Nonlinear Adaptive Control
Professor Srikant Sukumar
Systems and Control
Indian Institute of Technology, Bombay
Week 7
Lecture No: 39
Backstepping in Adaptive Control: Parameters Unmatched with Control

Part 1
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Hello, everyone, welcome to another session of our NPTEL on Nonlinear and Adaptive
Control. I am Srikant Sukumar from Systems and Control, IIT Bombay. In this week number
7, we are already underway into learning algorithms that are expected to drive systems such

as what we see in our background an orbiting spacecraft around the Earth.
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which is required to stabilise the system.

Corresponding Lyapunov candidate and it's time derivative:
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V=Vi+V+

Taking the time derivative of (1.6)
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substitute, e, = & — ke,
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Choose f = 7& f(z,t) and substitute in (1.7), to obtain

V ==k -k +eab

where we now use the j)m]!(‘l't\'//zhlg N—{l‘i which gives us the following,
Le
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where we now use the :nnpmly/uhﬁ N—#i which gives us the following, \9\/
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when ki, ky > L. By signal chasing arguments, we can show ¢,& = 0 as t = x. & =

€9+ kyey which implies ¢, ey
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So, what we were doing until this last time is to look at first the matched uncertainty case,
that is when the parameter was in fact, matched with the adaptive controller. And we actually
learned how to use a backstepping based Lyapunov design to construct control and an update
law and therefore an adaptive controller for such a system. And we also, of course, just the
stability analysis, we also looked at a little bit of how to talk about, persistence. So, so

basically, we did all that for the matched case.
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¢ Detectability Obstacle avoided using backstepping method.

2 Backstepping: Parameter Unmatched with Control

Consider the double integrator (of different type) system dynamics given as follows:

iy =2+ 0f(21)

Ty=u

where, 1, 22,u € R and f: R — R. In this case, the parameter is unmatched with control

(different from the previous case) i.e., the unknown parameter does not appear

dynamics as the control.

Objective is to drive z; — 0 and 25 — 0 stabilization.
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Objective is to drive z; — 0 and 25 — 0 stabiliz

2.1 Known Parameter Case

In order to design a controller for the above system we can use the classical backstepping

approach. To ensure x; — 0, let us assume @5 to be the control and choose, o = x9g =
kyzy—0f(xy) which will give 2y = —kyz; where ky > 0. Thus we can guarantee convergence

of 2, — (. We assume that f(0) = 0. Consider V;(-) and V5(-) as follows:

Srikant Sukumar
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50, Vi = (23 — ) (= 24)

Let us consider the control law u = oy — ko(xs — r94) for some ky > 0. The overall

candidate Lyapunov function is chosen as the following:

V=Vi+V
V=ayi) - kazg —
= 2179 + 2101 (1) = k(23 = 224)°

=ayay+ 1y (=g = k) = ko = 1)
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where, 21,79, u € R and f : R — R. In this case, the parameter is unmatched with control
(different from the previous case) i.e., the unknown parameter does not appear in the same

dynamics as the control

Objective is to drive z; — 0 and 25 — 0 stabilization.

2.1 Known Parameter Case

In order to design a controller for the above system we can use the classical

approach. To enswre 7, — 0 Jelus assume 2o do ho the cantrol and choose,
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where, 21,3, u € R and f: R = R. In this case, the parameter is unmatched with control
(different from the previous case) i.e., the unknown parameter does not appear in the same

dynamics as the control.

Objective is to drive z; — 0 and 2 — 0 stabilization.

2.1 Known Parameter Case

In order to design a controller for the above system we can use the classical

approach. To ensure 7, — 0 Jelus assume zodg ho fhe cantrol and choose,

And then, we moved on to the case of parameter unmatched with the control, And the first
again, looked at the known parameter case, in order to understand how the backstepping
design will work. So we got a fair idea of how the control would be. So basically, we just
started doing this, so for the known parameter case, we in fact, first looked at the model,
where we have the parameter now in the first state, instead of the second where the control

appears.
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where, z), 75,4 € R and f : R — R. In this case, the parameter is unmatched with control
(different from the previous case) i.e., the unknown parameter does not appear in the same

dynamics as the control.

Objective is to (lri\ml a5 — 0 stabilization.

2.1 Known Parameter Case

In order to design a controller for the above system we can use the classical |
approach. To ensure 1 — 0, let us assume 23 to be the control and choose,

—kyxy—0f (1) which will give &y = —kyzy where ky > 0. Thus we can guarantee

of z; = (. We assume that f(0) = 0. Consider Vi(:) and V3(-) as follows:
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where, z), 75,4 € R and f : R — R. In this case, the parameter is unmatched with control
(different from the previous case) i.e., the unknown parameter does not appear in the same

dynamics as the control.

Objective is to (ln\ abilization.

2.1 Known Parameter Case

In order to design a controller for the above system we can use the classical |
approach. To ensure 1 — 0, let us assume 23 to be the control and choose,
—kyxy—0f (1) which will give &y = —kyzy where ky > 0. Thus we can guarantee

of z; = (. We assume that f(0) = 0. Consider Vi(:) and V3(-) as follows:

And the aim is the same, which is basically to drive x1 and x2 to 0. So, again, slightly
different, because we are not looking at the tracking error problem. But as I said, last time, it
says this is exactly the same, even if [ was considering a tracking error problem, the methods

that we are using would apply, almost identically.
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Objective is to drive z; — 0 and 2, — 0 stabilization.

