Advanced Linear Algebra
Prof. Premananda Bera
Department of Mathematics
Indian Institute of Technology — Roorkee

Lecture—5
Vector Spaces - 2

So, welcome to our lecture series. So, we are discussing about the vector space. We have defined
what is vector space, we have taken a couple of examples of it. Before taking more examples and
to give some sort of geometrical representation wherever it is possible, let me define one more
terminology called subspace.
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Let V be a vector space over a field F. If | say V be a vector space, then certainly there are two
binary operations also there that is one vector addition and scalar multiplication. Then a nonempty
subset W of a vector space is said to be subspace of V provided W satisfies all criterion or axioms

of vector space with respect to vector addition and scalar multiplication.

So, what | am saying that a nonempty subset W of a vector space V over a field of F is said to be
a subspace of V provided that W itself satisfy all the criteria of the vector space, even W itself is
again vector space. So, let me consider that V' = F2, the space of all two tuples over F and vector

addition and scalar multiplication are defined like what we did last time with vector addition and
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scalar multiplication.

Asforuandv € V, u+V = (u, +vy,u; + v;) this is the vector addition and any c € F,c*u =
(cuy, cuy) where u = (uy,u,) and v = (vq,v,). So, this is my scalar multiplication. We know with
respect to these two binary operation V is a vector space. So, if | just consider geometrically say
my V=if F is equal to a real number, then this | can say as simply x-y plane type of things.

So, it is basically some sort of a x-y plane type, when | say all points in the x-y plane that is my V.
Now, if I consider all the points on the x-axis, let W={(x, 0), x € F}. | mean all the tuples where
the second entry 0, this means that this is all the point to the vector space. So, we can immediately
check it satisfies all the axioms of the definition of the vector space. Therefore, W will be also a

subspace of the vector space V.

Of course, it is very tedious to check all these 10 axioms for the set W suppose, now question is it
possible to give a simple formula, one can use that formula to check where a given subset of a
vector space is a subspace of the vector space or not. So, let me quickly give that formula first so
that after that if | take a different example, it will be easy to understand whether a given subset of
a vector space is subspace or not. Criteria for a subset of a vector space to be a subspace of it, so
what is the criteria for this one?

If | consider W is a subset of a vector space V, then certainly with respect to scalar multiplications
that W will satisfy, apart from closure property all other property will hold good. All are axiom of
one vector space only. So, if I can somehow show that a subset is closed and is an abelian group
space with respect to both vector addition as well as scalar multiplication and with respect to vector
addition the abelian group, then we can say that that subset is a subspace of the corresponding
given vector space.

(Refer Slide Time: 08:13)
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So, | can consider one standard result like this in terms of theorems like this. A nonempty subset
W of a vector space V over F, is a subspace of V if and only if foranyu & veWandc e F,c*
u + v € W. If this criteria is satisfied, then immediately | can say that the subset W of the given
vector space will be subspace of the vector space V or since | am talking about if and only if, if W

is a subspace then also this criteriathatc *u+v € W.

Now , let me give if the criteria where ¢ * u + v € W is satisfied we want to show W is a vector
space, as it is W is a subspace of V. | mean to say | have to check with this given criteria that W
satisfied closure property with respect to multiplications and W is an abelian group because rest
of the axioms with respect to scalar multiplication is basically axioms of the V and W is part of it,

it will be satisfied.

So, therefore | have to basically check only this set of properties. It is given to me forany c € F
andu&veW,c*u+veW. Given W is nonempty, so let v e W and we know -1 € F. So
according to this criterion, according to star I can say your (-1) v + v € W. So, one this is star.

please sorry So, this implies that see -1 * v=-v, so thisisequalto-v+v=0€ W.

Here 0 is zero element of V. So the zero element of V also zero element of W and it is also inside
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W. So, thisimplies foranyce Fandue V,c*u+0=c*u e W, implies W is closed with respect
to scalar multiplication. For any u & v € W one can write downc=1and 1 * u +v € W. This

implies (u + v) € W. This implies W is closed with respect to vector addition.

So, W is closed with respect to scalar multiplication as well as vector addition. Now | want to
show; see associative property will hold good by default because this associative property is
inherent property of the vector space V, so | do not have to prove whether W satisfied associative
property or not. So that property holds good by default.
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Associative property holds good in W also, since W is a subset of V. Now, | have to check
existence of additive inverse. For additive inverse we have foru € W, (-1) * u + 0 € W. So, this
implies (-1) *u € W, i.e. —u € W. So, this implies additive inverse also exist. Since W is a subset

of V, which satisfied commutative property, so commutative property will also hold good for W.
So, W is an abelian group with respect to vector addition and is closed with respect to scalar
multiplication. Thus W is a subspace. So, W is a subspace of V. Now, other way it is given W is a
subspace of the V, so it is closed with respect to vector addition and scalar multiplication.

