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So, welcome to lecture series on advanced linear algebra. We have seen in our last lecture if  V 

is having direct sum decomposition by its subspaces  𝑊1, 𝑊2, … 𝑊𝑘  then we have seen there 

exist k linear operators  𝐸1, 𝐸2, … 𝐸𝑘  which are basically projection operators such that  (i) 𝐸𝑖
2 = 

𝐸𝑖  (ii) 𝐸𝑗 𝐸𝑖 = 0  for i ≠ 𝑗  (iii) I = 𝐸1 + 𝐸2 +  … + 𝐸𝑘 (iv) The Range of each   𝐸𝑗  is  𝑊𝑗 

 

that is subspace  𝑊𝑖 and conversely if we have k linear operators  𝐸1, 𝐸2, … 𝐸𝑘  satisfying 

conditions (i) to (iv), then the vector space V having direct sum decompositions by the 

subspaces  𝑊1, 𝑊2, … 𝑊𝑘  where  𝑊𝑖  is the basically range of  𝐸𝑖. Now along this space suppose 

you want to add the typical characteristics of   𝑊1 and suppose  𝑊1 is invariant under some 

linear operator T defined on this space V. 

 

I mean if the  𝑊1, 𝑊2, … 𝑊𝑘  are invariant subspaces of  V under the linear operator  T  defined 

on  V and if the space has direct sum decompositions then also I will have this scale linear 

operators  𝐸1, 𝐸2, … 𝐸𝑘  satisfying all these four conditions, but apart from this we will also have 

some extra things. 

(Refer Slide Time: 02:47) 
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Let   T   be a linear operator on vector space  V  defined over  F and it is given to us say  V = 

𝑊1⨁ 𝑊2⨁ … ⨁𝑊𝑘  where each 𝑊𝑖 is invariant under T that is this implies that,  T(𝑊
𝑖
) ⊆  𝑊𝑖. 

So then we have already seen in our last lecture that one can introduce operators like 

 𝑇1, 𝑇2, … 𝑇𝑘  as a restriction of  T on  𝑊1, 𝑊2, … 𝑊𝑘  and then if  I write here,  𝛼 =  𝛼1 +  𝛼2 +

 … + 𝛼𝑘. 

 

Since V is having direct sum decompositions, so I can have this type of  k-tuple 𝛼1, 𝛼2, … 𝛼𝑘 

where 𝛼   will come from   𝑊𝑖 and 𝛼  can be written like this, is coming as a consequence of the 

criteria I have already stated in above theorem. So implies  I  = 𝐸1 + 𝐸2 + … + 𝐸𝑘 so from that 

also I can have it where 𝛼𝑗 ∈  𝑊𝑗. Then we have, T(𝛼) = 𝑇(𝛼1) +   𝑇(𝛼2) + …  𝑇(𝛼𝑘) = 𝑇1(𝛼1) +

𝑇2(𝛼2) +  … 𝑇𝑘(𝛼𝑘),  even T is restricted to 𝑊𝑖.  

 

I have given the name like this. See this  𝑇𝑖 is operator on the subspace  𝑊𝑖. 

(Refer Slide Time: 05:38) 

 

 

So in this situation, we have seen if   𝐵1, 𝐵2, … 𝐵𝑘 are ordered basis of  𝑊1, 𝑊2, … 𝑊𝑘  then  B 

= {𝐵1, 𝐵2, … 𝐵𝑘} is an ordered basis of  V and [𝑇]𝐵 =  [

𝐴1 0 0 0
0 𝐴2 0 0
0 0 𝐴3 0
0 0 0 𝐴𝑘

 ]  where 𝐴𝑖 is a square 

matrix of  𝑑𝑖𝑥𝑑𝑖  which is basically 𝐴𝑖  is the matrix representation of  𝑇𝑖  on  𝑊𝑖  and  ∑ 𝑑𝑖
𝑘
𝑖=1   = 

Dim of V.  
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So we have seen like this. Now question is under what condition is  𝑊1, 𝑊2, … 𝑊𝑘  will be T 

invariant. Now question is under what condition each  𝑊𝑖  will be T invariant? This one. Now 

to answer this question since most of the places in this course I will consider projection operator, 

so instead of  𝑇1, 𝑇2, … 𝑇𝑘, I  will consider  𝐸1, 𝐸2, … 𝐸𝑘. So to answer this question, I am 

basically considering this problem.  

