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Hello, everyone. Welcome to yet another session of our NPTEL on Nonlinear and Adaptive
Control. T am Srikant Sukumar from Systems and Control, IIT, Bombay. We are into the ninth
week of this course on Adaptive Control, and I think all of you would agree that we have seen a
sufficient number of analysis and design methods for all of you to be able to actually pick up real
applied practical problems from your field and directly apply the methods that we have
discussed. I would strongly encourage all of you to do so and report your results to me or to the
community or actually develop and design new technologies with these methods. I mean that is

essentially the aim and scope of what we want to do here.
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So, what we were doing until last time was of course, this sort of, we were essentially looking at
examples at a particular example of the unmatched design, and we did the design for this vector

system using both the standard adaptive integrator backstepping
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Which leads to over parameterization.
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And also, the extended matching design method which does not lead to overparameterization.
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But yields a control law which contains the derivative of the parameter, parameter estimate.
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Tuning function in adaptive design helps us to avoid the drawbacks of the ex-

tended matching design method.

1 Certainty equivalence of modified system

Definition 1.

&= f(x)+F(z)f+g(z)u, zeR".6€R ueck

System (L.1) is globally adaptively asvmptotically stabilizable if 3 a control law o }

So, we then wanted to alleviate this issue and so we have started looking at the tuning function

method for adaptive design.
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Definition 1.
t = f(z)+ F(z)d +g(z)u, 2eR" R ueR (1.1

System (1.1) is globally adaptively asymptotically stabilizable if 3 a control law (n(a‘,n‘)) with

a(0,) = 0, adaptation law T(l'.(;) and adaptation gain I' =I'" > 0 such that

0 =Dr(r,0)

guarantees tha [.r.lij are globally bounded and x(t) —= 0 as t — co. Here, 7 is the

function.

Definition 2. Smooth function V, (z, 6) positive definite in x for each 8 is called 4

control Lyapunov function (ACLF) for (1.1) if 3T = I'" > 0 such that for cafs

And the first basically piece that we saw last time was the definition for what is globally
adaptively asymptotic stability. And essentially, this meant that for a system of this form 1.1, we
are looking to have the existence of, and a feedback law which depends on the state and the

parameter estimate.
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And a parameter update law which again has a, depends on the tuning function tau and
adaptation gain, tuning function tau and an adaptation again gamma, and if you have these two
which guarantees that x and theta hat remain globally bounded and also go to 0 as t goes to

infinity, then you can say that your system is globally adaptively asymptotically stabilizable.
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guarantees that (z,#) are globally bounded and 2(t) — 0 as { — co. Here, 7 is the tuning

lobvia 13

function.

Definition 2. Smooth function V, (z, 6) positive definite in x for each @ is called an adaptive
control Lyapunov function (ACLF) for (1.1) if 31" =T"" > 0 such that for each # € R?,

V,(x,6) is a CLF for

T —_/{.1)+1-‘(1:((l+1‘(%) )+ g(zr)u

Srikant Sukumar

So, this is where we were and we want to continue from here. So, I am going to mark my lecture
as lecture 9.3, I believe, right here, as lecture 9.3 right here because I believe I was doing. Let us
see 9.2 here, excellent, excellent. So, we want to talk about adaptive control Lyapunov functions,

but before we can actually do that, we first need to know what is a control Lyapunov function.
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An'interesting point to note, however, is that it is nof possible

to construct a C' feedback to stabilise the above dynamics. It is

evident though, that the almost (excluding at @ = 0) €' feedback

w(z(t)) = z(t)/* stabilises the aforementioned dynamics.

We shall now shift our focus to control affine systems of the form,

(23) i(t) 7@ O)+ Y, wile®)fi(x(t). ¢ 20

where ¢ [0,4+%[ = R", u; :
functions. Furth ince we

fou ave
abilisation
at the origin, we assume the existenceof at = (i) € R"
such that the following holds. G ?‘nnnku 10, 5 W
equikibrim
70+ Y uf0=0 4~ e ®

a cho \

now an state equivalent version of Definition 2.5 for ) e,
) fia)
- PR i ’ n 40

Definition 2.7. A function V : R" = R of class C* is said to be a it
control Lyapunov function for

For (2.3) we
control affine systems as,

3) if the following conditions hold

o V(0) =0and V(z) >0 for z & B(r), z #0;
o If [ ()] = 0, for some z € B(r), z # 0 and i =1,2,...,m,
, = Al
then [“42) fo(x)] < 0.

