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Hello friends. Welcome to this lecture. In this lecture, we will continue our study of linear

system. So if you recall in previous lecture, we have discussed the general system that is x

dash=f t, x and we have considered certain examples and discussed the first draft of existence

and  uniqueness  theorem for  x  dash=f  t,  x.  Now you  want  to  discuss  the  existence  and

uniqueness theorem for linear system.

And for that we need to define the notation of distance function or we can say that if we have

a system like x dash=f t, x and x t0=x0.
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The only difference here that x represent a vector now that it is n x 1 vector. So earlier it is

just a scalar-valued function but now it is a vector-valued function. So if you remember in

case of a scalar-valued function, if f satisfies the ellipses condition in some kind of domain D

or you can say that the partial derivative of f with respect to dependent variable is bounded,

then this system the initial-value problem has a unique solution.

And we have obtained the unique solution using the Picard iteration. Now in a similar case,

we can define the existence and uniqueness theorem for vector-valued function.  The only



thing we have to consider is the notation that we are using here that in place of modulus, now

we have to use the function which is known as norm function.  So norm function is also

similar to a distance function.

Here we can define the norm of X is a function from say X cross X2 say R+. So here X is the

space where all these functions are involving. So all these f, x all these are belonging to the

vector function X which is defined as X over R. So it means that if we take say norm of X

then it is giving you say nonnegative value, the norm of X is>=0 and sorry here this norm is

defined only for X2 R+ not for X.

So here this is little bit, so it is defined only for function from X2 R+ such that norm of X is

nonnegative quantity and norm of X is=0 if and only if x=0 and norm of alpha x is=modulus

of alpha times norm of x which is true for all x belongs to capital X and alpha belongs to say

scalar field that is R here. So this is one property, this is another property, this third property

is the norm of x+y is<=norm of x+norm of y.

This property is commonly known as triangle inequality and if a function satisfies these 3

properties,  then  function  is  denoted  as  norm  function.  So  here  it  is  just  a  simple

generalization  of  this  absolute  function here.  So now to define existence  and uniqueness

theorem, we need to consider some function which can be treated as norm function on the

space of functions from which we are taking the functions x.
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So here let us move and first we define the following definition that the sequence of matrices

Ak converges to the matrix A if and only if the sequence of real numbers norm of Ak-A has

limit 0 and in this case we write limit k tending to infinity Ak=A. So here once we know the

norm, then we need to know what do you mean by that fn is converging to f right. So for that

we have the following definition that fn converging to f means the norm fn-f is tending to 0

as n tending to infinity.

So fn converging to f means it is defined in the sense of norm that is norm of fn-f is tending

to 0 as n tending to infinity. Now how we define the same thing in terms of matrix, so it

means that when we say that the matrix Ak is converging to given matrix A in the sense of

norm. So here we can say that the sequence of matrices Ak converges to the matrix A if and

only if the sequence of a real number.

Now what do you mean by sequence of a real number? Here if you consider since if you

apply norm on Ak, then it will give you some real value. So it means that here this norm of

Ak is a real value. So it means that this norm of Ak-A is also a real value. So it means that for

every k this value gives you some real value, so it means that corresponding to this sequence

of matrices, we have a sequence of real numbers.

So we can say that Ak converges to matrix A means this sequence of real number which we

obtain using the norm function this will also converge to 0. So we say that this Ak converges

to A provided that this norm of Ak-A has a limit 0 or in notation we can write down that limit

k tending to infinity Ak is=A. So this notation should be clear in the sense of norm.

So by definition of norm, this sequence Ak will converge to A if and only if the sequence of

each term that is aij k of complex number representing the element in the ith row and jth

column in the matrices Ak converging to the element aij of the matrix A. So it means that

sequence of matrix will converge to the element function A provided that the corresponding ij

element of the sequence will converge to the ijth element of the limit function.

So it means that this Ak converge to A provided that aij k will converge to aij right for each of

the n square element that is ij running from 1 to n here. So it means that Ak converging to A

means in the sense of norm that limit n tending to infinity, limit k tending to infinity Ak=A



and  how we  can  understand  in  terms  of  element  that  each  element  ijth  element  of  the

sequence will converge to the ijth element of the limit function that is the matrix A.

