for (lvl).JA\[urvu\'ur if an ACLF exists then (L.1) is

globally adaptively asymptotically stabilizable.
Proof. 1 = 2 s obvious since (a, V,,[') existence implies

Wi W ,
'i)—,_;(z) ~Fla)(0+ r(f—H)T) +r/\l)u(,1.0)]} < —W(z,)

for some W (x. 6) positive definite in x for all 0. (1.3) implies V,(2.6) is an ACL

as per Definition 2,
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1. There exists (o, V,, T') such that a(z, 6) globally asymptotically stabilizes (1.2) at z = 0,
Y0 € R” w.r.t the Lyapunov function V,(z,6).

2. There exists an ACLF V,(z,6) for (l.l).l)[nn‘n\'«‘r if an ACLF exists then (L.1) is

slobally adaptively asymptotically stabilizable.
Proof. 1 = 2 s obvious since (a,V,,[) existence implies
A B, . Nary . .
= =2[J(&) = Fla) (0 + D(=2 2)alz, -W(z,0) .3
Vo™ Fel@) = Fa)(0+ TZ0)T) +gloda(e O]} < W (

—

for some W (. 8) positive definite in 2 for all 6. (1.3) implies V, (2. 8) is an ACLF for (1.1)

as per Definition 2

To show : 2 = 1ic., V, isan ACLF for (1.1) = V, isa CLF for (1.2).
We can use Sontag’s universal formula [1] to construct a asymptotic stabilizing

a(z,0) for (1.2).
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are equivalent:
1. There exists (a, V,, I') such that a(x, ) globally asymptotically stabilizes (1.2) at z = 0,
¥ € R? w.r.t the Lyapunov function V,(z,6).
2. There exists an ACLF V,(x,6) for (L1) J\lmmw- if an ACLF exists then (1.1) is

globally adaptively asymptotically stabilizable.

Proof. 1 = 21is uh\lonx since (a, V,,T) existence impli
Sl

" {F (f” ( ) uj <
. Lﬂ'

VL": Fn f(z)+ F( I)W I'( ) )+{/H)n(! (I)I}S—H'(r 0 < 2 (1.3)
dr

’l}

for some W (x, 6) positive definite in 2 for‘all @ (1.3) implies V, (2, 6) is an ACL

as per Definition 2.

Toshow : 2 = 1ie, V, isan ACLF for (1.1) = V, isa CLF for (1.2).

We can use Sontag’s universis= e . svnptotic stabilizin de
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globally adaptively asymptotically stabilizable.

Proof. 1 = 2is uh\mm since (a, V., [) existence 1111])]1
as %k() <
N [F JELEUR

w
¥ )h
Vi o

N7

[i(x) = F@) {0+ T(52)") +glolae O} < -W(z,0) <® 1y

for some W (x, 6) positive definite in x for‘all 6. (1.3) implies V,(x,6) is an ACLF for (1.1)

as per Definition 2.

Toshow : 2 = lie, V; is an ACLF for (LL) = V, is a CLF for (12).

We can use Sontag’s universal formula [1] to construct a asymptotic stabilizing
a(z,8) for (1.2)

Proof of global adaptive asymptotic stability:

This, what does it imply for a V a to be a CLF of this modified system? This is essentially our
definition. We have assumed u is in a real number for now. So essentially, we need that the
infimum of, over the control values V dot, V a dot, that is del V a del x, this is negative. So, this
has to be more precise for all x not equal to 0, for all non-equilibrium values. This has to hold
only if x not equal to 0. At x equal to 0, we do not need this to hold because V dot may be 0 at x
equal to 0. So, this has to hold for non-zero x only. Now, let us see. Is there anything else I want

to say?
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You might ask why del V a del theta is missing? But that is because del V a del theta times theta
dot is 0 because theta is a constant, which is why del V a del theta term is missing in this
expression. Just remember that. So then, we have a, a nice little equivalence result. What does

the equivalence result say?

It says that, it is essentially the equivalence of the adaptive CLF and CLF of the modified
system. What does it say? It says that there exists a feedback, an adaptive CLF and a gain
gamma, such that alpha globally asymptotically stabilizes 1.2 at the origin for all theta in Rp with
respect to the Lyapunov function V a. We are calling this a Lyapunov function because now the
feedback alpha is already specified. So no longer, there is no longer a control. The control is
already specified to be alpha. Therefore, we can treat this as a Lyapunov function directly, not a

control Lyapunov function.

So, we are saying that statements 1 and 2 are equilibrium, equivalent. The statement 2 is just this.
There exists an ACLF V a for 1.1. So, this rest of the statement is separate. So, let us not worry
about the rest of the statement. The equivalence is between existence of ACLF of V a for 1.1
which you already defined, and existence of feedback V a and gamma such that alpha globally

asymptotically stabilizes equilibrium 0 for all theta with respect to the Lyapunov function V a.

It has the same function V a, but here it is an ACLF and here it is a Lyapunov function because
here the feedback is already been implemented. So, so what, why the equivalence between 1 and
2? Again, like I said, the equivalence is only until here. This is a separate statement, that is not
required, I mean that is not part of the equivalence, but anyway I mean this is important too. We

will read it soon.

