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Backstepping in Adaptive Control: Parameters Unmatched with Control

Part 2

(Refer Slide Time: 00:16)

4
4
~ 1IT BOMBAY |
= |

Hello, welcome to yet another session of our NPTEL on Nonlinear and Adaptive Control. I

am Srikant Sukumar from Systems and Control IIT Bombay. So we are well into the seventh

week of our course. And we have this very nice and interesting background image of this

satellite from Space X orbiting the Earth. And we are well underway into learning how to

desired algorithms that will drive systems such as these.
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2 Backstepping: Parameter Unmatched with Control

Consider the double integrator (of different type) system dynamics given as follows; LV}D) n
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where, 21, 29,u € Rand f: R — R. In this case, the parameter is unmatched with control

(different from the previous case) i.e., the unknown parameter does not appear in the same

dynamics as the control.

Objective is to drive z; = 0 and x5 — 0 stabilization.

2.1 Known Parameter Case

So, what we were doing last time was it we had started discussing the backstepping approach
for the unmatched parameter case, in this case, what we have is that the unknown parameter
appears in the state where there is no control. And we actually started with a known
parameter case. So, in order to simplify the treatment, we just had stabilization as the
objective that is, we just want both states to go to 0. But as we had stated last time, this does
not really change anything, if you want the states to in fact, track a reference trajectory. So,

we started off with the known parameter cases always.
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536 PM Fri13May

Adaptive_Control__Week7

"7 C“ﬁ-'x")

// - /
Gy, 12 ) oo

Let us consider the control law u = oy — ky(as — 299) for some ky > 0. The overall

candidate Lyapunov function is chosen as the following:
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Let us consider the control law] i bl — 29 r some kg > 0. The overall
candidate Lyapunov function is chosen as the following:
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Let us consider the control law u = &, ialds — Lgg) for some ky > 0. The overall
candidate Lyapunov function is chosen as the following:
oo ¥3
) 4 7, - 0

V=V +V zA:JN 4]
N \ - -gu-"
V = 2ydy — kol — 24)° Gfﬂﬂ

=ayay+ a0 () = koo = 220)°

=229+ 21 (— 290 — ky21) —

537PM Fri13May © ¢ 00
Adaptive_Control__Week7 -

Adapt

V=V+W
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which from the Lyapunov theorems proves that xy = 0 and a5 = ras. Now, 29g = —L‘).ﬂ -
/ P
(1) and from the facts that #; — 0 and f(0) = 0; we have that x, and hence x = 0.

v ,
o This completes the proof.

2.2 Unknown Parameter Case

NPTES

First Control:
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o This completes the proof.

2.2 Unknown Parameter Case

First Control:
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Objective is to drive z; = 0 and x5 = 0 stabilization.

2.1 Known Parameter Case

In order to design a controller for the above system we can use the classical backstepping
approach. To ensure z; — 0, let us assume @3 to be the control and choose, 9 = 94 =
k2 —0f(ry) which will give 7, = —kjz; where k; > 0. Thus we can guarantee convergence

of 2y — 0. We assume that f(0) = 0. Consider Vi(-) and V() as follows:

Q¢

Srikant Sukumar

And what we did first was that in the known parameter case, so I am sorry, let me go back
here. In the known parameter case, we of course constructed these 2 Lyapunov of candidate
functions for the first state and the second state, where x2 desired is of course, the desired

state corresponding to the first one.

So, basically, after we did this, we took a derivative and we are able to show that V2 dot
looks something like this and for the known case, of course, we can prescribe this kind of a
law, we can prescribe this kind of a law. And in fact, we in fact, also computed the derivative
and that is we computed the derivative of x2 desired and the control expression looks

something like this.
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And we can see that because of x1 dot, there is a theta in the control expression also. But
since theta is known, we are treating the known case. So, this is not a problem we implement
this control and we can do our Lyapunov analysis with V equal to V1 plus V2 and then we
are left with once we apply the control and we get to somehow this stage, we are actually left
with the 2 nice negative quadratic terms and one mixed, and then we use the standard sum of

squares method, which I hope by now, we have all understood very well.
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which from the Lyapunov theorems proves that y = 0 and a5 = rg. Now, 29g = —L).rﬂ -
/ -
(1) and from the facts that #; — 0 and f(0) = 0, we have that x, and hence a3 = 0.

v ,
o This completes the proof.