The proof of the equivalence of Definition 2.5 and Definition 2.7
for (2.3) is straightforward and left to the reader. The new condi-
i s L ossibl

tions arc casicr control
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where z @ [0,40[ = R", u; : B(r) = R, fo, fi,..., fm are C*
functions. Further, since we are typically interested in stabilisation
at the origin, we assume the existence of a @ = (@, .., %;,) € R™

as

such that the following holds. (& %unmnlm r=0 & ow
- yui Jebriam
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For (2.3) we can now an state equivalent version of Definition 2.5 for ) ,) ! [i)
control affine systems as, VL7 ;r
e

Definition 2.7. A function V : R" — R of class C” is said to be a
control Lyapunov function for (2.3) if the following conditions hold:

, v q) {VU
o V(0)=0and V(z) >0 for z € B(r), z # 0; 51 &
oIf ["f,(,"]f,(‘r)] =0, for some r € B(r), z # 0 and i = 1,2,...,

then [M f(](.’l,‘)] <0. ' 4

m

The proof of the equivalence of Definition 2.5 and Definition
is straightforward and left to the reader. The new condi-

tions are easier to verify since no infimum over all possible control
B TV

“ laiil
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For (2.3) we can now an state equivalent version of Definition 2.5 for
control affine systems as,

o\ } ‘ Definition 2.7. A function V: R" — R of class C” is said to be a
< v’zV‘ 5 ) control Lyapunov function for (2.3) if the following conditions hold:
Y\ N e 1 C‘Vn){“u’
“f ¥ o V(0)=0and V(z) >0 for z € B(r), 2 #0; TR
A o If [",‘”]/:)g.() =0, for some € B(r), £ 0and i = 1,2,....m, -ty wi;
e —fo(@)] <0. v T “

- V
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% YLy “u"L The proof of the equivalence of Definition 2.5 and Definition 2.7
{ /f[)\J f \ for ( is straightforward and left to the reader. The new condi-

wsier to verify since no infimum over all possible control

vectors needs to be computed and ensures as before that the diree-
tional derivative of a Lyapunov function is negative for all non-zero
states along dynamics (2.3).
L The power of the e
u

v (2" [ £ (%) defined ahoxe lics

Those of you who have taken some nonlinear control course would know this notion but for
those of you who have not, I want to talk a little bit about control Lyapunov functions. So, [ am
actually picking up from some notes that I have for my nonlinear systems course. I will of course
post these. But I will cover a little bit of the material from here, not the proofs and so on and so

forth. But this should be enough for you to follow what we are going to talk about.

So, the first thing is we look at what is called control affine systems. What is a control affine
system? It is essentially a non-linear dynamical system where the dynamics are linear in the
control. So, control affine means linear in the control. And usually it is written as x dot is f 0 plus
summation u i f I, u i times f i where i ranges from some 1 to m, so there are m controllers. You

can see that there are m control laws.

And each of these f because, x is in Rn, therefore each of these f Os and f'i is also mapped to Rn.
And they are sufficiently smooth, they are C infinity functions. This f 0 which does not get
connected with the control is called a drift vector field and the f i’s which are connected to the

control are called control vector fields.

Notice that there is no unknown parameter and all that such here because this is just standard
nonlinear control. We are not talking adaptive control and unknown parameters yet. So, now for
systems of this form 2.3, we of course, first assume that there exists a u bar such that 0 is an

equilibrium.
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So, we of course want to talk about the 0-equilibrium stability and therefore we want the
existence of u bar such that 0 is in fact an equilibrium. Then, we define a control Lyapunov
function for this system as a function V which again takes the states and maps to real numbers.
Again, and is assumed to be smooth. C infinity means smooth function such that it is 0 at 0, and

it is positive definite for all x in some local domain around the origin.

B r is basically a ball of radius r around the origin. So, you want, so this is standard positive
definiteness. As you can see, the first line is just asking for positive definiteness of this function
V. This is standard requirement for also a candidate Lyapunov function, I hope all of you
remember. Even for a candidate Lyapunov function, you need sufficient smoothness and positive

definiteness. So, this is standard.

