Advanced Linear Algebra
Prof. Premananda Bera
Department of Mathematics
Indian Institute of Technology — Roorkee

Lecture — 6
Basis and Dimension Part - 1

Welcome to today's lecture. In our last lectures, we have introduced the concept of vector space,
subspace and we have seen different types of subspaces or different vector spaces and their
characteristics also. We have defined a linear combination of vectors and we also introduced a
subspace which is basically a collection of all possible linear combinations of a subset of a vector
space also. Now, let me slightly modify and introduce another terminology that is called linear
span of a subset of a vector space.
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The linear span of a subspace of a vector space is basically if you consider a vector space say V
over the field F, let S be a subset of V, then the linear span of S is a set of all linear combinations
of elements of finite sets of elements of S. So, that is basically linear span of S. So, this will be
also a subspace. So, let us denote a linear span | can denote as an LS linear span of say S as L(s).

Since it is a collection of all linear combinations of elements of finite sets of elements of S, so
similar to my previous proof related to V that collection of all the possible linear combinations of
elements of a subset of vector space as a subspace, so here also it can easily so that L(s) is also a
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subspace of V. Since the reason is for any say a« € L(s) and g € L(S), so let us consider a
Yiticixag,and f =31, t; = a;. Where your a; € S & t; and ¢; € F. Since | have already told that
I do not want to write star frequently, so I simply write down a Y2, ¢; xa;, and g = Y7, t; * a;.
Now, let ¢ be any other constant from F, then we have (Ca + ) =¢ X% c; *xa; + Yo t; *a;.

So, this is again a linear combination of a;, a5, ... a;. If m >n, then | can write down in the proper
form that is it is a LC of linear combination of «; also, X2, c(c; + t) a; + Xl i1 tj @ if m <n.
So, this implies that (c « + B) € L(s), so implies it is subspace of vector space also. So, linear

span of s is also subspace of the vector space V.

We are basically interested to generalize the concept of vector space by you know we want to
also add a concept of dimension to the vector space also. Now, to assign a dimension concept to
the vector space let me introduce some more terminology.
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The first is linearly dependent set. Let V be a vector space over a field say F. Let S be a subset of
V. Then S is said to be a linearly dependent subset or set of V provided there are say n distinct
element (ay, a,, ...a;) of S and n scalars (c;, ¢y, ... c,)such that c;a; + coa; + -+ + cpa, = 0 where
not all ¢; = 0. I mean to say there are some c; which are also nonzero, but this relation holds

good.
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So, then I will say that the set S which is subset of vector space V will be linearly independent
subset of V or we can say linearly dependent set of V. Otherwise S is said to be linearly
independent subset set of V. So, let us take some examples. So, let me consider a very simple
space say V = F2, | mean set of space of all two tuples over the F. So, we know this is a vector

space.

And with respect to the standard vector addition and scalar multiplication, | have already defined
what do you mean by standard vector addiction for F n and standard scalar multiplication for F™
also. So based on that V is a vector space. So, consider S ={(1,0), (0,1)}. So, | have check
whether r this is linearly independent or not, Now, we see for any linear combination we take,
suppose the linearly dependent, then there will be some ¢, c;.

Such that suppose this is | have given as a;, a,, then I will have basically ¢; a; + ¢, a, =0, where

all ¢; not equal to 0, means at least some ¢; will be nonzero. Let me check it. So, this means that |

will have ¢, (1,0)+ ¢, (1,0)= (¢4, ¢;) = (0,0) means (0,0) is a vector coordinate. So, this implies

that these two vectors are equal if their corresponding component are equal.

So this implies that ¢; = 0,¢, = 0 are only solutions, so your capital S is a linearly independent

subset of V. So, note that the LI, LI stands for linearly independent.
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So let me take some another example. So, in my Euclidean space, this is basically the space
equal to say F3 which is | am writing as R 3, | mean F = capital R real line. So we know that V =
R™ is also vector space with respect to standard vector addition and scalar multiplication over the
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real line R. Now V =R3and B=(1, 1, 0), (1, 0, 0), (2, 1, 1). Let me quickly check whether this
set is linearly independent or dependent, B is linearly independent or linearly independent.