2.2 Unknown Parameter Case . ac)
1 = Ayt QiF ‘Q
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which from the Lyapunov theorems proves that zy — 0 and 2o — r9g. Now, 29g = 71.').(\ -
/ .
H,!'(‘z‘ ) and from the facts that 2, — 0 and f(0) = 0; we have that 24 and hence 25 — 0.

oy :
o This completes the proof.

2.2 Unknown Parameter Case

First Control:

To get you this expression here. So, from inequality here, we get to an inequality here, and
we can then claim that V dot is negative definite if k1 and k2 are greater than half. So, with
this sort of analysis, of course, we can use the standard Lyapunov theorem to claim that all

the states are stable at the origin and of course, reaching the origin asymptotically. So, that is
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global uniform asymptotic stability and in fact, in this kind of specific situation, global

exponential stability.

(Refer Slide Time: 03:54)
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which from the Lyapunov theorems proves L — 0 and 25 = 299. Now, 23y = —}.).m -
i P
(1) and from the facts that #; = 0 ;mw' have that a3, and hence x5 — 0.

v
o This completes the proof.

2.2 Unknown Parameter Case

First Control:
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s0, Vi = (2 = w2a) (u = i),

Let us consider the control lawvm—==

candidate Lyapunov function is chosen as the following:

lwwe #3
V=V +V
V = ydy = kylag — 224)*
2122+ 1,0 (81) — k(s — 72g)?

=129+ 21 (=20 — kyay) = ko(@a — ta1)? =

So, we of course, with this you can prove that the modified state that is the states of the
backstepping, which is x1 goes to 0 and x2 goes to x2 desired and with the expression of x2
desired and the assumption that f 0 is 0, which we already said that was a reasonable

assumption, you get that x1 also, sorry, x2 also goes to 0 because x2 desired also goes to 0.

Now, when we went to the unknown case, this sort of expression of the control created a
problem. Because there is a theta there is a theta and so on and so forth. So, this is not the

entire approach is not viable anymore. So we have to start with a different approach.
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ff(x)) and from the facts that z; — 0 and f(0) = 0, we have that x5, and hence x5 — 0.

oy :
o This completes the proof.

2.2 Unknown Parameter Case

First Control:
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/] .
)f (1) and from the facts that z; — 0 and f(0) = 0; we have that x5 and hence x, — 0.
i
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2.2 Unknown Parameter Case 3
;1 = %t 9}“9
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if 73 = a3
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Srikant Sukumar Adapti
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2.2 Unknown Parameter Case

First Control:
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ff(x)) and from the facts that #; — 0 and f(0) = 0; we have that z, and hence x, — 0.
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2.2 Unknown Parameter Case 3
PRIy

First Control:

0=~k - 0f(71)

if 2y =299 P—

Srikant Sukumar

And what was that? We, in fact, specify the desired x2 with a theta hat. This is still certainty
equivalence, but starting with the pseudo control itself, so x2 was the pseudo control. And at
the pseudo control level itself. I have to use a estimate because that is where the unknown
parameter in fact appears. And, so if x2 were in fact x2 desired, then you have this sort of a

x1 dot equation, with theta tilde being the parameter error.

(Refer Slide Time: 05:13)
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So now, we, of course, propose this kind of Lyapunov function for the first state. So the first
state itself contains the theta tilde squared. And we do an analysis. This is again, assuming

that x2 is exactly equal to x2 desired. So we already, this should be clear.

Assuming x2 is identical to x2 desired. So this is, of course, a big assumption. This is just a
pseudo control not the real control. But of course, everything goes through because we
choose a theta tilde, theta hat dot, which sort of cancels this term. So that is what we do. And
then we get a V1 dot, which is negative semi definite. So on the other end of the known case,
this was actually negative definite, correct. So here, we already have an unknown parameter.
Therefore, the derivative is V1 dot is negative semi definite. Although the expression is again

the same. All assuming that the pseudo control is in fact, the real control.
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Then we go to the second state, where V2 is the same, we have not changed V2, so V1
changes, but V2 has not changed yet, I would use the word yet. We get V2 dot to be the same

in the control, we want to prescribe the same.