Therefore foranyu & ve W and ¢ € F, ¢ * u +v € W. So, this criterion holds good in this case.

So, we see that if nonempty subset of a vector space will be a subspace provided for any u & v
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eWandceF,c*u+veW. For sake of probity or simplicity | will not write down star, | will
simply write c u. So, if | write cu + v means there is a binary operation star in a scalar multiplication
in between ¢ and u. So, now onwards | will lose this is basically cu + v € W. So, this is with due
permission from you | am typing this one.
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A
So, let me take different example. Let V be a vector space over F, over F means F is the field of
scalar and vector space means there is definitely two binary operation there vector addition and
scalar multiplication and satisfy all the criteria of the vector space. Let W={0}, that is collection
of zero element of V. Claim W is a subspace of V. How to prove it? | have to check whether the

criteriaforanyu & v e Wandc € F, ¢ * u + v belongs to W or not.

Since W control is single element zero, zero element basically of the vector space V, so any scalar
c,c*0+0=c*0which is equal to again zero element. So, therefore this W is a subspace of the
vector space V. So, this is called the trivial subspace. It is called as zero subspace. Similarly, if |
take W =V then also it is a subset of V and it is also subspace of V. So, these are basically trivial

subspaces of the corresponding vector space V.

Now let me take other example. Let V equal to collection of all three tuples, so this is clearly say
F3, it may be real number or a complex number. Now, let W ={v € V,: v=(0,x,y),x EF,y €
F}. Now, we can quickly check whether this W is a subspace or not. We have forany u & v e W,
u=(0,uq, uy) and v=(0, vy, v,).

53



So, the binary operation over n-tuple space that is adding component wise, so if | do that one is
my binary operation vector addition here, then we have u + v = (0, u, + v,, u3 + v3) € W. So, what
I mean to say you if | consider over the Euclidean space X, Y, z all the points in Euclidean space is

my given vector space say V = F3, here of | consider F equal to real number.

Now, if consider the W, W is set of all the points which have first entry 0, this means that it will
be over the; so it has all the points in the y-z plane. So, you see that all the points in y-z plane is
subspace of the vector space V. Exactly same way one can check all the points on the x-z plane is
also subspace of V and all the points over the x-axis is also subspace of F3, all the points over the
y-axis is also subspace of F3,. So, we can have many subspaces for this.
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Let V equal to F", | mean set of space are all n-tuples integrals over F. So, this is a vector space
with respect to vector addition and multiplication what | have defined last time. | would say that
is my standard addition over the F™, and that is multiplication that | consider as a standard scalar
multiplication for the space of all n-tuple. Let W be the solution of the system of equation AX=0

where A is mxn matrix over F and X is basically nx1 column matrix.

Now, this W what | am saying is that the solutions of this system AX=0 will be subset of
certainly the vector space V = F™, My claim is that it is also a subspace. Claim, W is a subspace
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of V. For any X; and X, which are solutions of AX=0 we have AXx; =0 and AX, =0. Forany c €
F, we have ¢ * X; + X,=C X; + X,. My claim is that this is also solution of the system AX=0.

| have to prove that A(cX; + X,)= A(cX,) + AX,. So, this is equal to again c | can take common,
so ¢(AX;) + AX,=c 0+ 0 =0. So, this implies your Y = ¢ X; + X,. is also solution of AX=0. This
implies that W is a subspace of vector space this one.
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Let me take say another example. Let us represent set of all mxn matrices over F by F™"
notation. Let VV = F™™", Define vector addition and scalar multiplication as below. For A & B €

V, where say A = (aij), 1<i<m,1<j<n.So,defining A+ B = (a;; + b;;), so thisis my
addition.

And scalar multiplicationas forc €, & A€V, c* A=c* (a;) = ¢ (a;;). So, ¢ is multiplied to
each entry of the matrix, of course | will say that this is the standard scalar multiplication for this
set of elements. Now, with respect to these two binary operations, one can easily show that V is a
vector space, so it is done basically, | am giving as a homework because the proof is exactly the
same what we did for the F™.

So, now | have taken my vector spaces F mxn over the F and the vector addition and multiplication
like this thing. Consider V = F™" so | have taken m = n which is also a vector space. Then consider
W as collection of all symmetric matrices that is W ={A€ V,q;; =a; 1<i<n1<j<n}
Claim, W is a subspace of V. Again one can show that c times A; + A, where A, A, belongs to

W, | mean A, is symmetric, 4, also symmetric, then ¢ A, + A, is also a symmetric matrix. So, | can
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leave this as also a homework.
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Let me use a concept called linear combination. A vector 8 € V where V is a vector space over F
is said to be linear combination of vectors, there exist some distinct vectors say

(v1, V3, - 1), (€1, €, ... ¢) € Fsuch that B = (cyvq + ¢ v + -+ + ¢, 13,). Basically it is