2.1 Known Parameter Case

In order to design a (‘uuggllc' for the above system we can use the classical backstepping
s =N

approach. To ensyfe z; — 0, let Q assume 2y to be the control and choose, 75 = 9y =
;/
Fyry—0f (2)) whichaill give, kyxy where ky > 0. Thus we can guarantee convergence

of 2 — (. We assume that f(0) = 0. Consider Vj(-) and Va(-) as follows:

Vi= sk

Srikant Sukumar
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where, ry, 29, u € R and f: R — R. In this case, the parameter is unmatched with control
(different from the previous case) i.e., the unknown parameter does not appear in the same

dynamics as the control.

Objective is to drive z; = 0 and x; = 0 stabilization.

2.1 Known Parameter Case

In order to design a controller for the above system we can use the classical |

approach. To ensure z; — 0, let us assume @ to be the control and choose,

—kyzy—0f (1) which will give 2y = —kiy where k> 0. Thus we can guarantee
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Objective is to drive z; — 0 and 25 — 0 stabilization.

2.1 Known Parameter Case

In order to design a controller for the above system we can use the classical backstepping
approach. To ensure 7; — 0, let us assume 25 to be the control and choose, o = 29g =
—kyzy—0f (xy) which will give &, = —k2y where &y > 0. Thus we can guarantee convergence

of 21 = (. We assume that f(0) = 0. Consider Vi(-) and Va() as follows:

)

1
i(‘f_’ )
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Objective is to drive z; = 0 and 23 = 0 stabilization.

2.1 Known Parameter Case

In order to design a controller for the above system we can use the classical backstepping
approach. To ensure 21 = 0, let us assume @3 to be the control and choose, 73 = 19y =
—kyzxy=0f(2;) which will give @y = =k where k; > 0. Thus we can guarantee convergence

of ¢ = 0. We assume that f(0) = 0. Consider Vi(-) and V;(-) as follows:

Srikant Sukumar

So in order to ensure x1 to, go to 0, we designed a controller, we are assuming that x2 is the
control for the x1 state, this is again standard in the backstepping based method. And since
the parameter is known, I can apply this kind of a control to get this nice ideal system. And
we also choose this nice V1. Now, because we know that x2 is not identically equal to x2
desire, we try to do the next best thing that is to drive x2 to x2 desire. And this is where we
get the motivation for choosing the second piece of our Lyapunov function, or Lyapunov
candidate function, and that is the error between x2 and x2desire and a quadratic constructed

out of it.

(Refer Slide Time: 03:17)
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Let us consider the control law u = oy — ko(2y — 99) for some ky > 0. The overall

candidate Lyapunov function is chosen as the following:

=V 4V,

V =2y — ko(my — 2g)*

2

=12y + 310 (21) = ko(2 — 224)

=132+ 31(~220 — kamy) = k(g — ’.n/)!

1, | )
<=k - E)” = (ko - E'(I‘-z = aa)”
———
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50, Vy = (g — q) (u — 2g)

—

Let us consider the control law v = iy — kyxy = z24) for some ky > 0. The overall

candidate Lyapunov function is chosen as the following:

=Vi+W
iy = kafy = )’

s+ 18 (1) — halry — 200)?

01+ 21(= 20 — ki) = kal@s = 220)?

IN

1, 1 2
=k = = (k= 5 a2 = v2)°
e ——

And now we know very well that V 2 dot turns out to be of this structure. And if we choose u
to be x2 desired dot minus k2 x2, x2 desired, so then I know that this gets canceled out and |
get a nice negative term. So I get basically V2 dot as minus k2, x2 minus x2 desired whole

square. So, this is where we were. And we are going to start from here.

(Refer Slide Time: 03:49)
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Let us consider the control law u = iqy — ky(29 — 19y) for some ky > 0. The overall

candidate Lyapunov function is chosen as the following:

Lere 73

" =001 — ka(y — 294)°

2

=10y + 119f (1) = ka(22 = 22a)

which from the Lyapunov theorems proves that 2 — 0 and 2, = 229 Now, 1y,

0 f(x)) and from the facts that z; — 0 and f(0) = 0, we have that 254 and he
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= (2 = o) (u = d24)

Let us consider the com Tag — ka(aa — 94) f0))some ky > 0. The overall

candidate Lyapunov function is chosen as tI 5
Lo 3
VitV
2
2181 = ka(az — 220)°

= myaa+ 510/ (1) = kol = 20)°

012y + 01 (= o — kizy) = ka(wn — J‘-.w)"

L 4 1 )
—(ky - E]” = (ky 9 = Zag)*

1

= V<0 Vkk > 5

which from the Lyapunov theorems proves that z; — 0 and x, — 299. Now, 25,

6f(zy) and from the facts that 2; — 0 and f(0) = 0. we have that 54 and he

Adaptive_Control_Week7

Let us consider the control law u = #9g — ko(29 — 294) for some ky > 0. The overall

candidate Lyapunov funetion is chosen as the following:
Lwoe 3
- of )

V=V +V,

V =i — holaa — 1

=xyo+ 20 (1)) kaly = 294)

1

= V<0 Vk,k > 3

which from the Lyapunov theorems proves that z; — 0 and x5 = @35. Now, 2

6f(zy) and from the facts that z; — 0 and z () = 0, we have that 2,4 and he
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Objective is to drive z; — 0 and 2, — 0 stabilization.