So, we want to choose, but then what happens we compute the expression. So now, the
expression is slightly different, of course, because x2 desired contains theta hat and not theta

itself.

So, let us look at x2 desired dot, so this expression is basically theta hat dot f x1. And so
basically, it is minus k1 x1 minus theta hat f x1, so it is just the derivative of minus k1 x1
which is minus k1 x2 and derivative of theta hat f x1 using the product rule. So that is what
we get 2 terms, and the derivative of the first with respect to the first term and then a

derivative with respect to the second term.

When we take the derivative with respect to the second term, you again get an x1 dot. We
already had an x1 dot here, and we get an x1 dot here too. And that is what we club this and
this gets clubbed here this and this term gets clubbed to give me this term, and this is of
course, this term, so these are the 2 distinct terms. Now it is easy to see that this is of course,

an implementable term, no problem, but then x1 dot contains the unknown again.
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Lyapunov Function:
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= ni(=hn + (@) -~

o i
=~k + 0 f(z) - A‘)

First Update:

Lyapunov Function:

So, this is again implementable, but the x1 dot, which is this guy contains the unknown theta,
So, now this control is still not implemented. So, what we choose as control u, which is the
actual control is not implementable. So, of course, we want to replace its CE estimate, now,
we cannot replace it with a theta hat, [ encourage you to do this, like try this erroneous step of

trying to replace this with theta hat itself. And then carrying out Lyapunov analysis.

How would you carry out a Lyapunov analysis? You would simply I would say, So, what I
want to say is try with theta hat in u here, and V equals V1 plus V2. So, and because, of

course, you remember that V already contains, a theta V1 already contains a theta tilde term.

(Refer Slide Time: 09:20)
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Lyapunov Function:
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First Update:

0= a1 /(1)

= Vi=-k2? <0

Lyapunov Function:

So, what is the problem, the problem that occurs is that you already chosen a theta hat dot.
And because of that, you will see that this term will create a theta tilde term of course,
because you instead of giving a putting a theta here, we will put a theta hat and this creates a
theta tilde term, which you cannot cancel anymore, because the theta tilde term you got
already cancelled by the theta hat dot earlier. So, there is no more terms remaining to be used

to cancel this error.

(Refer Slide Time: 09:56)
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where i = 6 — ji . Notice there is one parameter and two estimates of that parameter

(overparametrization).

Overall Lyapunov Function:
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Here, ity contains # which is unknown, so we cannot implement 4. We choose an estimate

of &9, where 0 is replaced by a new estimate ji

g = —(ky + «»f—{)(u b if (1)) =y fH ()
Dz,
Ni]
= bt if )b + 020
dry

\\hrruln'\' there is one parameter and two estimates of that parameter

(overparametrization).

Overall Lyapunov Function:

So, how do we resolve this issue? That is where we come to in lecture. In today's lecture,
which is lecture 7.4. I know this was a rather longish introduction into the previous lecture,
but since this is slightly more involved, I wanted to repeat what we did. So the steps are
simple, they may be confusing for you in the beginning, but if you revise it, it is actually
simple steps. Just a little bit more bookkeeping, all we are doing a little bit more careful

bookkeeping here.

So, let us look at this. So, x2 desired dot contains a, theta of course, we cannot implement
this. So, we replace theta with a new estimate. Because like I said the old estimate and please
feel free to try in fact, I encourage you to try the old estimate, you will always be left with

one term which in theta tilde, which you cannot cancel anymore, because you are left with no
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more terms from the V1 dot that we can be used to cancel because you already chose a theta

hat.

So, we use a new estimate mu is, so mu hat. So, the new estimate mu hat replaces the theta.
And of course, when you basically try to write it in terms of the earlier x2 desired, so, we call
it x2 desired hat, x2 desired hat dot, if you replace in terms of earlier x2 desired, this becomes
x2 desired dot plus this mu tilde times this term. So, it is just because there was a theta here.
So, there was a theta here, instead of the theta we put in the mu hat and mu tilde is defined as
theta minus mu hat. So, this is simply that term. So this term multiplied by this term mu tilde.

