Advanced Linear Algebra
Prof. Premananda Bera
Department of Mathematics
Indian Institute of Technology — Roorkee

Lecture -7
Basis and Dimension Part - 2

Welcome to lecture series. In my previous classes, | have discussed about the concept of basis,
linear independence and dimension. So, let me continue with that.
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I have shown that if V is the vector space and if it is a finite dimensional and if it spanned by a
finite number of elements say {8,,5,,.. 8,.} then the number of elements of that linearly
independent subset will be less than or equal to m. I mean it cannot exceed m. So, there is another
small result based on that principle only I will say it. Suppose S be a linearly independent subset

of a vector space over F.

Suppose beta is an element of V, which is not in the linear span of capital S. Then by adding beta
to capital S will be again a linearly independent subset of V. So, let me get the proof. Let S
consists of n elements say {a,, a,, ... a,}; they are all distinct elements. Consider S*= {5, a;, a5,
... a, }. It is given to me beta is not in the linear span of S. Now, my claim is that; is that is a
linearly independent subset of V.
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Suppose not, suppose S* is not a linearly independent subset of V. So, this means that there exist
n+1 scalars say not (ay, ay, a,, ... a,) € Fsuchthata, g + aya; + aza, + ...+ a,a, =0, here ay #
0, otherwise, g has not come into the picture and we know that a, to a, is linearly independent.

So, therefore | have considered a, # 0.

So, this implies that g = (‘—) a + (‘—) ay + -+ (—) a,,. S0, this implies g € L(S), which

contradicts the given condition. So S* is a linearly independent subset of V. Now, this concept
will help us from a linearly independent subset of a vector space one can extend this linearly
independent subset of the vector space to be basis of the corresponding space.

So, it is something called the extension theorems. So, this we can easily prove by adding one by
one elements and so this is | am giving as homework, so that | am saying of course is an extension
theorem. What is extension theorem? Suppose V be a finite dimensional vector space over the field
say F and S be a linearly independent subset of V, then that subset can be extended to be basis of
the corresponding space V also. So, this | am leaving as a homework.
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Now, let me consider another interesting subset or subspace that basically come as a part of the
sum of subspaces what we introduced in last classes. Now, it is like this. If W; & W, are finite
dimensional spaces of a vector space V over F, then dim w,+ dim W, = dim (W; n W,)+ dim (W,
+ W,). Before proving this result, let me quickly give in a geometrical picture so that one can
have idea how to proceed to prove this one.
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So, what I will do let me take V = R 3. Now, let me consider here say W 1 is equal to this is my x,
Yy, Z. So, W, is x-y plane and W, is x-axis. We know both of them are subspaces. Now, if | consider
W, + W,, the sum of actually w,, W, this will give me what? It will give me simply x-y plane. So,
dim(w; + W,) =2 and dim (W;) =2, dim (W,) = 1. What about (W; n W,)?.

(W, n W,) is basically x-axis and dimension of x-axis is again 1. So, you see that dimension of W,
in this example is equal to 2, dimension of W, example 1, so 2 + 1 = 3 and if | see that right hand
side dimension of (W; n W,) that is equal to 1 and plus dimension of W, + W, is again 2 because
W, + W, is nothing my x-y plane that is W, only. So, therefore | see that this relation holds good.
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So, now let me give it more generalized form. Since W, and W, are finite dimensional subspaces
of V, so (W; n W,) is also a finite dimensional subspace of V. Let B = {a;, a5, ... a;} be a basis
of (W, nW,). We see that B is basically a subset of (W, n W,)and linear span of B = (W, N W,)

and (W; n W,) is a subset of W, and also subset to W, .

So, by extension theorems, | can extend the B to B, to be basis of the W;. So, let B, = {a;, a,, ...
ay, B1, B2y -.. Pm} e abasis of the W, & B,={ay, ay, ... ay,v1, V2, ... Yot D€ a basis of w;,.
Claim; B* == {ay, ay, ... ax,B1, Bzs --- B> Y1s V2 --- Ynt Claim this is a basis of sum of
subspaces W, and W,, thatis W = W, + W,.