So that is what how we say understand in the sense of norm. Now a matrix function is a

function which maps each point t of an interval I to 1n, only one n x n matrix At. So here this

we have defined in terms of matrices, sequence of matrices.
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Now if we have sequence of matrices function, it means that now we are talking about these

kind of sequence Ak t. So here for each t, this Ak t will give you a scalar value. So this Ak t is

considered to be a sequence of matrix-valued function. So a matrix function is a function

which maps each point t of an interval to one and only one n x n matric At. Now we call a

matrix function At to be continuous, differentiable or integrable depending on its ijth element

that is aij t are continuous, differentiable or integrable.

So a matrix is said to be continuous, differentiable or integrable provided that each of its term

that is aij must be continuous, differentiable or integrable. So it means that At has a property

means  its  component  has  the  same property. Now very  often we use the  following very

important inequality that is norm of c to d, At bt dt is <=c to d norm of At*norm of bt dt. Here

d is some value which is bigger than c assuming that At and bt are continuous function.

Or we can say that in simple sense that for which this integrals are defined. So if we assume

that At bt are continuous function, then these integrals are defined and we can talk about this

inequality. So this inequality 10 is quite important and this can be proved once we know a



particular norm but this inequality is true in any of the norm here. So most common type of

norms which we are going to use in this particular course are given as norm 1 and norm 2.
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And norm 1 of A is defined as summation, i, j from 1 to n modulus of aij and this is known as

one norm and two norm is defined as this norm of A with two norm is given as under root of

i, j from 1 to n modulus of aij square. So this is known as L1 norm, this is known as L2 norm

or most of the time it is known as Euclidean norm and here we are using one important

property that in finite dimension spaces all the norms are equivalent.

So it means that depending on the requirement, we can use any of the norms and the property

which we prove using any of these kinds of norms are say independent of the norm we have

used. So it means that as all norms are equivalent, so we drop the subscript and denote the

norm of the matrix A by norm of A only and we can easily check that the matrix  norm

satisfies the following basic properties.

I am not proving in this particular course but you can check that these inequalities are true. So

norm of A+B is<=norm of A+norm of B. Second, norm of AB is<=norm of A*norm of B and

norm of Ab is<=norm of A dot norm of b and please remember that since we are asking to

prove these 3 properties.

So I am assuming that capital A and capital B are square matrix and small b is a n x 1 size

vector and norm of b is given as summation i=1 to n modulus of bi. So this is the norm of b is



nothing but absolute sum of its component basically. So we are using this, so this giving you

as a homework.
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Now come to again the same question that is existence and uniqueness for linear systems. So

consider the linear system that is y dash=At y+F of t. Now here I just want to give you one

thing that here for this entire course most of the time I use X as a dependent variable and t as

an independent variable and we write Xt as same function depending on t and again we can

use this notation also in place of Xt, I may write Yt as the same meaning that is Y is a

dependent function depending on the variable t.

So try to understand (()) (12:51) that here y dash=At y+Ft means y is a dependent variable

and independent variable is t. So now consider the linear system y dash=At y+F of t and let

this matrix function At and the vector function Ft are continuous on interval I. Then, the

vector function f t, y that is At y+Ft is a continuous function for t, y in D where D is the strip

this that is the set of all t, y such that t belongs to the interval I and modulus of y is<infinity.

So in this interval your Ft y which is defined as At y+Ft is a continuous function and if you

look at the partial derivative with respect to this component of y, this we can find out dou

f/dou yk is=the columns kth columns of matrix At that is a1k t a2k t ank t. So it means that

the kth partial derivative that is dou f/dou yk is given by the column vector a1k t, a2k t up to

ank t.



Now since we have already assumed that the matrix function At is a continuous function, it

means that its components are continuous. So it means that each component is a continuous

function. So we can say that dou f/dou yk is also a continuous function and here this column

means this is column. So it means that dou f/dou yk are also continuous in domain D for k is

running from 1 to n. So how we can obtain this let us try to understand.

Here we have a11 say y1+a12 y2 and so on a1n yn and so on a21 y1+1 and an1 y1+ann yn.