So, this was a real x2 desired dot.
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Lji in V3 corresponds to the overestimation term
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(overparametrization).

Overall Lyapunov Function:

i in Vi corresponds to the overestimation term.

V=V+V,

R . 1.
V= a4 o) = v (@) = (a2 - a)(u— dod) — i
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So now, we choose a different V2. And instead of choosing it as just this term, we add a term
corresponding to the parameter error. So for the same parameter, what do we want to do? We
are creating another Lyapunov candidate function. So, for this special unknown case

situation, we are creating a different Lyapunov function, create different Lyapunov function.

Now, this was already there, nothing new here, the new term is here. Why? Because we
introduce a new estimate for the same parameter theta. So, this is what is mentioned here, 1
over 2 sigma mu delta square in V2 corresponds to the over estimation term. So, this is
known as overestimation term, so or over parameterization. So, we also use the term over
parameterization. What does it mean? It means that I use the multiple estimates for the same
parameter. So, this is called over parameterization. So, now we carefully do this analysis, let

us carefully do analysis.

Let us look at V as V1 plus V2 and compute the V dot. Now, remember earlier V1 dot was
computed assuming that x2 is in fact equal to x2 desired. Now, we cannot do that. So, [ am
going to write what is x1 dot? x1 dot is x2 plus theta f x1 and x2 dot is u and what did we
choose as u, u was, let us see, u is this, u is not exactly this guy, u is not this guy. u is in fact,

x2 hat desired dot.

So, basically let me carefully write all the terms here. So, that we have everything at our
disposal, everything at our disposal. So, we have x2 desired as equal to minus k1 x1 minus
theta hat f x1 and we have u is equal to x2 desired hat dot minus k2 x2 minus x2 desired
minus k2 x2 minus x2 desired and this x2 hat desired dot is nothing but x2 desired dot plus

mu tilde.
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I am simply copying from here f x1 k1 plus theta cap del f, del x1. So, all these things. We
have several ingredients here. So, we have several ingredients here I have copied all of them.
So, u is in terms of the x2 hat desired dot and x2 hat desired dot is in terms of x2 desired dot.
So, this is minus k2 x2 minus x2 desired. So, this x2 hat desired, this guy and minus k2 x2

minus x2 desired is this guy, x2 desired itself is this.

So, now, I take the derivatives diligently complete the analysis. So, V1 dot has x1 x1 dot
which is x1 x2 and this term which is, I forgot to write 1 which is I believe the theta hat dot
which is gamma x1 f x1. So, theta hat dot, theta hat dot equals minus theta tilde dot equals

gamma x1 fxl1.

So, gamma x1, f x1, so, this is what we have, So, V1 dot is x1 x1 dot which is x1 x2 and this
term gives me theta tilde, theta tilde dot by gamma which is theta tilde times x1, f x1. So, this
is actually theta tilde times f1, x1 fx1 this is what I get from V1 dot. Let us see I am trying to
wonder, wait a second this is theta, so, I believe this term gives me let me write this out this
term gives me in V dot theta tilde, theta tilde dot divided by gamma and I think we are fine
here, since just theta theta tilde dot is minus theta x1, f x1 minus theta tilde so this should be

equal to minus theta tilde x1, f x1.

Let us see what is there in the next step x1, x1 dot actually gives me x1 x2 plus x1 theta f x1
this is correct. And this term gives me. So, this is where there is a fault, this should be, not,
this should not be there minus theta tilde. This actually cancels out. So, these 2 terms actually
cancel out, this is fine. This is absolutely. This is written in a more complicated way than I

expected.

So, the first 2 terms are just x1 x1 dot and this term is theta tilde, theta tilde dot this term is of
course, from the second term x2 minus X2 desired u minus x2 dot from here and the last term

is this. So, this is the only piece that we have not selected yet. So this is absolutely okay.

(Refer Slide Time: 19:25)

350



558 PI Fri13May

Adaptive_Control_Week7 ~

Sysietiis &

Second Control:

: . W - ~df
u =Ty — ko(22 — 2o4) |= doa + fuf (1) (ky +6%)
7

+ i = @) (1) (ks + 05) — i
ory” o
==k 'f = kalay — --"zrl‘,‘2 + w1y = 224)

1, 1 5
<—(k - 3)1f — (ko — 3)(-1'2 — 224)”

The last inequality is obtained from sum of squares method.