2.1 Known Parameter Case

In order to design a controller for the above system we can use the classical backstepping
approach. To ensure 2; — 0, let us assume @3 to be the control and choose, 5 = xyy =
—kyry—0f () which will give @y = —kjx; where ky > 0. Thus we can guarantee convergence

of #; — 0. We assume that f(0) = 0. Consider Vi(-) and Vy(+) as follows:

Srikant Sukumar

So, I am going to mark our lecture as lecture 7.3, starting this point. So as always, just like
before, we did not backstepping, we just add up the 2 pieces to get a candidate Lyapunov
function for the consolidated x1 x2 system. And we actually start taking the derivatives
carefully. So the x1 V1 was just x1 squared by 2. So V1 dot is x1 x1 dot. And V2 dot by

virtue of this analysis. It is just minus k2 x2 minus x2 desired squared.

Now we plug in for x1 dot of course. So what does it turn out to be? x1 dot is x2 plus theta of
x1. So I get x1 x2 plus x1 theta of x1. And now we also know that, of course, we want to
write x2 in terms of this variable. And that is what we do. So that is what we do. So what is
this? So basically, I have I mean, we just write, let me look at this carefully if this is done

correctly or not.

So, if we go back and look, in fact, I am going to reproduce the expression right here. So x2
desired was defined to be minus k1 x1, plus, I believe minus theta f x1. So in fact, the way

this manipulation is done, it is fine, that is okay.

So, so what we do is, if I actually do not write x2 as this, but I simply replace theta f x1 from
here. So if I do that, theta, f x1 is actually equal to minus k1 x1 plus x2 desired. So this will
actually be a plus sign. This will actually be a plus sign. Let us see, if I got this correct. So,

just a second. Let me go back and check.

So, x2 result is minus k1 x1 minus theta of x1. And if I go here, which is what [ wrote here,
x2 desired is minus k1 x1 minus theta times f x1. So if I replace for theta times f x1 from
here, I get minus k1 x1. I made a mistake. This should be minus k1 x1 minus, minus x2

desired. This is what I was sort of looking for. And this is correct. And this is correct. That is
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what I was wondering. So now, if you combine, so this term is of course nice. It is minus k1

x1 squared.
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Let us consider the control law u = iqg — ka(29 — x9y) for some ks > 0. The overall

candidate Lyapunov funetion is chosen as the following:
Lwwe T3
7L T QJ\C’l)

VaVi+h 7y
_ey -

V =gy — kofy — 20a)* 9{09 -

=@y + a10f (11) = ka(wz = 220)

2

1) = ka2 — 224)

3 ‘ J(x2 = "-.w)"

=V <0 Vk,k >

which from the Lyapunov theorems proves that z; — 0 and a — 24 Now, 25,
6f(xy) and from the facts that 2; — 0 and f(0) = 0, we have that 54 and he

This completes the proof
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oy

7]
—y- 174

of) =

=
6, (-24)

2
= -4% " ’
1 (T 2y)

which from the Lyapunov theorems proves that z; — 0 and x, = 299 Now, 199 = —kyr; —
6f(r)) and from the facts that 2; — 0 and f(0) = 0, we have that 24 and hence 2, — 0.

This completes the proof.

2.2 Unknown Parameter Case

First Control:

And if I combine these 2 terms, I get x1 times x2 minus x2 desired. So, essentially, there is a
step that is missing here. So I am going to write it. So this is actually equal to minus k1 x1
squared minus k2 x2 minus x2 desired squared, plus x1 times x2 minus x2 desired. This is
very similar to what we had in the previous backstepping also, this is very similar, because
you have a nice 2, you have nice 2 negative terms and then 1 mixed term, this is very

standard, what happens in backstepping data analysis.
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=607 f(,t) +u—7
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If you go back, I am going to try to actually demonstrate that similarity. If you see, I had
minus k1 el squared minus k2 psi2 squared, which is the backstepping error variable. And

then I had a mixed term in the el and a backstepping error variable.
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mov function is chosen as the following:

Lwoe 3
~ k(q' 2= 9; Cil)
= /(11' i 17‘4

V=Vit+¥ 2y =

V =218, — ko(2s — 020)* GJC ('19 B
oty + 110 (1) = kay — 22)° 2

. K (13- 24)
= 3129 + 11 (—20g — k11) — ko(zg — 299)* = - 4" &
- = —_— % (17_— 12&)

I . 1
< —(hy — 5)-1“? = (ky— é)UJ - Iy

. 1
=V <0 Ykyky > 3

.75 010 nov theorems proves that z; — 0 and 29 = x5, Now, 29y = —k

Il
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mov function is chosen as the following:
e ¥3

Vi+V, 4=
21y = ko(2g — Taq)? gf C"Q =
= 2129 + 210f(21) — ko(g — 229)° -

2

) gy, (- gg
= 02y + a1 (~2a — k) — ha(ay — 20)* = - 47 = ﬁL
g 1 « 4 (T2~ 23g)

—(ky - i)Af = (ke — 5)('} - -l?zu‘)l

. 1
<0 \ﬂu]\l > 5

s 2,1( s 17“4

H.yapunov theorems proves that ©; — 0 and a5 — x50, Now, 29y = —k

1L I T 11
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mov function is chosen as the following:
Lwoe ¥3
a, . 9} 4
V=W+V g, = -4 f )
T 174
. X 9 = A= Z{ |
V= a1d) — ko — 299) QJC 0‘9

= 12y + 110 (1) — k(s — 224)’ 2

2
g7 - K, (M- 224)

= 2y + 21 (—220 — k121) — ky(wy — 200)” =
'—1 ’_l A L”'— LY ’
< —(ky - i)tf = (ky— 5)('} - 1yy)?