So, first I have to show that B* span W and second | have to prove that B* is linearly independent.
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So, firstis B* spans W = W, + W,. To prove that one what | have to do?
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We know any element w € W can be written as w is equal to something like w = w; + w,.where
w; € Wy and w, € W,. So, since w; € W4, so | can write down the small w; as a linear
combination of the basis element of w one. So, there exist scalars ¢y, c,, ... ¢, & dy, d,, ... d,, SUCh
that wy= T ciap+ B2 diBi, wo= S fiai+ Xfo19r¥e SO, W = wi+ wp = XL, (c +
fai+ Xit1diBi + Xi-19r Ve

So, this means that w can be written as a linear combination of «;, 8; and y; also. So, this implies
that w € LS(B*) or B* spans V. Now claim is that B* is also linearly independent. B* is linearly
independent, | have to prove that one. | will prove it by contradiction, suppose it is not, it is not

linearly independent. Suppose B stat is not linearly independent, so it is linearly dependent.

So, there exist scalars say cy,c,, ... ¢k, di, da, ... dmy & g1, G2, ... gm SUCh that TX . c; a; +
Y diBi + Y71 9r v»=0. Where not all ¢;, d;, g, are equal to zero. So, this implies that one can
write down sigma Y1, ¢; a; + X2 di Bi = Xr=1(=gr) ¥r-

(Refer Slide Time: 16:19)
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So, thisimplies ¥7_;(—g,) v € Wy, but ¥7*_,(—g,) v € W, because y;, y,, ... v, isbasically part
of the basis element of W,. So, this implies what sigma ¥7_;(—g.)¥» € (W, nW). So, this
belongs this quantity. So, this means that | will be able to express this element as a linear
combination of the basis element of (W, n W,).

So, this implies 3 py, P2y ... D St XX pia; = X' —g, v, SO this implies Y5, p;a; +
m L —9rYr = 0.8Since {a;,ay, ... ax,v1, V2, --- Yn} 1S @ linearly independent set subset of V, so
each g, = 0forr=1ton. Of course, p; =0, i=1tok. So, if l use the g, = 0forr=1toninmy

expressions that where | have considered the linearly dependent this relation in star.

So, (*) implies 3¢, c;a; + Yit.d; B = 0. So, this implies again since = {ay, a, ... ax, 1, B2,
... Bm} s alinearly independent set. So, this implies that ¢; =0 and d; = 0, | can say this one j =
1 to m so that will be not to confuse, for i = 1 to k and j = 1 to m which contradicts our hypothesis
that at least one coefficient not equal to 0.
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So, B* is linearly independent. So, this implies that dim(W) = dim(W; + W,) = K+ m +n +k -k
so this implies dim(W; + W,) = dim W, + dim W, —dim(W; n W,).

See so far what we have discussed here, we have considered linearly independent or dependent of
set but we have not considered the linearly independent or dependent of some finite sequence of
vectors. We need the sequence concept to understand about difference of the vector space and its
applications. So, | will introduce one terminology called ordered basis. Let V be a finite

dimensional vector space over F.

A subset B of V is set to be an ordered basis of V provided one B is a basis of V and second B is
an ordered set, | mean to say it follow a pattern, | mean some order is there. So, let me take
examples. Now, let me consider V = F3 . Suppose B = = {a4, a,, a3} isabasis and B* = {a,, a,,
as} is an ordered basis. So, what is the difference between these things?

See this first B it is a basis, fine, but there is no order whether «, will be first element, a, will be
second element, is it like that? No, see here this B is basically same, | can write this is also equal
to a,, a;, 3. But in the case of ordered which is here the first element is fixed, the «; is the first
element, a, is the second element and a5 is the third element. So, here order is preserved. So let
me see what sort of benefit we will see by introducing this concept.