But the second piece is something slightly different. It says that if the partial of V with respect to
x times f'1 x is 0 for some x and all i. So, basically what am I saying? I am saying that if I take
the derivative of V with respect to this system, what do I have? I will have something like del V

del x f 0 plus summation f'i u i, what you see here on the left.

And now if I multiply only the control terms, I get del V del x fi. And if all these control terms
are 0 for a particular value of the state then I want for sure that del V del x f 0 be negative,
strictly negative definite. So, whenever x is such that the control terms become 0, I want the drift

term to be strictly negative. This is what it means to be a control Lyapunov function.
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We will typically assume that there exists a continuous feedback,
a : B(r) = R™ which guarantees that the origin is an asymptotically
stable equilibrinm of (2.2) with u(z(t)) = a(x(t)) for all t 2 0.

We now proceed to define the notion of a control Lyapunov fune-
tion for the above control system.

Definition 2.5. A function V' : R" — R of class C* is said to be a
control Lyapunov function for (2.2) if the following conditions hold:

o V(0) = per® peB()r£0; | e de WLZTL f
'R

o infueff for each « € B(r), z # 0.

If a systerr == control Lyapunov function, we say that the
system satisfies the control Lyapunov condition.

The second condition above implies, in spirit, that once we fix

2 € B(r), there exists a u € R™ which guarantees that the directional
derivative of a control Lyapunov function V' can be made negative

Example 2.6. Consider the following control system,

2(t) = 2u3(x(t))
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such that the following holds.
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For (2.3) we can now an state equivalent version of Definition 2.5 for

control affine systems as,

Definition 2.7. A function V/
control Lyapunov function for (2.3) if the following conditions hold:
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It is immediately evident that the control law (2.4) is stabilizing
1,’-/ for (2.3) and can be proven using the same control Lyapunov function

@ Ve i in Definition 2.7. In fact,
L) 4“)\6 iy 2 V@) : :
a2 /e (@)= S +wfile) o fula)]

V% i ) ,,_"C‘J = a(z) +b(z)Tulz)

[} [~Va@T+ @[T ba) #0

il . cxskme of

v ,,? A |ata) M) =0 4—a) <0 .
Vi In either case, V < 0 as per Definition 2.7 which completes the proof

of Asymptotic Sta

g v R e

lity of the origin. Let us now focus on the regular-

assume for the moment that a, b are independent

ot us ass
ariables and we define the function,
F
.
L R H(a,b,2) = bs? -
722 . %
P a) “ A Consider abo the set, § = R\{(a.0) € R = 0.0 > 0}, Corsiler
. at"l 2 ) now all tuples of the form (a,b,2(a.b) with,
@
h)ad 4 2(a,b) = 0 r e
\7('1 z @,b) a —, b#0 [
. PRI
- les, H(a,b 2(a,5) = 0 and,
@ 6 For all such tuples, H(a b 2(a, 1)) = 0 and z )
-0 &%)
b(2)-", I‘V?V(‘J‘Q (= b=0
=) Detrrireter
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And we also say, I mean although I did not really talk about the earlier definition, we also say
that this is equivalent to definition 2.5 which is the original definition of a control Lyapunov
function which is in this form, but let us not worry about this form. What we want, what is the

equivalent version is that there exists u such that inf over u, well actually I should not say that.

We want infimum over u del V del x f 0 plus summation u i fi should be less than 0 whenever x
is non-zero. So, this is essentially what you need from a control Lyapunov function. By the way,

I, I am not proving it here. I mean the proof is again in these notes and I will post these. If you
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are interested, you can look at the proof, but that is not required for our scope of our discussion

here.

So, these two are equivalent. This point and this are equivalent. Either you can say that if I take
an infimum over the control, and this is basically V dot, because it is del V del x times x dot, and
this has to be strictly negative for all non-zero x. Or I can say it equivalently as if the control
terms do not contribute anything, they are exactly 0 for a particular value of x. Then at that

particular value of x, this has to be negative.

So, this is what it means to be a control Lyapunov function. What is the difference here? When
we are talking about standard Lyapunov functions, there was no mention of the control. Control
never appeared in V dot. We always talked about Lyapunov analysis for systems of the form x
dot is 't x. There was no control. Here, there is a control. So, therefore, we have to account for

what the control does to the system.