(c1 vy + ¢ v, + -+ ¢, * 1,). Where the star is basically scalar multiplication. For sake of
simplicity, I have removed the star. If | write simply (¢;v; + ¢; v, + -+ + ¢, 1,). SO this is the
definition of when one can say a vector of a vector space a linear combinations of some vectors.
So fine, let me introduce some more and more terminology subspace spanned by a subset of a
vector space. What is the meaning of this one? Let V be a vector space over field F. Let Sis a
subset of V.

| am not saying that capital S is the subspace of V, | am simply saying that it is subset of V. Let
capital L denote the collection of all possible linear combination of vectors of capital S. So, if |
say that it is a possible collection of all linear combination of vectors of S means that is over this

field is F that is | can write L ={c,v; + ¢, v, + -=- + ¢, v, Where (vy,v,, ... v,) € Sand ¢; € F}.

So, this is a collection of all the linear combinations of the vectors of S. This collection is pa
subspace of vectors of V, how? Consider S is a nonempty of subset of V. Now, if | consider S as
nonempty subset of V, so for any linear combinations, | will say that since the vector space is
closed with respect to vector addition and scalar multiplication, so each linear combination is also

element of V. So, therefore | can say L is nonempty.
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Letu&veL.Sou=3Y", x;v;, such that v; € W, , i =1ton. So, this n is fixed to be some number.
It S may contain 1, 2, 3 infinite whatever it maybe. So, | am saying that your u is basically linear
combination of some element of capital S. So, | can write u is equal to something like this thing
and v equal to also we will have some sort of similar expression. So, | will write down v =
i1 X v
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Thenu+v=Y" x;v; + X yivi =X (x; +y)v; EL. Andforany c € F,c*u=c X, x; v;=

., cx;v; € L. This is again a linear combination where this is now new constant, new
coefficient cx;. So it is also linear combination the vectors of W, so this also belongs to L. Thus
this implies L is a subspace of V. So, collection of all possible linear combinations of the vectors
of W is a subspace of the corresponding vector space. Now, an interesting question may arise is
like this. Let V be a vector space F and let W, W, be any two subspaces of V.

Then W, N W, is also a subspace of V. How to prove it? Proof is very straightforward. Since W,
and W, both of them are basically subspaces of vector space V, foranyu&vew, nw, &c €
F,c*u+vew,andc*u+veW,. So, thisimpliesc*u+v e W, n W,. So, we see that
intersection of two subspaces is again a subspace.

In fact, if | take the intersection of the n subspaces again it will be a subspace. Now, what can you
say if | say that union of two subspaces, will it be a subspace? Now, this question | can answer
through geometry.

(Refer Slide Time: 43:07)
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What about union of two subspaces of a vector space? Say let me take our very well-known
vector space that is F3 or R3 | can say. So, V=F", set of all three tuples, so this is basically the
collection of all the points in Euclidean space, this is the Euclidean space. Now, if | consider so
letmy V = F3, | have taken hereand W; = {u € V,s.t. v = (x,0,0)}and W, = {v € V,s.t. v =
(0,x,0)}. Something like this.

So, this means that W is my x axis. So, this is my x-axis, this is y axis, this is z-axis. So, you see
that W, is the x-axis and W, is my y-axis. Now, if I consider let W = W, union W,, then will it be
a subspace? Answer is no, how? Let u € W, and v € W,. So, this implies that u=(x,0,0) and
v=(0,y,0). So, u +v=(x,y,0).

So, this is a point in the x-y plane. So, this point belongs to somewhere here. So, this is a point,
this point u, so let me present u by the point say p, and this is a point say g, that is my v. Then
the sum of two points is a point here which does not belong to W, U W,. So, therefore union not
necessarily to be a subspace, but it will be subspace provided I can convey like this you know.
Let me just take an example and then show the what will be the possible answer.

(Refer Slide Time: 46:21)
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Let V=F3, and W; = (x,y,0) and W, = (x,0,0). Now see if | take W, union W,, so W 1 is my
basically here x-y plane whereas W, is my x-axis. So, union will be again in the x-y plane. So, it
will be a subspace again. So, if | consider two subspaces W,, W, the union will be subspace
provided one of them will contain the other that is the basic criteria.

Let me introduce another terminology called sum of subset of a vector space. Let V be a vector
space over F. Let W;, W,,... W, be subset of V. Then the collection of all points such that your
W = wy+ wy+... +wy, w; belongs to W;, i is the collection of all the point, W is called as sum of

subsets of V. If the subsets are subspace, then it is called sum of subspaces.

So, we have defined what is subspace, we have defined what is intersection of subspaces, results
of subspace. We also seen that union of two subspaces will be subspace provided one is inside of
other. We have also defined what is sum of subset and sum of subspaces. So, we will continue in

the next class as of today. Thank you.

59