. 1
= V<0 Yk k> 3

L.yapunov theorems proves that z; — 0 and 9 — 254. Now, 29y = —1
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mov function is chosen as the following:

lwwoe ¥3
V=Vi+V, L= "

V =2 — k(g — 90)* Gf 6’9 =

qYy - Qf )
e Z,‘ll S 17’4

= 2129+ 110f(11) = ko(y — 729)° -
i, (11-724)

2

= 212 + 21 (~220 = k131) = oy — 109)* = - g7 -
= 2~ 1yy)
. e

: 1
23 — (ky — 5)(1) — 13)°

. 1
= V<0 Y,k > 7

H.yapunov theorems proves that z; — 0 and 25 — 254. Now, 29y = —k

1L 1

So if you look at this, I have the exact same scenario here, I have one term in minus k1 x1
squared, another term in the backstepping error variable, quadratic, and third, mixed term in

the x1 and the backstepping error variable. So, this is exactly what you tend to get.

(Refer Slide Time: 08:44)
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o . )2
=TT — ]‘2(\12 - 'l".!:])

=y + 110 (1) — kaly — 229)?

Lyapunov theorems proves that x; — 0 and 29 — z5g. Now, a9y = —4

| the facts that 2y — 0 and f(0) = 0, we have that 25, and hence 5

he proof.
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V=W+V,
V=1 - Ey(y — 299)°
= 111y + 2101 (1) = ko(y = 23)°
= 2129+ 21 (~ 20 —_1\_\1_1) — ky(Tg — T99)*

P : 2

1, e
<= (ky - 5)-17] = (ko = 5)(“ —Iy)* arr/

. 1
=V <0 Yky,ky > 3

Lyapunov theorems proves that x; — 0 and 29 = zyy. Now, 29y = —k

L the facts that v; — 0 and f(0) = 0, we have that x4 and hence 9

the proof.
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V= w1y — kol — ~lfz,/)2
= 2y + 110 (21) — ho(y — 299)°
=112 + 21 (—2 *_]\_\1_1) = ky(wy — -T'-z/l)2 =

y 1
= (k= 5)(_

b

Lyapunov theorems proves that x; — 0 and 29 = z5g. Now, a9y = —k

| the facts that x; — 0 and f(0) = 0, we have that 254 and hence

the proof.
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1;4 =
= 2,1‘ - 174

V = 2@y — k(g — 220)? Qf ('19 =
= 2y + 110 (1) — ka(y — 22)? 2
k[,,"'_ Ky (- 24)
4 (22~ lid)
i j ThiEd

l 4
<k~ §)J’] = (ky— 7

—_—

= V<0 Yhk > %

Lyapunov theorems proves that ©; — 0 and g — 159, Now, a9y = —H
| the facts that z; — 0 and f(0) = 0, we have that 25, and hence

he proof.
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V=Vi+V, 4=~
,k,1r’174

V =118y — ka2 — 200)* gfﬂj =
= 212y + 210f (1) — kala — 220)°

[ 8
N _ iy (- ag
= 0330 + B1(~Tai — kim) - balza—zag)? = - 87T P )

1
1 4 enlnty)
2

<=k = 2)af— (ko= )2 —20)’ 5wt/ 3 EalEs
| 2 “ _45‘1'1 é(h %)
2

=V<0 Vkk >
qus | 68 :
= —= 2
which from the Lyapunov theorems proves that z; — 0 and 2y — 29y, Now, a9y = 4"‘ 7 —
8(xy) and from the facts that 2, — 0 and f(0) =0, we have that x5y and hence x, — 0

v
o This completes the proof

2.2 Unknown Parameter Case

First Control:

And from this point, you know that I can do, I can simply do what is called sum of squares.
which just involves using the inequality that this guy, I will write it once more, is less than
equal to half x1 square plus half x2 minus x2 desired square. So, once I use this inequality
here, which is essentially the sum of squared process. Why is it called the sum of squared
process? Because we are writing these mixed terms, a, b type terms in terms of squares, a

squared and b squared, because those are the terms we have here.

And so once you combine these, you get exactly this expression, which is again very similar
to what you had even in the matched case. So, with this backstepping type procedure, you are
getting almost rather similar V dot as the matched case also. So, this is why backstepping is a

rather universal, method of control design that can be use in many different contexts.
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So, with this that if I choose k1 and k2 to be greater than half, then I have V dot negative
definite, then of course, which immediately helps me to apply this Lyapunov theorem, which
immediately proves that x1 goes to 0 and x2 goes to x2 desired. So, essentially, you have an
all round, global uniform asymptotic stability and you have all essentially the best property

that you can look for.

So, in fact, if you look at it very carefully, you can even conclude global exponential stability,
if you so desired. You can even conclude global exponential stability, because you can see
that it is the same model and all that. But, since we are dealing with nonlinear systems,
mostly, we do not really mention this because more often than not, this is not possible to

achieve.

So now, what do we know? We have started off looking for x1 to go to 0 and x2 to also go to
0. So this always remains a question. Did the construction of the backstepping error variable,
actually mess with our tracking or the stabilization control objective? In this case, also, the
answer is no under certain assumptions. So what are those? So x1 goes to 0 is obvious, x2
goes to x2 desired, and x2 desired was this quantity. Now, what do I know? I know that this is

going to 0.

So, if x2 desired is going to 0. So, if I want x2 desired to go to 0, because I want x2 to go to
0, so this will happen only if x2 desired is going to 0. So I want this to happen. And, so we
sort of make this sort of an assumption. I mean, you can think of it as an assumption. This is
an assumption, that because eventually, this is something beyond the system data. And this is
an assumption. And if we do have such an assumption that f at 0 state is 0, then you have that
x2 goes to 0. And we are done. Now, one might be tempted to argue about the reasonableness

of this assumption.

