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So, we have discussed in our first lecture what is system of linear equations. We have also seen 

equivalent systems and we have also seen while discussing as a special case that solution of system 

equations as linear combinations of some column vector  form type that is also we have seen in 

terms of as a geometrically, also in terms of equation of line or planes.  

 

So, these things indicates that one has to proceed in a particular path to answer the question whether 

a system of equations, m equations in n unknowns have solution or not and if at all it has solution 

how to find. So, we need to represent that system of equations in terms of matrix form.  
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Recall we wrote the first system of m equation and n unknowns like  𝑎11𝑥1 + 𝑎12𝑥2 + ⋯ +

𝑎1𝑛𝑥𝑛 = 𝑦1; 𝑎11𝑥1 + 𝑎21𝑥2 + ⋯ + 𝑎2𝑛𝑥𝑛 = 𝑦2; 𝑎𝑚1𝑥1 + 𝑎𝑚2𝑥2 + ⋯ + 𝑎𝑚𝑛𝑥𝑛 = 𝑦𝑚 where 𝑎𝑖𝑗 ∈ 𝐹 

for 1≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛 and of course 𝑦𝑖 ∈ 𝐹 for again 1≤ 𝑖 ≤ 𝑚. So, this one I wrote as a system 

of m equation and n unknowns, I gave the name as star. 

 

Now this system of equations can be written in a compact form like by introducing an mxn 

matrix say AX=Y 
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where A=( 𝑎𝑖𝑗) that is mxn matrix over F and X is basically (𝑥1, 𝑥2, … 𝑥𝑛)𝑇  nx1 column matrix 

over F and Y=(𝑦
1
, 𝑦

2
, … 𝑦

𝑚
)𝑇  this mx1 column matrix over the surface. So, I can write down this 

star in a compact form AX = Y as a matrix from this. 

 

And again, then we said that Y=0 is my homogeneous systems and otherwise it is a non-

homogenous system. We have discussed in our first class that to check whether a system has 

solution or not one has to follow elimination procedure. While doing the elimination procedures, 

one has to do basically three basic elementary row operations. I can do this elementary operation 

in terms of row or in terms of column.  

 

So to check whether system has solution or not, we will consider the elementary row operation. 

So, there are three basic elementary row operations. The first one multiplication. This elementary 

row operation I will talk in terms of only matrix A even though I can do it for both sides I mean in 

the system AX = Y elementary row operation for A as well as Y, but I will do it for sake of 

simplicity for A only and the concept can be extended easily for the Y also.  

 

So, multiplication of rth row of A by a nonzero constant c. So this is one elementary row 

operation. Mathematically that is in function form I can write down 𝑒(𝑎𝑖𝑗)= 𝑎𝑖𝑗  if i≠r 

 and 1≤ 𝑖 ≤ 𝑚,, 1 ≤ 𝑗 ≤ 𝑛 . And in the case of i = r, it is basically c𝑎𝑟𝑗  if i = r. So, this is the first 

elementary row operation.  
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Then the next one I am saying that replacing rth row of A by c times sth row of A plus rth row. 

So, mathematically it is basically 𝑒(𝑎𝑖𝑗)= 𝑎𝑖𝑗 if i≠r and 1≤ 𝑖 ≤ 𝑚,, 1 ≤ 𝑗 ≤ 𝑛 and this is 𝑎𝑟𝑗 +

c𝑎𝑠𝑗  if i = r and this one. Certainly, this is will lie in between 1 to n. The third one exchange of 

rth row by sth row of A.  

 

Now, this elementary row operations again can be write in functional form it is like this 𝑒(𝑎𝑖𝑗)= 

𝑎𝑖𝑗  if i≠r and if i≠s, 1 ≤ 𝑗 ≤ 𝑛 and this is 𝑎𝑠𝑗 if i = r and 1 ≤ 𝑗 ≤ 𝑛 and this is 𝑎𝑟𝑗 if i = s. So, this is 

my third elementary row operation. The total elementary row operation is nothing, I can say as 

some sort of combinations of these three elementary row operations.  

 

Interestingly each elementary row operation is invertible and introduce an invertible matrix called 

as elementary matrix. For example, system is  𝑎11𝑥1 + 𝑎12𝑥2 + 𝑎13𝑥3 + 𝑎14𝑥4=0, I have taken 

homogeneous case, but this can be done for the non-homogeneous case also. And  𝑎21𝑥1 + 𝑎22𝑥2 +

𝑎23𝑥3 + 𝑎24𝑥4=0, and  𝑎31𝑥1 + 𝑎32𝑥2 + 𝑎33𝑥3 + 𝑎34𝑥4=0. This goes to I can say AX = 0 where A is 

a 3x4 matrix and X is a 4x1 column matrix space. 

