Advanced Linear Algebra
Prof. Premananda Bera
Department of Mathematics
Indian Institute of Technology — Roorkee

Lecture: 32
Application of Invariant Subspaces - 2

So, welcome to lecture series on advanced linear algebra. We have seen the importance of
invariant subspace to give a simplified structure of the linear operator defined over a finite
dimensional space in terms of triangulability of the operator. This concept also can be utilized
to a linear operator defined over a finite dimensional vector space whether it is diagonalizable
or not that can be also proved by use of the concept of invariant subspace. So what is that? It is
like this.
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Let T be a linear operator on a finite dimensional vector space V over F. Then T is
diagonalizable if and only if the minimal polynomial say p is product of linear factors of degree
one,i.e. p= (X—c;) (x-¢3) ... (x-¢) where {cy,c,, ... ¢} are distinct constants from F or |
can say distinct eigenvalues of the operator T. Already we have seen if T is diagonalizable

then minimal polynomial p= (X—¢;) (x-¢3) ... (X=¢}).

So already we have seen if T is diagonalizable then the minimal polynomial of T is of the form
of * ie. p= (X—1) (x-¢3) ... (x-¢;) where {cy,c,, ... ¢} are distinct eigenvalues of T.
Now we want to prove other way.
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Proof other way thatis p = (X—c;) (x-¢;) ... (X-¢;), then the operator T is diagonalizable,
so you want to prove this one. So, | shall prove this result with the help of concept of our last
class lemmathat is if T be a linear operator defined over a finite dimensional vector space and
the minimal polynomial is product of linear factors, therefore any subspace W which is
invariant under T if you consider any vector a« €V, a ¢ W , the T conductor of « will be

linear factor, linear polynomial.  (T-c;l)a € W

I meantosay (T-c;l)a € W.So I will use this result to prove the reverse one. Let Wy, W, ... W,

be the eigenspaces associated to eigenvalue {cy, c,, ... ¢;} respectively. | mean to say W; is
the eigenspace associated to eigenvalue ¢;, i =1tok. Let W= W, + W, + -+ W,. LetW
c V. Otherwise the operator T will be diagonalizable because the space is spanned by the
eigenvectors of the operator T.

So, I have assumed that W the sum of eigenspaces is a proper substance of V, I will say that it
IS not possible. So, let 0 # a eV s.t. a ¢ W. So according to last lemma, what is that? If T
be a linear operator defined over the finite dimensional vector space V which minimum
polynomial is product of linear factors and if W c V or any subspace of V such that if « € V
s.t. a & W, then there exists an eigenvalue ¢ such that (T-c;l)a € W. So | am not writing the
statement of the lemma. So | can simply say that according to last lemma there exists an
eigenvalue say c;, so certainly c; will be from one of the {cy, ¢y, ... ¢, } suchthat (T-c;l)a € W.
Soletp =(T-cil)a e W.
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So this implies g = p+8,+ ...+ g, where g, € W; and T(B) =T(B)*+T(B,)+ ...+ T(B,) =

c1f,¥cB,* ...+ ¢, B,. In general for any polynomial h(x) over F if you consider, then h(T)g =
h(c)B,+h(c2)B,+ ...+ h(c,)B,. So, I will have h(T) for any polynomial h over the F, h to this
operator operating on B will be of this structure and it will be in your W. For minimal
polynomial p = (X-c;)q(x). Based on our hypothesis, | will get the contradictions that (x-c;)
divides q(x). I will prove that (x-c;) this is a factor of the q(x), so that our hypothesis that T is

not diagonalizable will be wrong.

So p = (X-¢;)a(x) = q(x) - q(cj) = (X-c;)h(x). Since if | consider say g(x) = q(x) - q(cj) then
9(c;) =d(c;) — q(c;), so that is why | am saying that g have (x-c;) as a factor. So I can write
down, q(x) - q(c;) = (x-¢))h(x) = (@(T) —a(c)Na = (T-¢;)h(T)a = h(T)(T-c;l)a = h(T)B € W.
Where (T-c;l)a = 8.
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So this implies  q(T)a - q(c].)a =h(T)8 € W. My claim is that q(T)a € W, how? We have 0
=p(Ma = (T-¢;1)q(T)a = q(T)a is an eigenvector provided q(T)a #0. Ifq(T)a =0 = «
€ W, where q(T) is a product of (T-c;1) (T-c,1) like that.

So this means that « will be annihilated by this, but | can say that then g(T)a =0 = a € W,
because a will be eigenvector of the operator T in that case, but « ¢ W, so therefore q(T)a # 0.
It is eigenvector, so q(T)a € W because it is an eigenvector and W is the eigenspace, sum of

eigenspaces.

So this implies if I go to this expression from I, we have what? We have q(cj)a =q(T)a-h(T)B
€ W because q(T)a € W, h(T)B € W. So this implies q(cj)a € W, but a ¢ W, so this implies
what? The q(cj) = 0. So, this implies (x-c;l) must divide g(x).
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Which is not possible because q(x) is basically the part of the minimal polynomial p excluding
the factor (x-c;1) and the minimum polynomial p having only one degree factor having a degree
one only. So T is diagonalizable. So let us consider some problems. First problem for example
type every matrix A, | mean square matrix of course, over the real line R satisfying the relation

A? = A is diagonalizable over R, how it is?

If A= A this implies that the minimal polynomial of A is p(x) = x?>- x = X (x-1). So p is
product of linear factors of degree one. So according to last theorems A is diagonalizable.
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Let me consider some more problems. Consider the indefinite integral operator T defined over
the space of continuous function in CJ0,1]. Suppose it is given by (Tf)(x) = foxf(t)dt, so this

is the my integral operator | am taking this one which is indefinite integral operator T. Let W
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be the space of all polynomial functions over real line R. You will see that this W is a subset of

space of all continuous function, so I can give its name as C[0,1].

So, W c C[0,1]; not only subset it will be also subspace of C[0.1]. Then what can we say about
the T invariant of the subspace W? | mean the space of polynomial function when you integrate
will it remain again a polynomial function? Certainly, because if | integrate a polynomial
function; I will get again a polynomial over the corresponding field. So therefore, W will be
invariant under T.

Certainly, W will be invariant under T since the integration of a polynomial function, when the
indefinite integral of course, integral of a polynomial function gives again a polynomial function

so that is why W will be invariant under T. Let me modify it. Let W, be the space of all
polynomial functions which are zero at x = % | mean to say the (X—%) is a factor of the each

polynomial function. Then do you think that W, will be invariant under T? Then what can we
say about T invariance of W,?
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Answer is no, why? Suppose if you take, (Tf)(x) = fox(t - %)dt = [; —%]O = %[t -1]3=

Sl So, (x— 1) J(M = (x— l) + W . So you can solve many other problems which
2 2 2 2 1

are given in the tutorial sheets and see the applications of concept of invariance of space in
diagonalization or triangulation of the operator.

285