 

So, this problem is basically some sort of  I am writing theorem.  Let  V = 𝑊1⨁ 𝑊2⨁ … ⨁𝑊𝑘  

and T be a linear operator on V.  So let k linear operators  𝐸1, 𝐸2, … 𝐸𝑘  which satisfied the 

condition ⟹  𝐸𝑖
2 = 𝐸𝑖   ( i.e. each 𝐸𝑖  is a projection)  (ii) 𝐸𝑗 𝐸𝑖 = 0  for i ≠ 𝑗 (iii) 𝐼 = 𝐸1 + 𝐸2 +

 … + 𝐸𝑘  (iv) Range of  𝐸𝑗 is 𝑊𝑗.  

 

So let V = 𝑊1⨁ 𝑊2⨁ … ⨁𝑊𝑘  and  T be a linear operator on V and  𝐸1, 𝐸2, … 𝐸𝑘 there are k 

linear operators which are projection operator satisfying the criteria (i) to (iv). Then each  𝑊𝑖  is 

invariant under T if and only if T commutes with each  𝐸𝑖. 

(Refer Slide Time: 11:18) 

 

 

i.e.  T𝐸𝑖 =  𝐸𝑖T  for i = 1 to k. So if the operator  T  commutes with each of the projection operator 

 𝐸𝑖, then the subspaces  𝑊1, 𝑊2, … 𝑊𝑘  will be invariant under T. So let us give a quick proof to 

this problem. It is given T commutes with each 𝐸𝑖, so T𝐸𝑖 =  𝐸𝑖T for i = 1 to k, it is given to us. 

Claim: 𝑊𝑖  is invariant under T. Let 𝛼 ∈  𝑊𝑖   ⟹ 𝛼 = 𝐸𝑖𝛼  where 𝛼  is basically range space of  

𝐸𝑖.  
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⟹  T𝛼 = 𝑇𝐸𝑖𝛼 = (𝑇𝐸
𝑖
)(𝛼) =  (𝐸

𝑖
𝑇)(𝛼)  since  𝑇𝐸𝑖 =  𝐸𝑖𝑇  it is given to us,  so T𝛼 =  𝐸𝑖(𝑇(𝛼))    

∈  𝑊𝑖.  So this implies  𝑊𝑖 is invariant under T. Let us prove the other way that is only if, this 

first is if, so now I am talking about the only if.  

 

This one basically only if that is given each 𝑊𝑖is invariant under T. Claim that  T commutes 

with each  𝐸𝑗 that is 𝑇𝐸𝑗 =  𝐸𝑗𝑇   for j = 1 to k. I have to show that 𝑇𝐸𝑗 =  𝐸𝑗𝑇. According given 

statement of the theorem we have 𝐼 = 𝐸1 + 𝐸2 + … + 𝐸𝑘. So this implies that  alpha operating 

on  𝛼 = 𝐸1𝛼 + 𝐸2𝛼 + … + 𝐸𝑘𝛼.   

(Refer Slide Time: 15:35) 

 

 

So this implies  T𝛼 = ∑ 𝑇𝐸𝑖𝛼𝑘
𝑖=1 ,   We have  𝑇𝐸𝑗𝛼 ∈  𝑊𝑗.  Since 𝐸𝑗𝛼 ∈  𝑊𝑗  &  𝑊𝑗  is invariant under 

T  ⟹   𝑇𝐸𝑗𝛼 = 𝐸𝑗𝛽𝑗  for some 𝛽𝑗  ∈ 𝑊𝑗 . We have  𝛼 = 𝐸1𝛼 +  𝐸2𝛼 +  … + 𝐸𝑘𝛼 ⟹   𝑇𝛼 =  𝑇𝐸1𝛼 +

 𝑇𝐸2𝛼 +  … + 𝑇𝐸𝑘𝛼 =  ∑ 𝑇𝐸𝑖𝛼
𝑘
𝑖=1 . 

 

And when operating 𝐸𝑗 from the left side, so I have 𝐸𝑗𝑇𝛼 = ∑ 𝐸𝑗𝑇𝐸𝑖𝛼 𝑘
𝑖=1 =  ∑ 𝐸𝑗𝐸𝑖  𝛽𝑖

𝑘
𝑖=1   ⟹

𝐸𝑗𝑇𝛼 =  𝐸𝑗  𝛽𝑗 from using (i). 