So, 1 implies 2 is obvious, we say, because existence of a alpha V a gamma combination implies
what? Implies this is true, implies this sort of an inequality holds. What is this sort of an
inequality? This is, the left-hand side is just the definition of V a dot. This is just, I am going to
rewrite it, sorry. V a dot along the system trajectories. Notice again, that theta is a constant still.

We just do it for all values of theta.

So, theta dot is constant, it is just a constant parameter. So therefore, there is no del V a del theta
term. So, this is just del V a del x times x dot. The only difference is that now in x dot, the

control is substituted with an alpha. And anyway, the gamma appears here. What do we know?
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That if you have an alpha V a gamma combination available or a tuple, three tuple available,
then you will always, which globally asymptotically stabilizes the origin with respect to the

Lyapunov function V a.

It essentially means that the V a dot along the system trajectories substituting for alpha is going
to be less than equal to some negative definite function which means W is a some positive
definite function in x for all theta. So, this is important. Always for all theta, because theta is not,

cannot play a role. Just by changing theta, I cannot lose my asymptotic stability.

So, what does 1.3 imply? 1.3 immediately implies that V a is an ACLF. Why? Why, you might
ask. What do you need for an ACLF? Let me make this smaller. You need that for sum, you take
the infimum over all possible values of control. And you want it negative. Yes? For non-zero x,

of course, for non-zero x, of course.

Here, I am saying there exists one value of control for which this is negative definite. So, if there
exists one value of control for which it is negative definite, that it is negative, then it is done. |
am satisfying this already. This implies this. Because I can find one choice alpha for which this

holds, because I am taking infimum, the smallest over all possible choices of control.

And here I am already saying there exists this choice alpha such that this holds because this is the
same as this, substituting for alpha against u. Therefore, because I can find a u equal to alpha
such that this holds, it means that infimum also has to be smaller than that at least. Infimum
cannot be larger than that. Infimum of this for all values of u has to be smaller than what you get

for alpha. So, it is as simple as that.

So let me, so essentially, I mean if you want me to write it, [ can write it as inf over u del V a del
x f plus cap f theta plus gamma del V a del theta transpose plus g u has to be less than equal to
this guy, is always less than equal to this guy, which means this is, which means that you have
what you want. So therefore, V a is an ACLF for 1.1. And that is what is, I apologize, and that is
what is this statement, that there exists an ACLF, V a is exactly this ACLF, V a is exactly this
adaptive CLF.

Now, if you want to show that 2 implies 1, that existence of ACLF implies being able to find

stabilizing feedback alpha and gamma, is pretty obvious because ACLF definition in fact
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contains the gamma itself because this is what you have. ACLF definition, in fact, contains the
gamma itself. And now, because V ais, V ais an ACLF for 1.1 implies V aisa CLF for 1.1, is a

control Lyapunov function for 1.1 because that is the definition.

And if you have a control Lyapunov function for a system, what do I know? I know that I can
use the Artstein-Sontag formula to construct a feedback alpha because V a is an ACLF of 1.1. By
definition, it is an ACLF for 1.2. And if you have a control Lyapunov function for any system,
this is equivalent to being able to construct a feedback, almost smooth stabilizing feedback,

alpha. So, you have constructed an alpha.

And the gamma is coming from the definition of ACLF itself, the gamma is right here. Gamma
is right here. So, that is it. So, these two are equivalent. So, this is the very straightforward idea. I
mean you are saying, it is not a big deal. You are saying equivalence of ACLF is essentially the
same as CLF of a modified system. Anyway, this should be sort of obvious from the definition,

and that is what we have used, except for the Artstein-Sontag universal formula.

Now, there is an additional statement here which is an important thing and we do want to try and
prove that. If an ACLF for, exists for 1.1, if you have an adaptive CLF of 1.1, then it is globally
adaptively asymptotically stabilizable. So, existence of an ACLF gives you an adaptive control

law for the system. That is the idea. And that is what we want to see now.

And that is an adaptive controller for the original system, not for 1.2 which is the modified
system. You get an adaptive controller for this system. So, having an ACLF for 1.1, which is this
guy means that I can construct an adaptive controller for the system. And that is what we want to

see, how to do that, or why that is the case.
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Note:- Additional term introduced in the Lyapunov function for parameter is qu

So, let us sort of look at this proof, a little bit. If I am given this V a, it implies that there exists a
positive definite gamma and an alpha because by the equality, by the equality of the, by this
theorem 1 essentially, like existence of an ACLF implies all of this happens. So, which means

that you have this sort of a relationship already with this gamma and alpha.

So now, what we do is we consider a Lyapunov function for the original system. And what is this
Lyapunov function? We construct in a specific way. We take a V a, but now with a theta hat.
Notice, it is not because, because you are talking about adaptive control now. So, theta is
unknown. So, we replace all the thetas by the theta hats, all the thetas get replaced by the theta
hats.