(Refer Slide Time: 11:29) 

 

Multiplying second equation by 0≠c, so in this case we will have new system say BX=0 where 

the B is the first row of A, third row of B is also third row of A but the second row of B is c times 

second row of A. Now, this one I can write down if I multiply by 1 by c to the second equation of 

BX = 0, certainly I will get back to my first system AX=0. So, here say to obtain B, I have 

introduced an elementary matrix 𝐸1 which is equal to like this 1 0 0 0 c 0 0 0 1. 
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Here, 𝐸1A = B, you can immediately check this is true. Now, if I consider 𝐸2, 𝐸2 is another matrix 

which I have obtained by multiplying second equation of BX=0 by 1 by c. Then I will also 

introduce another invertible matrix C. So that will be some form, it will be again 1 0 0 0 1 by C 0 

0 0 1. So, we say that 𝐸1𝐸2A=A. So, each though I have shown it for the multiplication by constant 

term, nonzero constant, but it can be also shown for any other two operations what I introduced 

here.  

 

For that also you will get elementary row matrices which are invertible. So, when you are doing 

some elementary row operations using these three basic elementary row operations, one may 

have new systems. So, now using couple of elementary row operations one can have a new 

system say B star where this 𝐵∗X=0 is a new system obtained from my suppose given system 

AX=0, then you see that both these systems are equivalent.  

 

But before that let me introduce one more terminology called equivalent metrices. Two matrices 

A and B of order mxn are said to be equivalent provided one can be obtained from other by 

considering finite number of elementary row operations. So, the way we used to get equivalent 

matrices from this we can also talk about the solution of the system AX=0 and BX=0, where A 

and B are equivalent matrices also. So, it is like this. 
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This is small you can say theorems. Let A and B be two mxn matrices over the field F and are 

also row equivalent. Then the system AX=0 and BX =0 have the same solutions. See the proof is 
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very straightforward, it can be done like this. Let B can be obtained from A by a finite number of 

elementary row operations, 𝐴 → 𝐴1 → 𝐴2 → 𝐴𝑘=B. 

 

So, if I say that the two matrices A and B are row equivalents means I can obtain one from others 

by finite number of elementary row operations. Let me consider A can be obtained from B by 

exactly one elementary row operation, then I will have again, suppose you have done for that one 

that system AX=0 and BX=0 have same solution, then again applying B one more elementary row 

operation I will have another new system then again so that B and suppose D they have the same 

solution. 

 

So, I will basically give the proof for these results considering that B can be obtained from A by a 

single elementary row operation. Let us consider B can be obtained from A by 1 elementary row 

operation. So, when you are doing the elementary row operation that may be elementary row 

operation one, it may be elementary row operation two or elementary row operation three the way 

I have defined it. 

 

I mean multiplying by constant to some row or maybe extending some row by multiplying with 

another root or constant plus adding to it or extending the rows also. So, I have taken only one 

elementary row operation has been used for A and obtain B. So, while doing these things we have 

obtained the system BX=0, where each equation is a linear combination of equations of AX=0. 

This implies the system AX=0 and BX=0 are equivalent, they have same sort of solutions. 

 

So, if I consider two matrices which are equivalent and row equivalent to each other, then their 

corresponding system AX=0 and the system BX=0, also have the same solution. Since our 

objective is to answer the questions what we are raised that how to check whether system has 

solution or not and if the solution exists how to find the solutions, so we have to basically follow 

a particular path through which we can take the help of computer and answer our question. 

(Refer Slide Time: 22:32) 
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So, in these directions let me introduce one terminology it is called row-reduced matrix. An mxn 

matrix A, defined over a field F is said to be a row-reduced matrix provided first condition the first 

nonzero entry of each nonzero row must be equal to 1. So let me also add one more thing in the 

first condition, this entry is also called as leading entry, so leading entry for that corresponding 

row.  