Refer Slide Time: 18:29) 
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So  (i) & (ii) ⟹ 𝐸𝑗𝑇𝛼 =  𝑇𝐸𝑗𝛼  ⟹  𝐸𝑗𝑇 =  𝑇𝐸𝑗.  So T commutes with each 𝐸𝑗. So we have seen 

the criteria under what condition each subspace 𝑊𝑗 will be invariant under T. Now let us apply 

this concept to a very specific problem when the operator T is having diagonalization structures. 

I mean when T is diagonalizable, let me see what this theorem says or is it possible to have a 

simplified structure about this projection operator 𝐸𝑗 or not?  

 

So consider T as a diagonalizable operator on a finite dimensional vector space V. See in these 

theorems here, I have not assumed that whether the vector space has to be finite dimensional or 

not. So this result what we have considered is valid for finite or infinite both the cases. Now I 

am applying this concept when T is a diagnosable operator defined over a finite dimensional 

vector space V.  

 

Let   𝑐1, 𝑐2, … 𝑐𝑘 be its distinct eigenvalues and  𝑊1, 𝑊2, … 𝑊𝑘 be the corresponding 

eigenspaces. Since T is diagonalizable, so eigenvector will form a basis for this space and so 

certainly V will have a direct sum decomposition by these eigenspaces. So V = 

𝑊1⨁ 𝑊2⨁ … ⨁𝑊𝑘.  So since V is the direct sum decomposition of 𝑊1, 𝑊2, … 𝑊𝑘  our previous 

result says that there will be k projection operators. 

 

Sy   𝐸1, 𝐸2, … 𝐸𝑘    where range of 𝐸𝑖 is 𝑊𝑖,  so that concept will be there. So ∃ k linear operators  

 𝐸1, 𝐸2, … 𝐸𝑘  such that that  (i) 𝐸𝑖
2 = 𝐸𝑖  (ii) 𝐸𝑗 𝐸𝑖 = 0  for i ≠ 𝑗  (iii) I = 𝐸1 +  𝐸2 +  … + 𝐸𝑘 (iv) 

The Range of each   𝐸𝑗  is  𝑊𝑗.  Now the concept that T is a diagonalizable let us see what way 

this is helping us.  

(Refer Slide Time: 23:01) 
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So we have for any 𝛼 ∈ V,  𝛼 =  𝛼1 +  𝛼2 +  … + 𝛼𝑘  where 𝛼𝑖 ∈  𝑊𝑖. I mean to say 

𝛼1, 𝛼2, … 𝛼𝑘   are basically eigenvectors associated to eigenvalue 𝑐1, 𝑐2, … 𝑐𝑘. And of course we 

have, T(𝛼) = 𝑇(𝛼1) +   𝑇(𝛼2) +  …  𝑇(𝛼𝑘) =   𝑐1𝛼1 + 𝑐2𝛼2 + … + 𝑐𝑘𝛼𝑘  and of course we have 

seen I = 𝐸1 +  𝐸2 +  … + 𝐸𝑘. 

 

So then this means that 𝛼 = 𝐸1𝛼 + 𝐸2𝛼 + … + 𝐸𝑘𝛼 ,  T𝛼 = 𝑐1𝐸1𝛼 + 𝑐2𝐸2𝛼 + … + 𝑐𝑘𝐸𝑘𝛼  ⟹ T 

= 𝑐1𝐸
1

+  𝑐2𝐸2 +  … + 𝑐𝑘𝐸𝑘.  So when T is diagonalizable, then also I am getting there T𝛼 where 

𝛼 =  𝐸1𝛼 + 𝐸2𝛼 +  … + 𝐸𝑘𝛼. So  T𝛼 = T𝐸1𝛼 +  T𝐸2𝛼 +  … + T𝐸𝑘𝛼, but T𝐸1𝛼 = 𝑐1𝐸1𝛼 because 

𝐸1𝛼 is a eigenvector associated to the eigenvalue 𝑐1. 

 

So similarly, I will have  T = 𝑐1𝐸
1

+  𝑐2𝐸2 +  … + 𝑐𝑘𝐸𝑘. Previously when T is not 

diagonalizable, suppose this diagonalizable is not there, so I can only write down the identity 

operator as a sum of projection operator 𝐸1, 𝐸2, … , 𝐸𝑘 but when T is diagonalizable, I mean in 

that case your eigenspaces are also invariant, then I am getting what?  