Second Update:

550 P Fri13May

Adaptive_Control_Week7 ~

: ; T = -
U= dag — ka(ag — 22a)|= Tog + fif (1) (ky + 60—) = ka(as — 24)

V=12 - 720 by f ) = B ] o )
dJ

~0 y —ere A ',f l ~a B
+fi(ws = @aa) f(@1)(kr + 9E) - i - @-(’lrlza()ftv

Ve A
= —k.d‘f — ky(g — T9q)? + 1(T — T20) (’UTG%‘L)
. =7

1, )
<=k = 5)-17 = (k= 5)(‘2 — 134)°

The last inequality is obtained from sum of squares method.
Second Update:

u , ~Jf
fr=o0(xs = 22a) f 1) (ks 4 ”Z)
Z

600PH Fri13May

. N SAf 1
+fi(wg = za0) f (1) (k1 + 90*,) = —jiji
" o
= —kya} = kyl2y = 220)* + 21(23 — 220)
1, ., 1 2
<—(k — ,E)J'I — (ks - 5)(11 —)? )
< o

The last inequality is obtained from sum of squares method.
Second Update:

fi = olay - 2u) f(01) (ks + 0

Hence, by signal chasing xy, 25 — 0 and &y — 29q, &5 — d94. We have 29 = —

so when 1 — 0 and f(0) = 0, implies 2, — 0. Thus, stabilization and tracki

351



Adaptive_Control_Week? ~

% Adaptive_Control_.

0 |‘E{V

TL['} in V; corresponds to the overestimation term.

V=Vi+V

. 1. N
V :’1”/':’1' */;”}ﬂ'\j("l) t (0 — w24) (u :i‘:d) = ;/"/A'Ci A
~ A 2 '3
8, Bufe) e Bt 0D
7 i ”’800( L
TV i /
123

Srikant Sukumar Adaptive

So, now, if I go to the next step and of course, I already wrote the expression for u, which is
in terms of x2 hat dot, x2 d hat dot and that is this entire expression. So, what you get is first
what I do is I write x2 in terms of the x2 desired. So if I write x2 in terms of the x2 desired.

What do I get? Please sorry, not x2 in terms of the x2 desired, but in terms of the error.

So, basically what I will do is I will write this guy x1 x2 as x1 x2 minus x2 desired plus x1 x2
desired. So, this is just x1 x2 and this is just from x1 theta of x1 just the dynamics and this is
again from the update law. And this term now, minus k2 x2 minus x2 desired is because of
this term. So, now everything else is this term, this term. So, all of this so, this term gives me

this term all right then let me see if I can change colors then this term gives me this term.

And this term will cancel out, because there is an x2 d dot. So, that term the first term in fact
cancels out. So, this is cancels, so this term in fact cancels out. So, that is it and then I am left
with this guy which is yet to be chosen which is yet to be chosen. So, this is just this is
coming from this with just x2 minus x2 desired multiplied this is coming from this with just

x2 minus x2 desired multiplied because of the Lyapunov function derivatives.

Now, if I look here, if I look at this x1 times x2 desired. So, what is x1 times x2 desired?
Actually x2 desired is this. So, x1 times x2 desired is, if I expand this term. It is minus k1 x1
squared plus x1 theta hat f x1, x1 theta hat f x1. So I get a from x1 x2 desired, I get a minus
k1 x1 squared. And this x1 theta hat f x1 cancels this guy.

Because theta minus theta tilde is minus theta hat. So I think this is fine. I hope the signs are
okay. Sorry, this this, sorry that is what I am wondering. This should be a negative. Now, now

this negative will cancel theta minus theta tilde x1 f x1, which is actually equal to theta hat f
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x1. So this is actually equal to theta hat f x1, so this cancels with this. So you get this minus
k1 x1 squared left from here. So this just leaves this much. And that is it. And then this is a
nice mixed term x1 and x2 minus x2 desired and then there is a nice negative quadratic term
in this if, if [ choose my mu cap dot, as sigma times x2 minus x2 desired f x1 k1 plus theta,

del £, del x1.