Now we want to find out the partial derivative of f with respect to yk. So here if you look at if

you differentiate f1 with respect to yk what you will get, you will get a1k t. If you look at f2,

f2 here I am assuming that f is=f1 to fn. So it means that f you find out, so dou f/dou yk

means it is dou f1/dou yk and so on dou f1/dou yk right.

So it means that dou f1/dou yk will be a1k, dou f2/dou yk will be a2k that is written here and

dou fn/dou yk is given as ank t. So dou f/dou yk you can obtain from this and we can say that

since At is continuous, so dou f/dou yk is also continuous and we also assume that this Ft is

continuous so f t, y this f t, y which we denote as At y+Ft is continuous, not only this is

continuous, the partial derivative is also continuous.
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So this implies that the system 11 which is denoted as y dash=At y+Ft has a unique solution

phi  t  passing through any given point  t0,  eta  where t0 is  in  the interval  I  where we are

assuming that  At  and Ft  are  continuous functions  and this  solution  exists  on an interval

containing the point t0 and for the present case of D this means that the solution exists on the



whole interval I the norm of the solution phi is bounded by a constant independent on t and

such a bound is called a priori bound.

So it means that we say that if in this case if we assume that this At and Ft are continuous for

all values of t, then the solution exists for the entire space until unless the solution remains

bounded. So if  solution remains  bounded, then we simply say that  solution exists  for all

values of t or we can say that given any point t0, eta we have a solution passing through the

point t0, eta. Now let us prove in a proper say vigorous manner whatever we have stated.
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That if At and Ft are continuous on some interval closed interval a to b, if a is<=t0<=b means

this t lying in closed interval a, b and t0 is also lying in that closed interval and if norm of eta

is<infinity then the system 11 has a unique solution phi t satisfying the initial condition phi

t0=eta and existing in the entire interval a to b here. So there is a small difference between

this case and the scalar-valued case.

In a scalar-valued, the solution exists in a small neighborhood of t0 but here solution exists

for the entire interval a to b here and this is happening due to the linearity of At that f t, y is

linear with respect to y, the dependent variable. So let us prove this result and let phi t be the

unique solution satisfying phi t0=eta existing on for t on an interval J, some interval J. So to

show that this solution exists on the whole interval that is closed interval a to b, it is sufficient

to show that this norm of phi t is bounded by a constant independent of t.



So let us take t in J, here we can denote this J as the closed interval a, b and substitute of phi

into equation number 11, we can have phi dash t=At phi t+F of t and we can integrate directly

and we can have this as phi t-phi t0=t0 to t As phi s ds+t0 to t F of s ds. So just we have

written the differential equation and we simply integrate it.
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And when we integrate we have here we are assuming that the initial condition phi t0 is given

as  phi  t0=eta.  So  using  the  initial  condition,  we  can  write  norm  of  phi  t  is<=norm of

eta+norm of t0 to t s phi s ds+norm of t0 to t F of s ds. So here we are using this thing that

norm of A+B is<=norm of A+norm of B. So this property we are using. So once we have this,

we continue with the argument for t>=t0.

So using the properties of the norm, we can write the norm of phi t<=norm of eta+here we

use this property that t0 to t norm of this As phi of s ds is<=t0 to t norm of As norm of phi s

and ds. So we are using this property in this second term and we can write this as t0 to t norm

of As*norm of phi s ds+norm of t0 to t Fs ds. Now we want to find out the bound for phi t

which is independent of say this t.

So here we can write we just  evaluated this  term and this  term,  so norm of eta  is finite

quantity because it is a fixed number. Now we have to look at the integral t0 to t Fs ds. So

this I can write this as since F is a continuous function on the closed interval a to b, then

maximum will exists and we can take out that maximum part out. So maximum t from a to b

Ft. Now in integral we have t0 to t ds which I am writing as t-t0 and since t is>=t0, so I can

write it here.



So it means that if this since this is finite quantity, we can replace this quantity norm of

eta+maximum of Ft over the interval a to b*this t-t0 is bounded by b-a and we can denote this

whole quantity as K1 quantity. So K1 is a constant which is not depending on t.
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And we can also let K2 in a similar manner because At is also assumed to be a continuous

function that closed interval. So continuous function defined on closed interval will assume

its maximum value. So assuming K2 as that maximum value of At, we can simplify t0 to t

norm of As*norm of phi s ds as maximum t from a to b At, this we can take it out and t0 to t

phi of s ds.