(Refer Slide Time: 12:30)
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o Detectability Obstacle avoided using backstepping method.

2 Backstepping: Parameter Unmatched with Control

Consider the double integrator (of different type) system dynamies given as follows:

where, 21,29, u € R and [ : R — R. In this case, the parameter is unmatched with control
(different from the previous case) i.e., the unknown parameter does not appear in the same

dynamics as the control

Objective is to drive 23 — 0 and 2 — 0 stabilization.
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» Detectability Obstacle avoided using backstepping method.

2 Backstepping: Parameter Unmatched with Control

Consider the double integrator (of different type) system dynamics given as follows:

where, 21, 25,u € R and [ : R = R. In this case, the parameter is unmatched with control
(different from the previous case) i.e., the unknown parameter does not appear in the same

dynamics as the control.

Objective is to drive 2 = 0 and 22 — 0 stabilization.
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» Detectability Obstacle avoided using backstepping method.

2 Backstepping: Parameter Unmatched with Control

Consider the double integrator (of different type) system dynamics given as follows:

b= n 4 0f(n)
i = ®
where, 21,25, u € R and [ : R = R. In this case, the parameter is unmatched with control

(different from the previous case) i.e., the unknown parameter does not appear in the same

dynamics as the control

Objective is to drive 21 — 0 and 2o — 0 stabilization.
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Now, why one would say that this assumption is in fact reasonable but at least reasonable? Is
that if you have if you are looking for equilibrium, if you are looking for x1 and x2 equal to 0
to be the equilibrium of the system. So how do you find equilibrium, typically, you will
assign the control to be 0. And you will try to find the right hand, where the right hand side is
0. So with the control 0, this is any way 0.
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» Detectability Obstacle avoided using backstepping method.

2 Backstepping: Parameter Unmatched with Control

Consider the double integrator (of different type) system dynamies given as follows:
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by =u

where, 21,29, u € R and [ : R — R. In this case, the parameter is unmatched with control
(different from the previous case) i.e., the unknown parameter does not appear in the same

dynamics as the control

Objective is to drive z; — 0 and 2, — 0 stabilization.
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s Detectability Obstacle avoided using backstepping method.

2 Backstepping: Parameter Unmatched with Control

Consider the double integrator (of different type) systemg dynamigssadven as follows:
5 %)

where, 21,25, u € R and [ : R = R. In this case, the parameter is unmatched with control
(different from the previous case) i.e., the unknown parameter does not appear in the same

dynamics as the control

Objective is to drive 21 = 0 and 22 = 0 stabilization.

But if I want this guy to be 0, and I want x2 to also be 0, because [ want x1 x2 equal to origin
that is 0 0 to be an equilibrium of the system, then if this guy is 0, then this guy also has to be
0. And theta is some of course, constant non positive, sorry constant, non zero, unknown and

so, constant and non zero. If it is 0, then there is nothing to do here.
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(different from the previous case) i.e., the unknown parameter does not appear in the same

dynamics as the control

Objective is to drive 23 — 0 and 2 — 0 stabilization.
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s Detectability Obstacle avoided using backstepping method.

2 Backstepping: Parameter Unmatched with Control

Consider the double integrator (of different type) niu\lvm (]\%ﬂlw given as follows:

where, 2,25, u € R and [ : R = R. In this case, the parameter is unmatched with control
(different from the previous case) i.e., the unknown parameter does not appear in the same

dynamics as the control

Objective is to drive 2 = 0 and 22 = 0 stabilization.
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Consider the double integrator (of different type) system dynamics given as follows: Lp,")
a) © ™
& 4 s’

“S fu o
dy =04 0f(a1) W"t ot

iy = U

m

where, 21,75, u € R and f: R — R. In this case, the parameter is unmatched with control
(different from the previous case) i.e., the unknown parameter does not appear in the same

dynamics as the control.

Objective is to diive 21 — 0 and 2 — 0 stabilization.

2.1 Known Parameter Case

In order to design a controller for the above system we can use the classical b

approach. To ensure 7) = (| sbisbemttsmresmpmmbumpimiaprismtenr | 10] 1111 1100
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Consider the double integrator (of different type) system dynamicg giss follows: l°)D) .
) = i
i '1-[/*1' leu
0,1

i1 =0+ 0f(a1) (21)

0
= & (2.2)

where, 2}, @5,u € R and [ : R — R. In this case, the parameter is unmatched with control
(different from the previous case) i.e., the unknown parameter does not appear in the same

dynamics as the control.

Objective is to drive 21 = 0 and 2 — 0 stabilization.

2.1 Known Parameter Case

In order to design a controller for the above system we can use the classical b)

approach. To ensure v) — (] sbebeppsrrmrssprppesmmpmpmiemmens | 0] 11111 110050

So if x2 is 0, or x2 is, X2 equal to 0 is an equilibrium. And then this also has to be 0 at x1
equal to 0. And otherwise x1 equal to 0 is not an equilibrium solution. If fx, if f 0 is not equal
to 0, and so if, so the point is, that you are trying to make is, is f 0 equal to, not equal to 0,

then x1, x2 0, 0, not an equilibrium.

So, and remember that we are always trying to analyze stability of an equilibrium, it does not
make any sense. If you are trying to analyze the stability of a point, which is not the
equilibrium. So therefore, if we are interested in going to a point 0 0, then it has to be, it
better be an equilibrium of the system. And, so f 0 equal to 0 is a very reasonable assumption

to ensure that x1 x2 equal to 0 0 is in fact an equilibrium system.