Therefore, there is the concept of having a infimum. So, there is the concept of having an
infimum. And similarly, there is, in this case also, here, we do not have an infimum in this
particular version, but we sort of have partial with respect to V of x, del V del x multiplied by the
f I, and which, which if it is equal to 0, then you want del V del x times the f 0 to be strictly

negative.

So, we have to account for the contribution of the control when talking about the definiteness.
Essentially, these are, the second condition is sort of a definiteness condition on V dot, which is
the same as what you had for Lyapunov functions also. But here we have to account for the

contribution of the control. And that is what makes it a control Lyapunov function.
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feedback. The associated results w stated and proved in [Art83,

Son89]. We will only state the results here and refer the reader to

[Son89| for detailed proofs. However, before we proceed we state
below the small control property which is & strengthening of the
second condtion of Definition

(Small Control Property)
Ye > 0,30 > 0 such that Yz # 0 and [z <,

Ju = (uy Up,) € R™ with Ju —u| < ¢ and,

P e 4w i2) 4+ )] <0

The claim that (Small Control Property) is a stronger condition is
casily verified. 1[5 fi(x)] = 0 for all i = 1,2, ..., m in the
[r\ (

above inequality, then =) f”(.r)J < 0 thus satisfying the second

condition in Definition 2.7.

Subject to the (Small Control Property), the work in [Son89|
came up with an explcit expression for a stabilising feedback controf
for (2.3) which is smooth everywhere in a perforated neighbourhoog
of the origin (excluding @ = 0) and continuous at the origin. Thi
is result is formalised below and is known as the Artstein-Sontag
theorem.
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feedback. The associated results were stated and proved in [Art83,
Son89]. We will only state the results here and refer the reader to
Son89) for detailed proofs. However, before we procecd we state
below the small control property which is a strengthening of the
second condtion of Definition 2.7.
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If [“_[') )] =0foralli=12..,min the ot
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condition in Definition 2

above inequali

Subject to the (Small Control Property), the work in [Son89)
came up with an expleit expression for a stabilising feedback control
for (2.3) which is smooth everywhere in a perforated neighbourhood

of the origin uding z = 0) and continuous at the origin. This
is result is formalised below and is known as the Artstein-Sontag

theorem. —
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V(z)
— |v”m+.pu(n~, Fgfa(z)| <0
ar
The claim that (Small Control Property) is a stronger condition is

casily verified, If |

above inequality, th

is result is formalised below and is known as the Artstein-Sontag
theorem.

Sontag universal formula and is expressed below for all z € B(r)

o0 = 20,0001 = (B2 g ... Ty, )

Now, why do we care about control Lyapunov function? There is very nice results by Sontag and
Sussmann, which and of course also, also Artstein which say that it is possible to construct
smooth, almost smooth feedback if there exists a control Lyapunov function. So, existence of a
control Lyapunov function is equivalent to being able to construct a feedback. And this is where

very strong, very powerful result.

But before we can say that we have to also talk about what is a small control property. So, what
is the small control property? It says that, essentially, it is in this epsilon delta form. It says that
for all epsilon positive, there exists a delta such that for all non-zero x and x smaller than delta
there exists the control which is close to the equilibrium control in terms of epsilon. And you

have the V dot to be strictly negative.

So, this is sort of the interesting, interesting thing, I mean. What is the interesting thing? You
know that at the equilibrium, the control is u bar. We know that at the equilibrium, the control is
in fact u i. Now, what we are saying is that close to the equilibrium, that is, close to the
equilibrium value of the control, there exists such a control u, which is close to the equilibrium

value which makes my V dot negative definite. So, there exists such a control.

So, this is what it means to have small control property. It means with a small control, if [ am
starting close to my equilibrium, with a small control I can sort of make my V dot negative. And

if my V dot is negative, it means that I am going close to the equilibrium. That is the
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philosophical idea of the Lyapunov analysis, that V dot negative definite means asymptotically

converging and also asymptotically stable.

Therefore, we are saying that with a small control, which is, we are saying which is a control
which is close to the equilibrium value of the control, I can push my states starting from near the
equilibrium to the equilibrium value. So, near the origin in this case to the origin. So, just to give

an example, it is not always possible to have small control for stabilization.