So this value is replaced by K2 and we can write K2 times t0 to t phi s ds. So if we use these

bounds then we can rewrite our inequality as norm of phi t<=K1+K2 times t0 to t norm of phi

s ds. Here K1 and K2 are nonnegative constant and are independent  of t,  nonnegative is

followed from this thing that it is maximum values of nonnegative value. So it has to be

nonnegative.

So norm of  phi  t  is<=K1+K2 t0 to  t  norm of phi  s  ds and K1 and K2 are nonnegative

constants and independent of t but of course this K1 and K2 are depending on this matrix At,

Ft and the initial and final point a and b here. Now here to find out the bound of norm of phi

t, we use the Gronwall inequality and here in Gronwall inequality this K1 is nonnegative, K2

is nonnegative.
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So this can be simplified to this thing, the norm of phi t is<=K1 times exponential of K2

modulus of t-t0 and this modulus of t-t0 is further bounded by b-a. So we can say that norm

of phi t is<=K1 times exponential of K2 times b-a and you can see that here phi t is bounded

by a constant. Therefore, phi t exists on the entire interval a to b and this completes the proof

and so what we have proved here that if At and Ft are continuous function on the closed

interval a to b, then the solution exists for the entire interval a to b.

And we have shown that this is happening because that the solution is bounded by a constant,

solution remains finite throughout the interval. So now we also note that if At and Ft are

continuous on –infinity to infinity, the above argument whatever we have presented apply to

every finite subinterval whether the At is opened, whether it is opened and closed, all these

things we can assume.

The only thing we may not get is that your solution may not remain bounded as t tending to

+-infinity. So it means that solution will exists for the entire interval but we do not have the

guarantee that phi t need not remain bounded. So it means that same remark applies if At and

Ft are continuous on open interval a to b but not necessarily on closed interval a to b.
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So now we have a  following corollary  that  if  At  and Ft  are  continuous on an interval  I

whether it is closed or open, finite or infinite and if t0 belongs to that interval I and the eta

norm of eta is finite, then the equation 11 has a unique solution. What is equation 11? X

dash=say At x+F of t and x of t0=eta. So this equation number 11 has a unique solution

satisfying the initial condition that is phi t0=eta and existing on the interval I. So this is the

corollary of the previous result here.
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Now moving on now if we have At independent of t so that is At is a constant function, then

we call the corresponding system as autonomous system. Then, so from the previous theorem

we can write down the following existence and uniqueness theorem may be stated that they

exists one and only one solution of the initial-value problem dx/dt=Ax and x t0=x0 where x0

is given by x1 0 to xn 0.



And this solution exists for the all values of t from –infinity to infinity that we have already

seen in the case of non-autonomous system that if At is continuous for all t then solution will

exists for the entire interval and as a consequence of the previous theorem, we can write

down the existence and uniqueness theorem for autonomous case as well. So far we have

discussed the say conditions by which we can guarantee the solution.

And in fact guarantee the existence and uniqueness of the solution. Now we have given the

conditions for linear system. Now once we know that this solution exists we want to know

the structure of the solution set, it means that how many solutions we have. Once we have a

solution, we want to know whether we have one solution, two solution, three solution and

how many solutions we have and how we can obtain that solution.

So far we have done only the existence and uniqueness part. Now we have to discuss whether

we have how the solution look like and how to find out the solution. So we start with the

simplest linear system that is linear homogenous system that is x dash=At x.

(Refer Slide Time: 27:35)

So first we deal with this linear homogenous system and with the help of this we try to say

something about the solution set. So consider the linear system dx/dt=At x where x is a vector

x1 to xn and At is a matrix of terms aij t, so matrix At is given as this. Here we assume that

matrix At is a continuous matrix over an interval I which is closed interval a, b. So we have

already discussed that this system has a unique solution which exists for the entire interval a,

b.