(Refer Slide Time: 14:42)
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V= v1dy = ko(y — -"2,3)2

= ayry+ 210 (11) = kala — 22)*

=V<0 Yhhk>=

A

which from the Lyapunov theorems proves that z; = 0 and 25 = 299 Now, 23 —L)‘/] -
/ 7’

8f(x1) and from the facts that a; — 0 and f(0) = 0; we have that x4 and hence x5 = 0.

Ui,
o This completes the proof

2.2 Unknown Parameter Case

First Control:
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Yz . B

SYSLEIS &

Let us consider the control lawNa= #9g — ka(wy — 124) for)jome ky > 0. The overall
candidate Lyapunov function is chosen as the following;
Lo ¥3
V=W+V L=

V = 21y — kafzs — 200)? ofv) =

AT thl’)

-y - 1’14

=112y + 210 (1) = kol — )’ 2
7', (3 (Ay-224)

which [rom the Lyapuiioy e e, —> 1. NOW, 1]

So, this is a fairly reasonable assumption, no problem. And, so we have been able to prove
for the known case, this kind of control law. So, now one of the question that also arises is.
What does this control law look like? Because there is an x2 d dot. So, you essentially have to

take a derivative here.

(Refer Slide Time: 15:03)
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50, Vy = (29 — taq) (U — Eaq).
=
Let us consider the control law u = iy — kol — 294) for some ky > 0. The overall
candidate Lyapunov function is chosen as the following:
Lwwe ¥3
V=W+V
"' =ai - A'z("z - "z(‘]:

= aya + 110f (21) = ka0 — 234)?
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® B @

v 119

= ) (u = E2q). = 4 )
w = - D?}>——N 9{(11})

o

o1 (7.7, t

Let us consider the control law w = &9g = ka(wy — x24) for some ky > 0. The overall
candidate Lyapunov function is chosen as the following:
luhoe 13
V=Vi+V 9=
V =@y — kol — 104)? Qfﬁ’ﬂ N

=10y + 18 f(21) — kol — »",w)!

S - Oy
=k = 2

2%
M i, (1 24)
1

which from the Lyapunov theqrams provesthat g s 0 and 2o — 199, Now, 7o

So it’s , use this expression take a derivative. So, this is minus k1 x1 dot, which is minus k1
x2 and this is minus theta f dot, which is partial of f with respect to x1, x1 dot, sorry, I should
just say, so there is x1 in both. So, this is like minus k1 minus theta partial of f with respect to
x1 times x1 dot. So, this is essentially the control and if you want to substitute this you can of
course substitute for this x1 dot as x2 plus theta f x1. So, this is a very implementable control.
So, this is minus of course, k2 x2 minus x2 desired. So, that is, that is of course there, so x1
dot is just this. So, this is a very implementable controller, of course, no problem. It is just a
function of the states, no issues. But of course, you notice that it contains the parameter,
which is again something that you expect, in fact, x2 desired also contains the parameter, so

the parameter appears here.
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So the parameter is, it is complicated the parameter appears here, the parameter appears here.
And the parameter also appears here. So, unlike the matched case, where the parameter
appeared in only once place here the parameter seems to appear in a lot of different locations,
and this is what you will see subsequently complicates the adaptive controller design. So, we

will sort of start going into the adaptive control design for this same system.
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where, 2,25, u € R and [ : R — R. In this case, the parameter is unmatched with control
(different from the previous case) i.e., the unknown parameter does not appear in the same

dynamics as the control.
Objective is to drive 21 — 0 and a2 — 0 stabilization

2.1 Known Parameter Case

7
—kyy =0 f () which will give &) = —kyzy where R} “an guarantee convergence

In order to design a controller for the above systgm=se can use the classical backstepping
approach. To ensure z; — 0, let us ,\»111"('1 choose, 15 = 19q =

of 21 = 0. We assume that f(0) = 0. Consider V;(-) and Va(-) as follows:

S:59PM Fri 6 May
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where, 21,22, u € R and f : R — R. In this case, the parameter is unmatched with control
(different from the previous case) i.e., the unknown parameter does not appear in the same

dynamics as the control.

Objective is to drive 2y — 0 and a2 — 0 stabilization.

2.1 Known Parameter Case

In order to design a controller for the above system we can use the classical backstepping
approach. To ensure x; — 0, let us assume @y to be the control and choose, 7y = 19y =
which will give &) = —kyxy where by > 0. Thus we can gnarantee convergence

of 21 = 0. We assume that f(0) = 0. Consider Vi(-) and Va(-) as follows:

So, what happens in the unknown parameter case? So, of course, in the unknown parameter
case, as you can see, I cannot have an x2 desired because I think of x2 as a control. So |
cannot have x2 desired with the theta. Because, well, I do not know theta. So there is no

question of implementing a theta.
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which from the Lyapunov theorems proves that z — 0 and zy = 294. Now, 2 = fA/\ -
.

0f(x1) and from the facts that z; — 0 and £(0) = 0; we have that 5, and hence 2 — 0.

Ui
o This completes the proof

2.2 Unknown Parameter Case
;l = Tyt 9; (‘9

First Control:

Ty = =kjay ‘11)

if @y =y

iy = —kyay —Bf(xy), G=6-4

Srikant Sukumar
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which from the Lyapunov theorems proves that z; — 0 and 2 — 29 D Ty = —kyti —
/S ]
8f(x,) and from the facts that z; — 0 and f(0) = 0, we have that x4 and hence z, — 0

ks
This completes the proof
0 iis completes the proof GA“O&‘
sv“!p)
1
2.2 Unknown Parameter Case ; "
= 1;TBJC 9

First Control:

Srikant Sukumar
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which from the Lyapunov theorems proves that zy — 0 and 24 = 299. Now, 794 fA/\ -
/ s

0f(x1) and from the facts that 2; — 0 and £(0) = 0; we have that 5, and hence 2 — 0.