So, suppose if I give the name this is basically say a;, a,, as, if | give the name like this, we
have here 1.a; + 1. @, — a3 = 0 Because if | add these two vectors a;, a,, | am getting basically
as. S0, this implies that B is a linearly dependent set of V. So, one can also extend this instead of
R3 if | consider V = F™.

And if consider B = {e,= (1, 0,0, ...0), e, =(0, 1,0,...0), and ¢; =(0,0, ...1,0, ...0), e, = (0,
0,... 0, 1)}. So, B is a subset of V, now we can immediately check that B is linearly independent
set of V because for any a € B, a will be of the form of what? a = (x,, x,, ... x,,). So, it is n-tuple

space.

So, this implies one can write down for any linear combinations of eq, e,, ... e,, X1, + x,a, +
ot xpan = (xq, X2, ... x,) = 0, this implies that each x; = 0, so B is a linearly independent subset
of V. So, we have understood what is the linearly independent and linearly dependent.
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Now let me introduce another terminology called the basis. Let V be a vector space over F. A
subset B of V is said to be the basis of V provided V is spanned by B and B is a linearly
independent LI set or subset of V. So a subset of a vector space will be basis for the

corresponding space provided it span the space, | mean to say linear span of B equal to B and L
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of B equal to V and the B is a linearly independent subset of V.

So for example V = F™. We know the collection B ={ ¢;= (1, 0, 0, ...0), e, =(0, 1, 0,...0), and
e;=1(0,0,...1,0,...0), e, =(0,0,... 0, 1)}. So, if | consider this is a subset of the vector space
V, then | can immediately show that this will span your vector space V. We know any element of
V say a is of the form of your a = (x;, x5, ... x,,). and x; € F.

Here | have taken capital F again real number, you may take all complex, no problem. Now, | see
that a = x;e; + x,e, + -+ + x,e,. SO, this implies L(B) = B. Now only thing is | have to prove
that it is linearly independent. Already seen B is a linearly independent subset of F™. So, this
implies B is a basis of V. In fact, we used to say this is called the standard basis. It is called as
standard basis in a F™.
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Let V equal to set of all polynomial functions of degree less than equal to n and defined over the
field capital F. We have also seen that capital V is a vector space also. Now, if I consider B = {1,
X, x2, ... x"}, which is a subset of V. Now, claim this B is a basis for V. So, to prove this as a
basis for V we have to show that it span B and it is also linearly independent. For any element p

€ Vimplies that p = po + piX + px®+ ...+ p x".
This is of this form where py, py, ...p; € F. S0, this implies that this is nothing p,,, so if I give the

name this is my a4, this is my «, and like this is my «a,,, so basis B consistent basis «a;, a5, ... a,

where a;=1, a,=X, a3 = x% and a, = x™. Then | am able to write p = poa; + p1a, + pyaz+
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So, this implies that L(B) = V, | mean set of all polynomial function of degree less than or equal
to n over F. Now, the claim B is a linearly independent subset of V. Suppose not, then I will have
linear combinations of these elements such that that will be equal to O where at least some
coefficient will be nonzero. So, let me consider say linear combinations a,1 + a;C + a,x?+

...+ a,x™ such that this is true for all x € F.

But friends as you know, this is a polynomial of degree n, so it will have only n rows, means it
will be 0 only at n places over the F. So, it cannot be equal to 0 for all F. Since X" ,a;x!is a
polynomial of degree n, so it has n roots that is if | denote this is basically p(x) you know this
that is p is zero on the line F if | say that if F is real line, then the p is zero on the line at most at n
distinct points.

