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Lecture: 35
Invariant Direct Sums - 1

So, welcome to lecture series on advanced linear algebra. We have seen in our last lecture if V
Is having direct sum decomposition by its subspaces W, W,, ... W, then we have seen there
exist k linear operators E;, E,, ... E, which are basically projection operators such that (i) E;* =
E; (W E;E; =0 fori=j (ii)|=E; + E; + ..+ E, (iv) The Range of each E; is W;

that is subspace W, and conversely if we have k linear operators E;, E,, ... E, satisfying
conditions (i) to (iv), then the vector space V having direct sum decompositions by the
subspaces W, W,, ... W, where W; is the basically range of E;. Now along this space suppose
you want to add the typical characteristics of W, and suppose W is invariant under some

linear operator T defined on this space V.

| mean if the w,, w,, ... W, are invariant subspaces of V under the linear operator T defined
on V and if the space has direct sum decompositions then also | will have this scale linear
operators Eq, E,, ... E, satisfying all these four conditions, but apart from this we will also have
some extra things.
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Let T be alinear operator on vector space V defined over F and it is given toussay V =
w,® W,® ...@W, where each W, is invariant under T that is this implies that, T(W ) & W,.
So then we have already seen in our last lecture that one can introduce operators like
Ty, Ty, ... T} asarestriction of Ton W, W,,.. W, andthenif | write here, a = a; + a, +

.t (2478

Since V is having direct sum decompositions, so | can have this type of k-tuple a4, a, ... ax
where a will come from W; and a can be written like this, is coming as a consequence of the
criteria | have already stated in above theorem. So implies | = E; + E, + ...+ Ej, so from that

also I can have it where a; € W;. Then we have, T(a) =T(a;) + T(az) + ... T(ay) =Tq(a) +

T,(ay) + ... Tp(ay), even T is restricted to W,.

I have given the name like this. See this T; is operator on the subspace W,.
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So in this situation, we have seen if By, B,, ... B) are ordered basis of W, W,,... W, then B

A4, 0 0 O
_ . . 0 4, 0 0 .
= {B;, B;, ... B;;}is an ordered basis of V and [T]z = 0 0 A 0 where A4; is a square
3

0 0 0 A
matrix of d,xd; which is basically 4, is the matrix representation of 7, on W, and ¥* ,d; =
Dim of V.
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So we have seen like this. Now question is under what condition is W, W,, ... W, will be T
invariant. Now question is under what condition each W; will be T invariant? This one. Now
to answer this question since most of the places in this course | will consider projection operator,
so instead of T,,T,,.. Ty, | will consider Ej, E,,... E;,. SO to answer this question, | am

basically considering this problem.

So, this problem is basically some sort of | am writing theorem. Let V=w,® W,® .. W,
and T be a linear operator on V. So let k linear operators Ey, E,, ... E;, which satisfied the
condition = E;> = E; (i.e.each E; is a projection) (ii) E;E; =0 fori=j(iliyI=E + E, +

...+ Ej (iv) Range of E; is W;.

SoletV=w,®ew,® ..®&W, and T be a linear operator on V and Eq, E,, ... E, there are k
linear operators which are projection operator satisfying the criteria (i) to (iv). Then each W, is
invariant under T if and only if T commutes with each E;.
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i.e. TE; = E;T fori=1tok. So if the operator T commutes with each of the projection operator
E;, then the subspaces W, W5, ... W, will be invariant under T. So let us give a quick proof to
this problem. It is given T commutes with each E;, so TE; = E;T fori =1tok, it is given to us.
Claim: w; isinvariantunder T. Leta € W; = a = E;a Where a is basically range space of

E.

i
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= Ta =TEja = (TE)(a) = (E,T)(a) since TE; = E;T itisgiventous, so Ta = E(T(a))
€ W;. So this implies W; is invariant under T. Let us prove the other way that is only if, this

first is if, so now | am talking about the only if.

This one basically only if that is given each W;is invariant under T. Claim that T commutes
with each E; thatis TE; = E;T forj=1toKk. | have to show that TE; = E;T. According given
statement of the theorem we have I = E; + E, + ...+ Ej. So this implies that alpha operating
on a=Ea+ Ea+ ..+ Epa.
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So thisimplies Ta =Y, TE;a, Wehave TE;a € W;. Since E;a € W; & W; is invariant under
T = TE;a=E;p; forsomep; € W;.Wehave a=Ea+ E;a+ ..+ Exa = Ta= TE,a+

TE,a+ ...+ TE,a= Y5, TEa.
And when operating E; from the left side, so | have E;Ta = ¥\ EjTE;a = Y EE; B; =

E;Ta = E; B; from using (i).
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So (i) & (i) = E;Ta = TEja = E;T = TE;. So T commutes with each E;. So we have seen
the criteria under what condition each subspace W; will be invariant under T. Now let us apply
this concept to a very specific problem when the operator T is having diagonalization structures.
I mean when T is diagonalizable, let me see what this theorem says or is it possible to have a

simplified structure about this projection operator E; or not?