If you look at a system of like this, x dot is X plus x square u, what if you think about this kind of
a system, if you, if you want to stabilize the origin, if you want to stabilize the origin what would
you have to do? You would sort of have to get a minus x sort of, to cancel this guy out. What I

want to have a minus Xx.

And so, what it means is that if say x is, if x is small, then this is really tiny, really tiny. So, u will
have to be very large and negative. u will have to be very large. So, let us look at different
situations. u has to be large for small x. That is important. If u is positive. So, u is positive for x

negative. If x is negative, this is anyway positive, does not matter.

If x is negative, u has to be positive because it has to counter this guy. Similarly, if x is positive,
u has to be negative. So, the sign of the u is opposite to that of x. So, near the origin, that is, the
equilibrium, u has to be opposite sign. So, x u has to be positive for negative x, u has to be

negative for positive x.

But as you go closer and closer to the origin, u needs to be larger and larger. So, very close to the
origin, u is minus infinity on one side almost, and positive infinity on the other side. So, it is not
at all a small control point. In fact, this creates a discontinuous control. Even though the states
are very close to the origin, starting very close to the origin, the control that is needed to actually

push them towards the origin is very large in the, very large and almost plus minus infinity.

So, this is sort of the problem that you want to avoid. And therefore, we declare this as a property
called the small control property. So, I really would strongly suggest that you think carefully
about this problem. I may have spoken too quickly, but I would urge you to think about this very
carefully, this sort of an example very carefully, and why the control becomes discontinuous if

you do not have the small control property.
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So, the proposition which is, leads to what is called the Artstein-Sontag universal formula which
we will look at soon, essentially says that if there exists a control Lyapunov function, then a
system satisfies the small and control, small control property if and only if it admits almost C
infinity stabilizer. And almost C infinity stabilizer means there exists a control u which is smooth

everywhere except at the origin where it is only continuous, which is still very nice.
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For (2.3) we can now an state equivalent version of Definition 2.5 for

control affi vl

Definition 2.7. A function V' :
control Lyapunov function for (

o H”,] =0and V(z) >0 foraeB(r). z#0:

So, the proof of this kind of a proposition which is called the Artstein-Sontag theorem, very, very
famous result, very famous result, was done using an actual control construction u for this
system, for this system, for this system 2.3, controller affine system. And that construction is
what we showed. So, we declare a as, and this construction relies, of course, on the control
Lyapunov function V. And we define a as del V del x f0 and b as the vector containing the del V
del x fi.
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It is immediately evident that the control law (2.4) is stabilizing
for (2.3) and can be proven using the same control Lyapunov function
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In either case, V < 0 as per Definition 2.7 which completes the proof
of Asymptotic Stability of the origin. Let us now focus on the regular-
ity of w(z). Let us assume for the moment that a,b are independent
variables and we define the function,
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It is immediately evident that the control law (2.1) is stabilizing
for (2.3) and can be proven using the same control Lyapunov function
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And the control is actually defined in this way. Whenever b is non-zero, b non-zero means at
least one of them is non-zero. And V 0 means every entry of b is 0. This is essentially the control
Lyapunov condition. If b is 0 means all of these are 0, for all n. These are 0 for all n. And that is

what it means for b to be 0. And b non-zero means at least one of them is non-zero.

So, if one, at least one of them is non-zero, then you have this nice construction which, with a
division by b, norm of b x. And this is essentially what you have. And this is non-zero. So,
because b is non-zero, so norm is non-zero, so this is well defined. But when b is 0, this norm is

not well defined. So, control is defined as 0.
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And this Artstein-Sontag actually show that this is a smooth control law. They show that this is a
smooth control law. V, there is also a proof here which I am not going to go through, but you can
actually compute V dot here using our standard way of computing V dot, which is del V del x.
So, V dot is just this guy for this control affine system.

And if I plug in for the control u 1 to u m because u is the vector of u 1 to u m, if you plug in this
guy, this is a x plus b x transpose u, and you, you essentially get this expression. And you know

very well that a x is negative by existence of CLF, and this quantity is also negative.

So, in both cases, whether b is 0 or b x is non-zero, in either case, you have a negative quantity
here. Therefore, V dot is negative definite, therefore, you have asymptotic stability by standard
Lyapunov theorems. So, what happened is that the existence of a control Lyapunov function

actually gives you a control design.