And then we add a term, again, a quadratic term corresponding to the parameter error, theta tilde.
And of course, scale it with a gamma inverse. So, this is, sorry, there is a typo here. This should
be gamma to the power minus 1, this is gamma inverse, the same gamma. And now we take the
derivative carefully. All we have done is we have taken the same V, but in place of the theta
which is an unknown, we have used the estimate theta hat. And of course, we are going to

prescribe an estimation law. We do that. So, we take a derivative here.

Now, theta hat is no longer a constant. So, we take derivative with respect to both of them. So, I
have del V a del x times x dot, essentially the original system not the modified system, the
original system, and I have a del V a del theta hat times this tuning function, gamma times tuning

function. We do not know what the tuning function is yet. We will actually compute it.
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And then we have theta tilde transpose times gamma inverse times gamma, the tuning function.
So, this term comes from, this is actually equal to, I mean with the negative sign, is equal to theta
tilde transpose gamma inverse theta tilde dot, which is minus theta tilde transpose gamma

inverse theta hat dot, which is equal to of course gamma times tau.

And that is what you have here, that is what I get from here. So, once you make this substitution,
what I want to do is I want to replace this with the modified system because, because this
inequality I have on the modified system. So, what do I do? I take f x and replace it in terms of

the modified system. So, all the theta's become theta hats.

So, this is theta hat plus gamma del V a del theta cap transpose. And everything else remains
exactly the same, if you notice. But now because I have added this term, I also have to subtract
this term. So, I take del V a del x common. Then I have, what do I have here? I have this guy
coming in. So, that is f x theta. And then I have subtraction of f x theta cap plus gamma del V a

del theta cap transpose.

So, these two combines to give me f x theta tilde, and this term is written as it is. So, this term
gets written as it is and these two combines to give me f x theta tilde. And then, of course I have
these two terms. So, del V a del theta cap gamma tau minus theta tilde transpose tau. So, these

two terms remain as it is. Now, I know that this guy is now minus W x theta cap.

Again, remember because all the thetas were replaced by theta cap. So, this is not theta, W x
theta, but minus W x theta cap, that is the only difference. And then I have these terms now what
do I do? I take the theta tilde terms common. So, this theta tilde term, this is a theta tilde term.
So, I take a transpose because everything is a scalar. So, I take transpose of scalar as much as I

want.

I take theta tilde transpose so I get del V a del x f x transpose. And then I have a theta tilde
transpose here. So, I get a minus tau. Then I take del V a del theta cap times gamma common,
this guy. So, I get one term, I get is, let us see plus tau. So, in fact this is, this should be a plus tau
here, and this term, if you see, del V a del theta cap gamma, gives me a del V a del x f x whole
transpose with a negative sign. So actually, this should be a negative sign. So, there is a sign

error. This should be a negative sign.
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But notice one interesting thing. This term in this curly bracket and this term in this curly bracket
is exactly the same. These are exactly the same terms. So, if I choose my tuning function as this
quantity, both of these non-definite terms go to 0. So, if I choose tau as this guy, then this goes to
0 and this is 0. And both of these become 0 and I am left with V dot x theta cap is less than equal

to minus x W x theta cap which is now only semi-definite, notice.

Why? Earlier it was negative definite, because theta was not a state, it was just a constant
parameter. But now, theta cap is in fact a state because it appears in the Lyapunov function also.
Therefore, this is no longer definite but it is negative semi-definite. And, but, but we know that

we can use, it was definite, if, this, this W x theta cap was certainly definite in x.

So, otherwise certainly definite in x correct because otherwise I cannot claim this to be negative
definite. If it is not definite in x, then this is not negative definite. And that would be ridiculous
because that is what it means to have an ACLF. So, this is definite, this W is certainly definite in

X, positive definite in x.

So, so therefore, this whole thing is certainly negative definite in x, which means that I will be
able to show that x goes to 0 by La-Salle invariance or Barbalat's lemma signal chasing, and that
is it, because it is, W x theta hat is positive in x for all theta hat. And you will have bounded x

and theta hat.

So, x theta hat will be bounded because this is at least negative semi definite, therefore V is not
increasing over time, therefore the states here have to remain bounded. And because V a is
positive definite because it is a CLF, so therefore it is positive definite in x, therefore it is, both x
and theta tilde have to remain bounded because V is not increasing. And further, x will certainly

go to 0 as t goes to infinity, this is by signal chasing type analysis.

So, the important thing to remember is that the additional term introduced is a quadratic term in
the parameter. And we have essentially proved that the original system 1.1 by virtue of having an
ACLF is in fact adaptively asymptotically stabilizable. And that is why we had this funny
looking additional term so that this sort of a nice cancellation happens. That was the purpose of

this additional term.
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So, what have we discussed today? We started with our discussion on, of ACLF, an adaptive
control Lyapunov function. And how it is equivalent to having a control Lyapunov function for a
modified system. And we also proved that having this control Lyapunov function for a modified

system means that for the original system, we have an adaptive asymptotic stability property.

That is, we can design an adaptive controller which is a feedback and an adaptation law such that
the original system has bounded states and the x states, that is, the system states and not the
parameter error states, they go to 0 as t goes to infinity. So, we will continue in this vein, talking
about more about the tuning function method in the subsequent session also. This is where we

stop. Thank you.
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