 

I am getting the operator T as a sum of  𝑐1𝐸
1

+  𝑐2𝐸2 +  … + 𝑐𝑘𝐸𝑘. Now this information will 

certainly help to talk about the structure of the projection operator as a function of T because 

projection operator 𝐸1, 𝐸2, … , 𝐸𝑘 all belongs to your L(V,V). So certainly 𝐸1, 𝐸2, … , 𝐸𝑘 one will 

be able to express as a linear combination of  T0, T1, T2, … T𝑟,  I mean basis of the L(V, V).  

 

But for this diagonalizable operator case we can show that this projection operator is having 

typical simple structures, what is that, that I am showing it here. Suppose this T is diagonalizable 
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then I say that T is of this structure. So this implies    T2 will be equal to how much? It will be  

T2   = (𝑐1𝐸
1

+  𝑐2𝐸2 +  … + 𝑐𝑘𝐸𝑘) (𝑐1𝐸
1

+ 𝑐2𝐸2 +  … + 𝑐𝑘𝐸𝑘) = (𝑐1
2𝐸

1
+ 𝑐2

2𝐸2 +  … + 𝑐𝑘
2𝐸𝑘) 

So using the property that 𝐸𝑖 𝐸𝑗 = 0, 𝐸𝑖
2 = 𝐸𝑖  . 

 

So in general, T𝑟 =  (𝑐1
𝑟𝐸1 + 𝑐2

𝑟𝐸2 + … + 𝑐𝑘
𝑟𝐸𝑘). 

(Refer Slide Time: 28:43) 

 

So this implies that for any polynomial g(x) over the field F on which the vector space is defined, 

g(T) =  g(𝑐1)𝐸1 +  g(𝑐2)𝐸2 + …  + g(𝑐𝑘)𝐸𝑘. So the operator g(T) was defined over the vector 

space V.   So in particular, when the polynomial g(x) equal to having Lagrangian interpolation 

polynomial say,      g(x) = 𝑝𝑗(x)  =∏   
(𝑥−𝑐𝑖)

(𝑐𝑗−𝑐𝑖) 𝑖 ≠ j . 

 

I mean ((𝑥 − 𝑐1)(𝑥 − 𝑐2) … (𝑥 − 𝑐𝑘)  excluding the (𝑥 − 𝑐𝑗) and the denominator it will be, this 

is (𝑐𝑗 − 𝑐1)(𝑐𝑗 − 𝑐2). . (𝑐𝑗 − 𝑐𝑘)(𝑐𝑗 − 𝑐𝑘) if I consider like this then we have  𝑝
𝑗
(𝑐𝑖) = δ𝑖𝑗 =

{
1 𝑓𝑜𝑟 𝑖 = 𝑗

  0 𝑓𝑜𝑟 𝑖 ≠ j
    So if I consider this type of polynomial function, then we have 𝑝

𝑗
(T) = 𝑝

𝑗
(𝑐1)𝐸1 

+  𝑝
𝑗
(𝑐2)𝐸2 + 𝑝

𝑗
(𝑐𝑗−1)𝐸𝑗−1 +  𝑝

𝑗
(𝑐𝑗)𝐸𝑗 … + 𝑝

𝑗
(𝑐𝑘)𝐸𝑘 = 𝑝

𝑗
(𝑐𝑗)𝐸𝑗 =  𝐸𝑗  ⟹  𝐸𝑗 = 𝑝𝑗(𝑇) 

 

where 𝑝
𝑗
 is a Lagrangian interpolation polynomial function. So this is the beauty of this result. 

So we see that when T is diagonalizable, the projection operator having structure of the form 

𝑝
𝑗
(𝑇) and that 𝑝

𝑗
 is basically Lagrangian interpolation polynomial. We will continue with the 

applications of this invariant direct sums. 
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And more specifically for first I will talk about the diagonal operators because I imagined here 

that if T is diagonalizable and V is having direct sum decompositions, then the operator T having 

a typical structure like  𝑐1𝐸1 +  𝑐2𝐸2 + …  + 𝑐𝑘𝐸𝑘. But if suppose the T is operator defined over 

the vector space V and V is also having direct sum decomposition of suppose  𝑊1, 𝑊2, … 𝑊𝑘   

where  𝑐1, 𝑐2, … 𝑐𝑘   are distinct constants, then whether the operator T will be diagonalizable or 

not that have to be proved, so this thing I will prove in my next class. 
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