So, if I make this choice, this term and this term cancel out so all I am left with is this nice
negative term here, nice negative term here from this guy, and then this mixed term here,

because everything else just cancels out.

And then of, then what? So, that is what is sort of written here, you see this is the update law
sigma x2 minus x2 desired fx1, k1 plus theta cap del f del x1. This is exactly what is left here
as you would expect, and from here to here, of course, this is sum of squares. Again, we are
already used to this I hope. So this term is simply less than equal to half x1 squared plus half
x2 minus x2 desired squared. This is just using a b is less than equal to a squared plus b

squared. So there is the standard sum of squares.

We do this again and again. So I hope you are used to it. So once you get to this, that if k1l
and k2 are greater than half, you have this. You know what a nice negative semi definiteness,
only negative semi definite as of course, because now theta tilde and mu tilde also states are 2

more states. So obviously, this is not negative definite, it is only negative semi definite.

(Refer Slide Time: 25:39)
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o
so when z; — 0 and f(0) = 0, implies 2, — 0. Thus, stabilization and tracking is achieved.

Note: f(z) is chosen deliberately as only a function of first state. It would

difficult to analyse stability and tracking with f(zy,2).
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But, you know very well that I can use signal chasing and Barbalat’s lemma to prove that x1
and x2, in fact, go to 0, sorry, we can prove that x1 goes to 0 and x2 goes to x2 desired. So let
me let me be very careful here, let us see. Wait a second, we can prove x1 goes to 0. So, not
this yet. And we can prove x2 goes to x2 desired. And, we can also prove x2 desired x2 dot
goes to x2 desired dot, so, what we have is that x2 is this guy. So if x1 goes to 0, and 0 is
going to 0, so this is actually x2 desired. So if x1 is going to 0 as we already proved. So |

apologize, give me a second, there is some misbehavior from the pen.

So we already have x1 going to 0 directly from here by using signal chasing and Barbalat’s
lemma, and we have x2 going to x2 desired, and the derivative is also convergent, this is
standard. So you have x1 going to 0. And we also have x2 going to x2 desired. Now we look

at x2 desired more carefully. So, what happens to x2 desired and I know that as t goes to
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infinity x1 goes to 0. And further if [ assume that f 0, 0, like before, a reasonable assumption,
then I also have this term going to 0. So I have the whole thing going to 0. I have the whole
thing going to 0. So this is fine.

I believe you can also show also possible via another route. So you can show x1 goes to 0, x2
goes to x2 desired and I believe you can also show x1 dot goes to 0. And from here, x1 dot is
equal to x2 plus theta f x1 dot. And if x1 is going to 0, and this is going to 0, because x1 is
going to 0, then this also has to go to 0. So, this is another way of going to 0, both identical,

does not matter.

So in this case, one of the caveats is that the function f is deliberately chosen to be a function
of the first state only if this does not happen. Doing stability analysis will be very difficult.
And you can also see that you are saying that f x1, f of 0 is 0 and things like that. So if it was
a function of both the states then you have to talk about x2 also being 0 and things like that.
So this is a rather complicated situation, if you have a function of both states is again
something that is more of a well, I mean, there will be a much more tougher exercise and

research exercise and may or may not work out for all cases.

(Refer Slide Time: 29:34)
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So, what did we see today? We have essentially seen how to complete the stability proofs and
in fact, adaptive control design for this unmatched parameter case. This of course, turned out
to be way more involved. We had to do over parameterization we had to introduce a second

estimate, and in the Lyapunov function also you notice that we have 2 more 2 additional
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terms one due theta tilde, another due to mu tilde. So this was an over parameterization. And

the analysis itself was a little bit more involved than before.

But since the problem is also more involved, this is of course reasonable. And you can see
and also start to think that the Ortega type construction that worked for the matched case you
cannot actually use in the unmatched case. So, that you understand that the Lyapunov
function now 1is significantly more complicated and more involved. So, backstepping is the
way that you will have to go for the more complicated cases. So, this is where we stop today.

And I see you again in the next session. Thanks.
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