 

Any column containing the leading entry of some nonzero row, then all other entries of that column 

are zero. So, for example if I consider A equal to zero matrix, say 0 0 0 0 0 0 0 0 0 0 0 0 , can I say 

that it is the row-reduced matrix? Certainly answer is yes, why? Does it satisfy condition 1 or 

condition 2? Answer is again yes. Condition one says that the first nonzero entry of each nonzero 

row, since there are no nonzero rows, so there is no question of the first condition and since there 

is no leading entry, so therefore second criteria is also by default satisfied.  

 

So, it is a row-reduced matrix. Let me consider another one. Say our trivial identity matrix say 1 0 

0 0 0 1 0 0 and 0 0 1 0 0 0 0 1. Does it satisfy again the criteria 1 and 2? Answer is yes because 

first nonzero entry of first row is 1 and all the entries of the first column which contain the leading 

entry of the first row are zero also and it is also valid for the second column which contains the 

leading entry of the second row and similarly for the third column and fourth column.  

 

So, it satisfied all the required criteria of the definition of row-reduced matrix. But these are all 
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trivial examples, this is example 2. Let me take some nontrivial examples. Let me take say B is 

equal to something like this 0 0 0 0 1 and 0 1 0 0 0 and 0 0 1 0 0 and 0 0 0 0 0 0 0 0 0 0. Now, 

again see this is a 5x5 matrix and actually the first row is also nonzero and the first nonzero entry 

is 1 which is repeating in the fifth column and fifth column all other entries are 0. 

 

Then second row which is also nonzero and the leading entry appearing in second column and all 

other entities on that corresponding column are zero also. Similarly for the third row, leading entry 

appears in the third column and all other entries 0. So, it has satisfied 1 as well as 2. So, B is also 

row-reduced matrix. So, B is also a row-reduced matrix. Now the question is, is it possible that if 

one picked off any mxn matrix defined over the field say F, one can also have corresponding row-

reduced matrix? Answer is yes. 
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So, this is small result in terms of theorem. Each m cross n matrix A is row equivalent to a row-

reduced matrix R, again mxn row-reduced matrix R. How to prove it? Given matrix A is your 𝑎11 

… 𝑎1𝑛 and then 𝑎𝑚1 … 𝑎𝑚𝑛 this matrix. To check whether the first row is nonzero or not, whether 

first row of A is a nonzero row or not. If it is zero row then condition 1 of the definition of a row-

reduced matrix is satisfied by default, else let the first nonzero entry of the first row appear in kth 

column. 

 

Then divide first row by 𝑎1𝑘 or that is multiplying 1 upon 𝑎1𝑘 to the first row, then the condition 1 
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will be satisfied because the first nonzero entry will be 1. So, condition 1 is satisfied. To satisfy 

the corresponding condition 2 the leading entry appearing in the kth column all other entry has to 

be equal to 0. Then add (-𝑎𝑖𝑘) times first row to all rows i=2 to m, so that condition 2 will be also 

satisfied. Go to second row.  

 

Again if second row is zero rows then nothing has to be done, else find out the first nonzero entry 

of the second row and then divide that corresponding number to the second row so that leading 

entry will be equal to 1. Add third row, fourth row and all other rows by multiplying second row 

by corresponding number k, suppose is 𝑘1, suppose leading entry appear in 𝑘1 column, say then 

𝑎𝑖𝑘1
, i will basically from your 3 to m so that again second condition will be satisfied. 

 

And if one do it like this way, certainly after a finite step we will come to the row-reduced matrix 

form. If second row is zero row, then nothing has to be done for this row. Else find out the first 

nonzero entry of this row, let it appear in 𝑘1 column. Then divide second row by 𝑎2𝑘1
. So, the first 

criteria will be again satisfied. 
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Now also add (-𝑎𝑖𝑘1
), I have given the name 𝑘1 right, First add (-𝑎𝑖𝑘1

) times second row to all rows 

for i = 3 to m, second criteria will be also satisfied. Continue in this way. After a finite step, one 

will get corresponding row-reduced matrix R. So, for each mxn matrix one can have a 

corresponded row-reduced matrix also.  
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Again similarly I can say that the system AX=0 and RX=0 where R is a row-reduced matrix of A 

have same solution since A and R are rule equivalent because R is obtained from A by finite 

number of elementary row operations. So, therefore A and R are row equivalent, as a result the 

system AX=0 and RX=0 have the same solution. So, we have seen that for any mxn matrix A one 

can have corresponding a row-reduced matrix R and the corresponding system AX=0 as well as 

RX=0 they have same solutions. Thank you. 
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