So, p(x) = 0 for all x € F is not possible, so B is a basis of V. If you consider V be the set of all
polynomial functions of finite degree over the F, then we will see that to span V we need a basis
having infinite number of terms. So, let me define the concept of dimension.
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So, dimension of a vector space. Let V be a vector space over F and B be a basis of it. If B has

finite number of elements, then V is called a finite dimensional vector space, now onwards | will
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use this abbreviation (f.d.v.s), else it is called at as an infinite dimensional vector space. So, we
have seen that according to this definition F n over F is a finite dimensional vector space and

dimension is n.

A set of polynomial functions of degree less than or equal to n is again a finite dimensional
vector space of dimension n+1, but if | consider V be the case of all polynomial functions over F,
then the dimension of this vector space will be infinite because no finite linearly independent
subset of the corresponding V cannot span the corresponding space. So, let me take some more

other example of the basis.

Let P be and nxn invertible matrix over F. Then all columns of P will be a basis of vector space
V=F™x1_So, this is we know again a vector space V. Now, | have considered P be an invertible
matrix, claim that the columns of P form a basis for this corresponding space. So, this is again
very straightforward because first | have to show that it is linearly independent.

So, let me consider P;, P,, ... P, denote a first to nth columns of P. Suppose, there is a linear
combination of P,, P,, ... B, which is equal to 0. Let x; P; + x,P, + ...+ x,B, =0. Then | have to
prove that x; = x, =...x, = 0 the only solution. See, this is equal to 0 this means that I can write

down this is your simply PX=0, | meant to say where P = P;, P, ... B, and X = [xy, %y, ... %]

So this linear combinations of the Py, P, ... B, is nothing PX=0. Since P is invertible So, P inverse
like this, so P~1PA= 0. So, this implies X = 0 is the only solution. So, this implies that set B =
{P,,P, ...R,} is a linearly independent set. Now, | have to show that it also span F™*1. So, let
capital Y = [x;,x,, ... x,,] 7, so this is a column vector which belongs to V.

Claim, 3 X such that PX=x,P; + x,P, + ...+ x,B,. S0, this is equal to i~ , x;P; = Y. Since
PX=Y I have to know what is X. Now, P is invertible, multiplying p inverse to both the sides |
am getting X = P~1 Y. So, we can immediately find out the corresponding n constant

(x1, X5, ... x)sUCh that x;P; + x,P, + ...+ x,B, =Y. S0, this means that the B span V also. So, |
think we have given enough number of examples of the basis.
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And now let me consider one more small result it is like this, theorem type. Let V be a finite
dimensional vector space over F or let V is spanned span by finite number of elements say
B1, B2, ... Bm- Then any linearly independent subset of V is finite and cannot exceed number of
elements, elements cannot exceed m. So, this is stand one nice result, looks like very obvious,

but a proof is required.

So, let me give a very quick proof of this one. To prove this one will be sufficient if I somehow
can show that any subset of VV which contain more than m elements will be linearly independent.
Let me prove it by contradictions. Suppose capital S = {a,, a,, ... a,} be a subset of V and n >
mand S is also linearly independent, suppose like this | say. Since {§,,5,, ... B,,} is the set spans
V.

So for each «a; there exist m scalars say P;; € F such that o; = Y2, P;;8;. Consider any linear

combination of ay, ... a, as below say x;a+x,a; + -+ + xpan, = Xjog x5 = Xioq x5 X% P =
Ta( Xiz1 Py x) By
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Since P is an mxn matrix and m < n, so this implies if | consider PX=0 will have a non-trivial
solution. So this means that 3 X = [x;,x,, ... x,] such that X # 0 but PX=0. So, this implies that
Yreaxja; =X (X Py x;) Bi. Now, if | consider that X, I will have Pyix; + Pox, + -+

Plnxn = 0,

PpiXxy + Ppoxy + -+ Pranxn, = 0, SO, | will have this value capital X, this is equal to 0. This
means that | am getting 3 X = 0, but your ¥, x;a; . So this implies S is a linearly independent

subset of V. So, for today it is alright up to this, we will continue in the next class. Thank you.
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