Y
o This completes the proof

2.2 Unknown Parameter Case

First Control:

Srikant Sukumar

So therefore, the first step is, again, standard certainty equivalence. Because we are just
looking at the first system. So the first system is x1 dot is X2 plus theta f x1 with this as some
what one would call pseudo control. So, x2 desired is with a theta hat, which is basically an

estimate of theta with f x1 and then of course, you have the nice negative term.

So, when f when x2 is in fact x2 desired, you will get x1 dot is minus k1 x1, k1 x1, but and
now within additional theta tilde data. So this is unusual, you already start getting a theta tilde
here, in the first piece itself. And this is where things start getting complicated. And now
what do we do? Earlier, we took V1 as one half x1 squared, but now that is not sufficient.

Because now I have a new state.

(Refer Slide Time: 18:29)
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Lyapunov Function:

1,
h= _)n} 7>0

Vi = iy - ~00

= 1y(=kyy 4 9.)(-:.)? = ‘1;"‘“

¢
--)

=k} + i vy f(21)

First Update:
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Lyapunov Function:

: P

Th = iy — 00
i g i 1,
=ui(=kx) + 0f(21)) = —=00

. 1]
=k} +0(zf(zy) - :)

First Update:

So, what do I do? I do what I do standard, typically in adaptive control, I add a quadratic term
corresponding to the parameter error. And now I use that to construct an update law. So what
do I get, I get here x1 x1 dot and one over gamma theta tilde, theta hat dot. And now I plug in

for x1 dot, which is this and then retain this term as it is.

(Refer Slide Time: 18:56)
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. gk
Vi= 2y — ~00
. ~ l-
ri(=kyy +0f(2r)) - —=00

oo 0
= =k +0(x f(x)) - :)

First Update:

» a1 f (@)

= Vi=-ka} <0

Lyapunov Function:
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First Update:

Lyapunov Function:

L 0f ()
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. 0
= —kya? +0(x f (1) - -)

First Update:

b= 111

= Vi=—kz} <0
Lyapunov Function:

B ry = 2a)°
Vi = (29 — 29q) (22 — 24)
Choose &y = u = &yg — ka(&2 = T24)

ity = —hyiy =721 (1) = 0 (a1)

— 2 2
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which from the Lyapunov theorems proves that z; = 0 and @y = 234, D 9 = —/,(“/] -
.
0 (1) and from the facts that @ — 0 and f(0) = 0; we have that x5, and hence a3 = 0.

’
oY This completes the proof

2.2 Unknown Parameter Case

First Control:

—kyay ‘W\’!)

—‘lu—f;‘/u',). G=6-10

Srikant Sukumar
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Now, I know that this theta tilde terms can be combined nicely. And if I choose theta hat dot
to be this which is essentially cancelling this term out, which is the best I can do. We have
already discussed this several times before, then we are left with V1 dot is minus k1 x1

squared, which is negative semi definite.

Again, try to remember the difference from the matched case, in the matched case, when we
took the V1 dot, in the ideal circumstances, this is the ideal circumstance, because x2 is
assumed to be exactly x2 desired. So even in the ideal circumstance, V1 dot is coming out to

be only negative semi definite.

Whereas in the earlier version, in the matched case, V1 dot came out to be negative definite
expression was exactly the same, but there was no theta tilde state. Therefore, the V1 dot was
coming out to be exactly negative definite in the matched case. So that is what I will actually

make comment on negative definite in the matched case.

(Refer Slide Time: 20:24)
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First Update:

= Vi=—kai<0

Lyapunov Function:

Choose &y = u = dag — k(2 = 724)
tag = —hyiy =72 (1) = 0 (31)

—ky(2y 401 (1)) = 721 f2(31) - Bf ()
_ ,0F

( ”1).1‘
= (482 4 85) e Pe)

Y = yef(x)

v
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Wenk b Choose iy = u = dg — ka(zz - y

tyg = —kydy —yx /3("1)*”}(“\)
- .

By
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O
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Srikant Sukumar
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Let us consider the control law u = t9q) for some ky > 0. The overall

candidate Lyapunov function is chosen as the following:

lwwe ¥3

- gf )

V=W+V
“' =1 - ['1(-"1 —.'zn‘):

=y + 210 (1)) = kalary = w0a)*
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which from the Lyapunov theorems proves that o1 = 0 and a5 = 2. ] 2 = _,',“/‘ -
)

0f(x)) and from the facts that a; — 0 and f(0) = 0 we have that x4 and hence x5 = 0.

U
o This completes the proof.

2.2 Unknown Parameter Case

First Control:

tyg =~k — 0]"’1)

Srikant Sukumar
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So, again, things are more complicated in the unmatched case. So now what we, of course,
know that x2 is not identically equal to x2 desired, so we do the best we can, we try to have
x2, track x2 desired, and for that we introduce a quadratic term in the backstepping error. So,
we are trying to drive the backstepping error to 0. So, obviously, we introduce a quadratic

term in the backstepping error in the form of V2, and this is again the same.

And now, what we would want to do is, so, in fact, [ would say, want to choose but we would
say is we want to choose the x2 dot, which is the control to be just again the same as before,
which is cancelling these guys out. But now, remember, that x2 desired contains the theta hat.
And other state no longer the theta, which is a constant and the derivative of the constant

being 0.