In fact, if you remember, our control designs are also based on first designing the Lyapunov
function. So, indirectly we are, in fact, designing control Lyapunov functions. Although we do
not call them control Lyapunov functions, and we do not use the Artstein-Sontag formula, we are
in fact using the V to design a control law. Therefore, we are designing control Lyapunov

functions. So, I hope you understand this.

I know that this formula is a complicated one, and we will see this. Suppose I look at this kind of
an example here, something, very simple system. x dot is minus x cube plus u. So, we can do,
design in multiple different ways. First, I can directly prescribe a controller. I cancel this term

and introduce a minus x. So, x dot is minus X.

What happens? Because of the structure of the control u is large when x is large because if x is
even, if x is 10, then this is, this takes value 990. Now, the second kind of design is when [ use a
V, which is possibly a control Lyapunov function. So, so notice, what, what does the theorem

say? Before I proceed to this example more carefully, what does this theorem say?

The theorem says that the control Lyapunov function, with the control Lyapunov function, the
small control property is equivalent to existence of a stabilizer. So, there are two ways to talk
about a control Lyapunov function. One is, I have a control Lyapunov function and from that, I

can use an Artstein-Sontag formula to get a controller.
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The second is, I have a function V, and using that function V, I come up with a stabilizing
controller u. And if I can do that, then it means that the V I chose was a control Lyapunov
function. So, this is the important message to remember. If with a V, I can design stabilizing

control u, then V is a CLF. This is by virtue of the if and only if condition.

And this 1s what we have been doing. We have been picking up a V and then with that we have
been coming up with a u which was stabilizing. Therefore, all the V that we chose until now
were control Lyapunov functions without explicitly saying so. The other side is of course I know

that the V is a control Lyapunov function and I use an Artstein-Sontag formula.

So, let us look at this example in more detail and try to connect it to what we have been doing.
The first is I just chose blindly a controller because I know this is giving me a target system x dot
is minus x. Let us do the second thing. Choose V is x squared by 2, compute a V dot which is x,

x dot which is x minus x cube plus u.

I know that this is minus x 4. So, it is a good term. I do not need to do anything about it. I choose
u as minus X, I choose u as minus x and I am done. I, I get a negative definite V dot. So, I know
that this V is a CLF because I can choose a stabilizing control u. So, this, what is the value of this

control, u equal to minus 6? It is minus 10, it is minus 10.

So, no problem, very good. Let us look at, again the V being x squared by 2, I know that it is
already a CLF because of this previous case and because | know it is positive definite and it is,
there exists a stabilizing controller, if I choose a V and I can compute a stabilizing controller

using that V, then it is a control Lyapunov function because of the if and only relationship.

So, therefore, V is a CLF. Now, what do I do? I apply the Artstein-Sontag formula. And I get this
complicated expression for control. It is, it is something like this, something like this. Now, what
is the cool thing about this controller? The cool thing is that when x is large, then notice that this

is almost nothing. So, this is almost 0, almost 0.

When, for large values of state, that is, again, when x is 10 this control came out to be 990, this
came out to be minus 10, and this quantity will come out to be almost 0. And when x is small,
this is of the order of minus x because this is almost 0, this is almost 0. So, I have x of the order

of minus x, which is the same as the second control.
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So, somehow, the Artstein-Sontag formula, though complicated looking, I mean the controller is
rather complicated looking as compared to what we intuitively chose, but it has better properties.
It gave me a small value of control when the state is really large. And when the states are really
small, the starting states are really small, then it is almost acting like a minus x. So, this is

excellent control, it is a very good controller.

Typically, when you do a control design, your. your control value is very large for large states.
So, but this is actually very small for large states. The control value is very small for large values
of states, and when the state becomes very close to the equilibrium here, then the control is of the
order of minus x, which is also relatively small, quite okay. So, so this is the idea of a control

Lyapunov function.
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§2.2. Control Lyapunov Functions (C"F)

[ref: Bacciotti] The existence of control Lyapunov functions are
essential instruments in construction of feedback controls for autonomous
nonlinear control systems of the form,