(Refer Slide Time: 24:58)
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Consider V be a finite dimensional vector space over F. Let B = {a;, a3, ... a,,} is an ordered basis
of V. Now, for any a €V, there exist n scalars = {c;, c;, ...c,} such that a = c;a; + cya, + ... +
c,a,. S0, this implies it introduced an n-tuple scalar that is ¢;, c;, ...c, € F*. So, this implies for

each a € V there exist an n-tuple say ¢, ¢;, ...c,, € F™.

Is it possible that one can have another n-tuple which also express alpha? Let me see. If @ = x,a; +
X0y + ...+ x,a,, this implies that | will have (¢; — x)a, + (c; — xp)a, + ...+ (¢, — x,)a,= 0.
This implies (¢; — x;)= 0 for i =1 to n since {a,, a,, ...a,} this is a linearly independent set. So,

this representation is also unique.

And another interesting fact yousee if eV & B =X, y; a; ,thena + B =X, (x; + y; )a;. SO,
this x; what | am writing here for the alpha is equal to like this it is introducing the coordinate,
ith coordinate. So, here this ¢; is ith coordinate.

(Refer Slide Time: 28: 41)
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So, there exist a 1-1 relation between the n dimensional vector space V = F"™, a = (¢4, ¢z, ... Cp)-
Now, we want to see what is the benefit by introducing this concept? Let V again be a finite
dimensional vector space over a field say F. Let B = {«a,, a,, ...a,} be an ordered basis. Let for

a € V there exist an n-tuple say (x;, x,, ...x,,) such that your « = ¥, x; @;, x; €F.

Then X = (x4, x5, ...x,)7T is called as coordinate matrix of a with respect to ordered basis B. So,
the (xq, x5, ... x,)T that coefficients is called the coordinate matrix of a with respect to B.
Symbolically | can write that [a]g = (x1, x5, ... x,)T = X. S0, this one belongs to F™** column
matrix.

So, this implies for each a € V there exist a coordinate matrix say « like this thing with 1-1 map
between the set of elements of V and space of n-tuple. So, if you consider any n-tuples say (x;,
Xy, ... X,) € F™. we have seen that the sigma x i alpha will be element of B. Now this (x;, x5, ... x,,)7,
| am saying a coordinate matrix. So, | can say that for each « there exists a coordinate matrix which

1-1 relation holds good.
Now, we are curious to see if I change the basis, so there are two basis, B; and B,, then how the

coordinate matrices are related or if at all there is a relation or not?
(Refer Slide Time: 32:29)
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Before that let me take an example of how to find a coordinator matrix of a vector. So, let V =F3.
LetB={(1,1,1),(1,1,0),(,0,0)} We can immediately check this B is the basis for the space
V. Let me consider this B is also an ordered basis of V. Let a = (a, b, ¢) € F3, be any element.

Then we want to know what are the coordinate matrix of alpha with respect to this ordered basis

B. So, here my first element is this one, second is this one, third this one.

So, I have to write down (a, b,¢) =g, (1,1,1)+g,(1,1,0)+ g5 (1,0,0)= (g1 + g5 + g3, 91 + 92,
g1) Which transpose will be basically my coordinate matrix of a. This is equal to (g, + g5 +
g3, 91+ 92, g1) - S0, this implies g, =cand g, + g, = b impliesthat g,=b—-c, g, + g5 +95=
a. So, this implies that g; =a—b. So, [a]g = (¢, b—¢, a— b)T.

(Refer Slide Time: 35:11)
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So, now let me prove the question. Let V be a finite dimensional vector space of dimension say
n.Let B ={a,, ay, ...a,} andB' ={a;’, a,',... a,,'} be any two ordered basis of V. Let a« €V
be any element. Let [a]; = X & [a]zr = X'. I mean X = (xq, x5, ... xp)Tand X' = (x;', x5/, ... x,")7.
Now, we want to know is there any relation between X and X' that is the question. Answer is yes.

What is that relation? There exist an invertible matrix P of nxn order such that X = PX". So, now
we have to prove for these relations, I will do in the next class. So, | hope you have understood the
part which | have covered in this class. So, based on this, I will continue in the next class. Thank

you.
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