(Refer Slide Time: 28:14)

Now first remark we want to consider is that since the system is linear system we can easily

check that if xt and yt are any two solutions of 13, then cx t is also a solution. So it means that

if we have say xt is a solution then we want to claim that c of xt will also be a solution and

also we want to claim that if xt and yt are two solutions, then the xt+yt will also be a solution

so how we can prove?

This is very easy to prove, xt is a solution means that is=A of x. Now we want to claim that

cx is also a solution, so we can write down, we want to show that cx will also satisfy the same

differential equation. So you find out derivative of this. So cx, so this is cx dash, so this x

dash is A of x and it is linear, so I can write it x. So here we can say that the cx will also

satisfy the same homogenous system, homogenous linear differential equation number 13.

So it  means that  cx will  also be a solution.  Similarly, we can prove that  xt+yt  is  also a

solution and if we can prove these two conditions, then we can say that the set of the solution

of x dash=Ax forms a vector space. If you look at 0 is already belongs to this because for any

homogenous system 0 solution is a trivial solution which always exists. So corresponding to

linear homogenous system 0 is always there.

And if we have one nontrivial solution that is x, then constant multiple of x will also be a

solution and if we have two solutions x and y then the addition will also serve as a solution.

So it means that we can say that the solution set of homogenous linear system forms a vector



space. So let V denote the vector space of all the solutions of the linear system 13 and we

want to find out the dimension of V and a basis of V.

So once it is a vector space, we want to find out the dimension and the basis, basically the

dimension and a particular basis of the vector space V. So to define basis and dimension, we

need to know what do we mean by say linearly independent and dependent vector. So we

define a set of vectors u1 to um is said to be linearly dependent if there exist scalars say c1 to

cm not all 0 such that the linear combination summation i=1 to m ci ui=0.

So in this case, when we have linear combination is=0 with some of the constants are nonzero

then we call vector c1 to um are linearly dependent and if this linear combination is 0 implies

that all the constants are 0, we call ui’s are linearly independent vectors.
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So it  means  that  a  set  of  vectors  u1  to  um is  linearly  independent  if  it  is  not  linearly

dependent.  It  means that  if  you form a say linear  combination  of ai  ui=0, then the only

condition we must get is that ai=0 for each i=1, 2 and m. So if we have this condition holds,

then we say that vectors u1 to um are linearly independent.

Now next theorem we want to show that if the matrix At is continuous on an interval I, then

on the interval I, the solution of the system x dash=At x forms a vector space of dimension n.

So far  we have  proved that  it  forms a vector  space,  what  we want  to  prove  is  that  the

dimension is n. So to show that the dimension of vector space is n, we have to construct a

basis. A basis is basically what?



Is the set of linearly independent vectors which span the entire vector space? Our claim is that

the vector space is of dimension n means we have to find out n linearly independent vectors

which spans the entire vector space. So it means that for vector space consistent of n linearly

independent vectors in V that is of n linearly independent solutions of 14 on interval I.

So here we want to find out that corresponding to this homogenous system we have n linearly

independent solution it means that phi 1 to phi n are n linearly independent solution of this

linear homogenous system. So this is our required thing. So let t0 be any point in interval I

and let e1 to en be any n linearly independent points in Euclidean space Rn, En basically here

I am denoting it as.
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So by existence and uniqueness theorem, the system 14 has n solutions called z1 to zn each of

which exists on the entire interval I and each solution satisfy the initial condition that zj t0=ej.
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So what we are actually doing, we first find out say n linearly independent vectors in Rn that

Euclidean  space  Rn.  Then,  corresponding  to  these  n  linearly  independent  vectors,  you

consider this initial-value problem that is x dash=At x with x of t0=ej. So for each j, we have

a solution because that solution is guaranteed from the theorem of existence and uniqueness

theorem that for each j we have a solution.

Call that solution as zj, so that solution we call this as zj. So for j from 1 to n we have n

solution that is z1 to zn are solution of the initial-value problem which satisfy the following

condition that zj t0=ej for j from 1 to n. Now we want to show that the solutions are linearly

independent and for that let us assume that they are not linearly independent and they exists

constant a1 to an not all 0s and such that linear combination of ai zi i=1 to n is=0.