(22) i(t) = flalt) u(z(t), t=0

wherez : [0, +o[ = R", u: B(r) = R™ and f : B(r)xR™ — R" with
B(r) = {x € R"| [}z < r} with standard assumptions on existence of
solutions for w(x(t)) = 0. The notation above indicates that we are
looking for purely state dependent controls in the current context.
We will typically e that there exi ontinuous feedback,
a: B(r) = R™ which guarantees that the is an asymptotically
stable equilibrium of (2.2) with u(a(1)) ) forall ¢ > 0.

to define the notion of a control Lyapunov func-

ntrol system

Definition 2.5. A function V ; R” = R of class C* is said to be a
control Lyapunov function for (2.2) if the following conditions hold:

5 V(0) =0 and V(z) > 0 for z & B(r), z #0 } — w,,;&" \W?TJ- |

o infyern [ f(2,u)] < 0. for each 2 € B(r), 2 # 0. @
P

If a system admits a control Lyapunov function, we say that the
system satisfies the control Lyapunov condition.

The second. - - - . w1111 O11CC W fix
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It can be observed that, upon fixing 0 # = € R, it is possible to
choose 43 = &, as one choice of control to guarantee that the di-
rectional derivative is negative, Therefore, it has to be true that
ez [ 42 f (1, w)] < 0 for all non-zero states and we have estab-
lished the second condition in Definition 2.5

An interesting point to note, however, is that it is not possible
to construct a €' feedback to stabilise the above dyvamics. It is
evident though, that the almost (excluding at = = 0) €' feedback
w(z(t)) = (t)'/* stabilises the aforementioned dynamics,

We shall now shift our focus to control affine systems of the form,

i(t) @H))+Zu,(.:(l]]/r(‘t(()l. t20
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We shall now shift our focus to control affine systems of the form,

:(Hz@(/m Ywla)fi), >0

where z : [0,4%[ = R", u; : B(r) > R, fo, fi, ..., fu are C*
functions. Further, since we are typically interested in stabilisation
at the origin, we assume the existence of a @ = (1,

such that the following holds [ %,..m\ku

fo(0) + Zw:, fil0)y=0 re

For (2.3) we can now an state equivalent version of Definition 2.5 for
contral affine systems as,

Definition 2.7. A function V : B" — R of class C” is said to be a L
control Lyapunov function for (2.3) if the following conditions hold:

N (7

). z#0andi=12..m .
T 2 [fon 2t
w o 2% <o
T'he proof of the equivalence of Definition 2.5 and Definition 2.7

for (2.3) is straightforward and left to the reader. The new condi-
tions are easier to verify since no infimum over all possible control

veetors needs to he computed and ensures as hefore that the direc-

tional derivative of a Lyapunov finction s negative for all non-zero

states along dynamics (2.3)
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Proposition 2.8, Consider
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tion 2.7. Then the sysie
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As mentioned, the stabiliser obtained above is almost €, i.e.
smooth everywhere in a perforated neighbonrhood of the ovigin (ex-
cluding = = 0) and eontinuons af the origin. The explicit struenre
of the stabiliser used to prove the 4 sult is callud the Artstein-
Sontag universal formula ard is expressed below for all r e B(r)
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In either case, V < 0 us per Definition 27 which completes the proof
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Ei K = 7 2V ~orallx # 0. Finally, contivinity of u() at the origin is a consequarioe
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okl (Stall Cantrol Property)

Now, I know this is a very, very, unfortunately a very, very minimal lecture on control Lyapunov
functions. As you can see, this is a rather relatively longer lecture. I start here, started here. I only
talked to you about this guy, that is definition 2.7. Then we looked at the small control property
and then Artstein-Sontag, I did not talk to you about the smoothness, how it is smooth, how to

prove it smooth, but this is sufficient for our understanding.

What do we need to remember? We need to remember that there is two aspects to a control

Lyapunov function. One is that it is the, it is a function such that if I take infimum over all
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possible control of V dot, then it has to be negative definite. This is what is a control Lyapunov

function.