So, when I take the derivative of x2 desired, that is, I compute x2 desired for its
implementation. What is it that I will get? I will get this minus k1 x1 dot, which is fine. Then
I get this term is actually write it down. This term is minus theta hat dot, f x1. This term will
minus theta hat dot f x1. And if I plug in this theta hat dot here, this is what you get here, this
term is just minus theta hat dot times f x1, and then the next term is just [ mean, because we
are doing the product rule for the differentiation. So you have theta hat dot f x1 and theta hat
dot x1.

And, you know what happens is that, I mean, I, of course plug in for the x1 dot, I keep the
theta hat f dot x1 as it is, but notice that theta hat f dot x1 is also theta hat partial with respect
to x1 times x1 dot, so, not just an x1 dot here, but also an x1 dot from here. So that is what is
written here. So this actually becomes, we do not need this step, this actually becomes k1
plus theta hat del f del x1, x1 dot. In fact this is what we had even here in the control law,
minus k1 minus theta del f del x1, so this theta gets replaced by theta hat x1 dot. So that is the

same.

So that is what you have here. And you have minus gamma x1 f squared x1 which is just
coming from this stuff, the derivative of the estimate. Now, you of course, substitute for x1
dot also, because we want to write the whole thing and we want to write the whole
expression, excellent. So, what we are sort of trying to understand is that whether the control
is implementable or not, and this is where things start to get wiry in this case in the adaptive

case.
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If you notice this x2 desired is of course implementable that is how we chose it, | mean, we
introduced the theta hat in x2 desired just so that it is implementable and typically we assume
all the states are known and theta is unknown, but then because theta is unknown, we

introduce the theta hat here. So therefore, x2 desired is implementable.
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First Update:
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: -
= Vi=-ka; <0

Lyapunov Function:
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Here, 4 contains # which is unknown, so we cannot implement i,5. We choose an estimate

—
of @4, where 6 is replaced by a new estimate ji

tag=—(ki +I/U7/)['U +iif(21) =y ()

By
iz 50f
= doq + if (x1) (k1 +0-=)

Ox

where i = # — ji . Notice there is one parameter and two estimates of thaj

(overparametrization).

Overall Lyapunov Function:

Adaptive_Control__Week7 -
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So, so in this control x2 minus x2 desired is of course implementable, but there is a problem
with x2 desired dot. And, why, why is that a problem? Because if you note, when we took the
derivative carefully, we came to this step, everything is implementable, but then we
reintroduce the theta. How did we reintroduce the theta, which was an unknown? Because of
x1 dot because the derivative of x1 shows up in the control law, because of this, therefore we
reintroduce the unknown. So this is where we sort of start to have an issue with the
implementation of the controller. So that is what I will say. So, in fact, I am going to highlight

this.

So, due to this control u is not implementable. The control u is not implementable because
this theta, so that is what we say, contains the theta dot, which is unknown. So, that is what
we want to do. Now, we want to figure out what we need to do. And we need to figure out
what we need to do. We, of course, do the sort of obvious thing, instead of having a theta, we

replace it with a new estimate theta mu hat.

So because there is an unknown here, every time we get an unknown, that is what we do
uncertainty equivalence, we replace it with the estimate. But the problem is the key problem
to remember is that, so replace with estimate is the usual solution, is the usual solution via the
certainty equivalence principle. But we cannot use theta hat since theta hat dot already
specified. So, this theta hat dot is already specified, because theta hat dot is already specified
when you do the Lyapunov analysis with this theta tilde squared. This guy, it will only cancel
this one term, it will not cancel the theta tilde term that you get because of this change in the

control.

(Refer Slide Time: 27:46)
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This term will not get canceled. And, of course, you also want this term to be canceled,
because I mean, in the ideal circumstance, this term goes away. But in the adaptive
circumstance, that is how we cancel this theta tilde terms or the parameter error terms, is by
introducing Lyapunov function and using the update law for the theta hat dot in order to
cancel this stuff. Now, if we are unable to cancel the term corresponding to this, we will be

left with a non negative definite term in Lyapunov function derivative. And that is a problem.
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of @94, where 6 is replaced by a new estimate fi.
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where 1 = 6 — ji . Notice there is one parameter and two estimates of that

(overparametrization).

Overall Lyapunov Function:
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And therefore, we need to introduce a new estimate, mu hat. So, for the same quantity, for the
same quantity, we have a new estimate. And that is what we do. So, this mu hat is what
replaces theta hat theta. And we of course, construct an appropriate Lyapunov function and

we will look at the Lyapunov function construction and the subsequent analysis in the

upcoming session.
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So, what is it that we looked at today, we sort of are continuing our analysis of this
unmatched case, which as we can see is turning out to be much more involved than the
matched case, these we saw, what the differences are, we saw that the x2 desired starts to
contain the unknown parameter. And, as we go into the adaptive case, where of course, theta

is assumed to be unknown, we land in some trouble in terms of how to define the update loss.

And then in the end, we come to a situation where the control which has this x2 desired dot
also contains the theta again, so the theta seems to reappear and then we are looking for a

way to deal with this. So we introduce a new estimate for this theta into the analysis.

So essentially, the only way we are able to resolve this issue at this stage is by having 2
estimates for the same unknown parameter theta. So, this is very standard in adaptive control
by the way, in a lot of scenarios, we do what is called as over-parameterization. So, we will
talk about this and how this unmatched state backstepping adaptive control will happen in the

subsequent sessions. See you folks again. Thank you.
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