So and when you write  it  a1 z1 t+a2 z2 t+an zn t=0 for all  t  belongs to  I.  Now this is

important  right.  So it  means that  this  is true for all  t  and a1 to an’s are not all  0.  So in

particular if it is true for all t, it is true for t=t0 also. When you put t=t0 in equation number

16, what you will get? a1 z1 t0+a2 z2 t0 up to an zn t0. Now we already know z1 t0 is e1, z2

t0=e2 and so on.

So a1 e1+a2 e2+an en=0 and we know that since e1 to en’s are linearly independent vectors

of Euclidean space then this forces us to take ai=0 for all i=1 to n. So it means that we have

assumed in beginning that ai’s are not all 0 but here we get that ai has to be 0 because e1 to

en’s are n linearly independent vectors in Euclidean space. So it means that here we have a

contradiction.



It means that the assumption which we have assumed earlier that is z1 to zn are not linearly

independent  is  not  correct  and hence  we can  say  that  z1  to  zn  are  linearly  independent

solutions. So once this linearly independent essay is over, now we want to show that this z1

to zn forms a spanning set for the vector space.
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So we saw that these n linearly independent solution of 14 span the whole vector space V. So

compute the value of the solution psi at t0 and let psi t0=e. So let us assume that there exists a

solution psi of the initial-value problem, you have x dash=At x and with the initial condition

that this x of t0=some say let us call this as e. So let us say that solution is given by psi of t

that is psi t satisfy this differential equation as and psi t0=e.

Now we want to claim that this psi t can be written as linear combination of zi t, for that we

simply say that since the constant e1 to en are linearly independent vectors in Euclidean

space En. So it means that in particular I can write e which is a member in Euclidean space

En  and  e1  to  en  forms  a  basis  of  En,  so  it  means  that  this  e  can  be  written  as  linear

combination of ei’s as follows that e=c1 e1+c2 e2+cn en.

So it means that I can find out these constant c1 to cn such that e can be written as summation

ci ei.
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Now using this constant our claim is you consider a vector zt=c1 z1 t+c2 z2 t up to cn zn t.

Now look at this vector zt since z1 to zn each is a solution of the system x dash=At x, so it

means that zt is also a solution of this differential equation. So it means that zt is a solution of

14 on interval I. Now not only it is a solution, the value of z t0 we can calculate this as c1 z1

t0+c2 z2 t0 and cn zn t0.

And we can already say that z1 t0 is e1 and z2 t0 is=e2 and so on, so z t0 we can calculate

that it is coming out to be e. So it means that zt which is given by this linear combination is a

solution which satisfy the initial condition z t0=e. So it means that zt and we have already

assumed that the psi t both have the solution of 14 that is x dash=At x and both satisfy the

same initial condition that is z t0=psi t0=e.

But this cannot happen because we know that we have a unique solution of any initial-value

problem. So it means that by existence and uniqueness part z2 has to be identically=psi of t.

So if zt is identically=psi t, then I can replace this zt here by psi t. It means that psi t can be

written as linear combination of zi t as c1 z1 t+c2 z2 t+cn zn t. So it means that any solution

of x dash=At x can be written as linear combination of the zi t.

So it means that these zi t are n linearly independent vectors and also forms a spanning set for

the solution set of x dash=At x and hence we can say that the solution set of x dash=At x

which we denote as V contains 0 vectors, forms a vector space and its dimension is given as

n.  So it  means that  the solution  space is  a  vector  space of  dimension n that  is  we have

discussed here.



So with this theorem what we have proved here that the solution set of homogenous linear

system of differential equation forms a vector space and the dimension is n. So this we have

done by constructing a basis of n element which is linearly independent and forms a spanning

set. Now here I just assume that you can find out these n linearly independent Eigen vectors

with the properties.

Now we really want to know how to find out these n linearly independent  solution of x

dash=At x and once we know that n linearly independent solutions of this then any solution

of this can be written in terms of vector. So I stop here our discussion and will continue the

study of the system of linear homogenous equation in next class and in next class we try to

find out the solution of linear homogenous system in a particular.

So far we have done that there exists a solution and the solution set will form a vector space

but we have not given a method how to find out a given solution which satisfy the given

initial condition, so that we will continue in next lecture. So here we stop. Thank you very

much for listening us. Thank you.