(Refer Slide Time: 26:45)
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feedback. The associated results were stated and proved in [Art83,

Son89]. We will only state the results I

Son89] for detailed proofs. However, bef

below the small control praperty which is a strengthening of
second condtion of Definition 2.7

Ve > 0,33 > 0 such that Ya # 0 and | <4
3u= (..., up) € R" with Ju—u] <eand
o

4d IfH(:)+u‘/|(.r}+ 4 tnf, .-)J

The claim that (Small Contral Property) is a stronger condition is
casily verified. If [° )] = 0 forall i = 1,2, ..., m in the

above inequality, then fol2)] < 0 thus satisfying the sccond

condition in Definition 2.7

Subject to the (Small Control Property). the work in [Son89]
came ||v W nh an expleit expression for a stabilisin dback control
a!
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[ ~ole) + T+ D) . be) %0 3
' o) =0 &> Y (@) f(1)=0

’ 0. =0 &> U @4

(24) fiio

Tt is immediately evident that the control law (2.4) is stabilizing
for (2.3) and can be proven using the same control Lyapunov function

)Hl Jefinition In fact
u o
AL V(z)= "’,"")[/um fugfila) + ...+ u,,,_/m.r)]

= a(z) +b(x) Tuz)

_ [~V BT ba) %0 LE
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1 In either case, V < 0 as per Defnition 2.7 which completes the proof
1/ of Asymptotic Stability of the origin. Let us now focus on the regular-
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6 For all such tuples, H(aibyz(@;b))=0 and o, H( h,2) <
-2 b=0

b,2(a,b)) =

D.H(a,b,2(a,b)) {\‘,”.,+h,. b0

4§ + 2 whichiis non-zero for all (a.b) € 8. Therefore, by the implicit function
Tpeorem z(a,b) is the unique solution of H{a,b,z) = 0 on § and

S further z(a,b) is smooth on § since H(a, b, z) is smooth on § x R. It

only remains to note that when Definition 2.7 holds, (a(x),b(r)) € §

for allzx # 0. Finally, continuity of u(x) at the origin is a consequence
okthe (Small Control Property).
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So, if I take an infimum over all possible control of V dot, then it has to be negative definite.
This is what I need for function to be CLF. Then, there is also the small control property which is
a critical property for continuity of the control near the equilibrium or the origin, in this case.
And being able to choose a V and compute a control, stabilizing control from here with this V,

means that this V was a control Lyapunov function. So, that is the back.

And there is the converse implication, the forward implication is if V is a controllable function,

and you know that, then you can use the Artstein-Sontag formula which is this formula, to devise
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a smooth stabilizing control. The converse is, of course, what we have been doing until now,

before ins.

Although, we did not call it a control Lyapunov function, we have been doing this, we have been
taking a V, and define, designing stabilizing controllers out of that. And that is essentially
implying that the V we chose to begin with, was a control Lyapunov function. So, instead of
choosing that particular stabilizing controller we chose, for example, with the same x squared by
2, I, I might have chosen intuitively this u equal to minus x as my stabilizing controller, but I

need not have.

Once I knew using this u, once I can com compute a u, and I know that V is a CLF, I can actually
go back and use the Sontag, Artstein-Sontag universal controller. That is also another choice. So,
it is like for the same V, I can get multiple choices of control designs with, with different
properties, of course. I mean in this case, we saw that u equal to minus x is larger in magnitude,
that is, depending on the state. But whatever I got from the Artstein-Sontag formula is actually

very small in magnitude for large states. So, that is rather nice.

So, what did we look at today? We sort of started talking about control Lyapunov functions for
nonlinear systems that are not, that are not uncertain, did not have any uncertainties. We tried to
compare it with what is a Lyapunov function itself, and essentially it includes the role of the

control in the Lyapunov function and it is derivative.

The idea of positive definiteness and negative definiteness, positive definiteness of V and
negative definiteness of V dot still appear. It is just that the role of the control gets explicitly
mentioned here, in the case of a control Lyapunov function. And the cool thing about control
Lyapunov functions and why they are powerful, is that using the Artstein-Sontag universal

formula, you can actually design a control corresponding to a control Lyapunov function.

So, control Lyapunov function comes with the controller. And this is a smooth controller, almost
smooth controller, that is, it is smooth everywhere except at the origin, where it is at least
continuous. So, you have a rather nice result. I mean, it is a little bit involved, the theory of
control Lyapunov functions, and of course you will read the Artstein-Sontag papers. They are

also a little bit more involved and complicated, but the crux is this.
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And as we mentioned, we have already been using this idea of CLF. We have been using CLFs to
design controllers, we have just not been calling them CLFs. So, in the upcoming session, we
will be able to start discussing adaptive control Lyapunov functions for uncertain nonlinear

systems. So, I hope you will join me there. Thanks.
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