So consider T as a diagonalizable operator on a finite dimensional vector space V. See in these
theorems here, | have not assumed that whether the vector space has to be finite dimensional or
not. So this result what we have considered is valid for finite or infinite both the cases. Now |
am applying this concept when T is a diagnosable operator defined over a finite dimensional

vector space V.

Let c¢y,cy ... ¢, be its distinct eigenvalues and w,,W,,.. W, be the corresponding
eigenspaces. Since T is diagonalizable, so eigenvector will form a basis for this space and so
certainly V will have a direct sum decomposition by these eigenspaces. So V =
w.,® W,® ... W,. Sosince V is the direct sum decomposition of W, W, ... W, our previous

result says that there will be k projection operators.

Sy Ei E,, ... E, whererange of E; is W;, so that concept will be there. So 3 k linear operators
Eq, E,, ... E, suchthatthat (i) E;2 = E; (ii) E;E; =0 fori=j (i) =E;+ E; + ...+ E (Iv)
The Range of each E; is W;. Now the concept that T is a diagonalizable let us see what way
this is helping us.
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So we have for any a€ V, a = a1+ ay+ ..+ a, Where a; € W, | mean to say
ay,a,, ... a; are basically eigenvectors associated to eigenvalue ¢y, c,, ... ¢,. And of course we
have, T(a) = T(a;) + T(az) + ... T(ax) = cia; + c,a, + ...+ ¢, and of course we have
seen | =E{+ E, + ..+ E}.

So thenthismeansthat a = Eya + Eya+ ...+ Exa, Ta =cEja+ cE,a+ .+ cEpa =T
=c,E, + c;E; + ...+ ¢ E. Sowhen T is diagonalizable, then also | am getting there Ta where
a= Eja+ Eya+ ..+ Eya. SO0 Ta =TE;a+ TE,a+ ...+ TEga, but TE a = ¢, E; because

E,a is a eigenvector associated to the eigenvalue c;.

So similarly, I will have T = ¢,E, + c;E; + ...+ ¢ E. Previously when T is not

diagonalizable, suppose this diagonalizable is not there, so I can only write down the identity
operator as a sum of projection operator E4, E,, ..., E;, but when T is diagonalizable, 1 mean in

that case your eigenspaces are also invariant, then | am getting what?

| am getting the operator T as a sum of ¢ E, + c;E; + ...+ c,Ey. Now this information will

certainly help to talk about the structure of the projection operator as a function of T because
projection operator E4, E,, ..., E, all belongs to your L(V,V). So certainly E4, E,, ..., E}, one will

be able to express as a linear combination of T°, T1,T?,... T", | mean basis of the L(V, V).

But for this diagonalizable operator case we can show that this projection operator is having

typical simple structures, what is that, that I am showing it here. Suppose this T is diagonalizable
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then | say that T is of this structure. So this implies T2 will be equal to how much? It will be
T? =(ciE, + Ey + ot cEy) (GE, + Ey + o+ Ey) = (B, + °Ey + oo+ ¢ °Ey)

So using the property that £, E; = 0, EZ=E.

Soingeneral, T" = (c;"Ey + ¢,"Ey + ...+ ¢"Ey).
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So this implies that for any polynomial g(x) over the field F on which the vector space is defined,
g(T) = 9(c1)E; + 9(cy)E, + ... + d(ck)Ey. So the operator g(T) was defined over the vector

space V. So in particular, when the polynomial g(x) equal to having Lagrangian interpolation

(x—cp)
(cj—cp)’

polynomial say,  g(X) =p;(X) =]1;+;

I'mean ((x — ¢1)(x — ¢3) ... (x — ¢,) excluding the (x — ¢;) and the denominator it will be, this
is (¢; — ¢1)(¢j — ¢2).. (c; — &) (¢; — cx) if | consider like this then we have pic) = 8 =

{1fori=j

0fori +] So if | consider this type of polynomial function, then we have p].(T) = p}.(cl)El

+ Pj(Cz)Ez + Pj(Cj—1)Ej—1 + Pj(Cj)Ej ot Pj(Ck)Ek = Pj(Cj)Ej = E; = E =p;(T)

where p; Is a Lagrangian interpolation polynomial function. So this is the beauty of this result.

So we see that when T is diagonalizable, the projection operator having structure of the form

p].(T) and that p; is basically Lagrangian interpolation polynomial. We will continue with the

applications of this invariant direct sums.
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And more specifically for first I will talk about the diagonal operators because | imagined here
that if T is diagonalizable and V is having direct sum decompositions, then the operator T having
a typical structure like c,E; + c,E;, + ... + ¢ E). Butif suppose the T is operator defined over
the vector space V and V is also having direct sum decomposition of suppose Wy, W5, ... W,
where ¢y, ¢, ... ¢, are distinct constants, then whether the operator T will be diagonalizable or

not that have to be proved, so this thing I will prove in my next class.
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