Integral Equations, Calculus of Variations and their Applications
Professor Dr. P. N. Agrawal
Department of Mathematics
Indian Institute of Technology Roorkee
Lecture 56
Variational problems with moving boundaries-2

Hello friends I welcome you to my lecture on variational problems with moving boundaries.
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So far we have considered variational problems where the boundary points x 1,y 1 and x 2, y
2 are fixed and we want to extremize the functional integral x 1,y 1 tox 2, y 2 fx, y, y dash
that we have considered initially. Now we will be considering the case where either both the
boundary points x 1, y 1, x 2, y 2 are fixed are moving or one of them is moving. So let us
take for example suppose we want to find the shortest distance between a point x 1,y 1 ona

curve y equal to g x and a point x 2, y 2 on another curve y equal to h x.

Then we would like to find the extremum value of the functional I y x equal to integral x 1, to
x 2 £'x,y,y dash dx where f x, y, y dash is the distance between the distance ds it is distance
ds so that is under root 1 plus dy by dx whole square into dx. So this f x, y, y dash dx
becomes under root 1 plus y dash square dx and the points x 1, y 1 and x 2, y 2, either both of

them are moving or one is fixed the other one is moving.



(Refer Slide Time: 1:58)

So let us take a first problem where we will see that both the boundary points x 1, y 1 and x 2,
y 2 are moving say and at the free boundaries x 1, y 1, x 2, y 2, we know that we have the
transversality conditions f X, y, y dash plus g dash minus y dash into partial derivative of x
with respect to y dash at x equal to x 1 is 0, this is for the curve y equal to g x and for the
curve y equal to h x similarly we have the other transversality condition f x, y, y dash plus h

dash minus y dash into delta f by delta y dash at x equal to x 2 equal to 0.

(Refer Slide Time: 2:24)

Where x 2, y 2 lies on the curve y equal to h x. So the problem is therefore to find the shortest
distance between the points x 1, y 1 lying on the curve y equal to g x and x 2, y 2 lying on the



curve y equal to h x. For example suppose we have one curve y equal to g x as y equal to x

square and the other curve y equal to h x as the straight line x minus y equal to 5.

(Refer Slide Time: 2:49)
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So let us see we can draw them, so this is y equal to x square y equal to x square and x minus
y equal to 5, so when you put y equal to 0 we get x equal to 5 and when we put y x equal to 0
we get y equal to minus 5. So the straight line passes through 0, minus 5 here and 5, 0 here.
So let us take one point x 1, y 1 here and another point x 2, y 2 here and we want to find the

shortest distance between the curve y equal to x square and y equal to x minus y equal to 5.

Now you have seen that we have I have drawn the line joining x 1, y 1 to x 2, y 2 we can see
that the shortest distance will among the extremal of this problem under root 1 plus y dash
square actually is the shortest is the line. Say if you have here f x, y, y dash the extremal of
this will will be a straight line this is equal to under root 1 plus y dash sqaure. So if you
differentiate so the Eulers Equation here is partial derivative of f with respect to y minus y d
over dx, partial derivative of f with respect to y dash and what we get here is since f depends
only on y dash so we have the partial derivative of f with respect to y 0 minus d over dx of
partial derivative of f with respect to y dash. So that means 1 upon 2 under root 1 plus y dash

square into 2 y dash equal to 0.

So we will get y dash upon under root 1 plus y dash square equal to some constant ¢ when we
integrate both sides. So or we can say this implies y dash square equal to ¢ square 1 plus y
dash square when we square both sides. So what we get is y dash square into 1 minus ¢

square equal to ¢ square or we can say dy by dx is equal to under root ¢ square upon 1 minus



¢ square which we can write as some constant ¢ 1, so y gives you ¢ 1 x plus ¢ 2 when we

integrate.

So extremal of the functional integral x 1 to x 2 under root 1 plus y dash square dx is actually
a straight line so we have but these points are moving x 1, y 1, x 2, y 2 so let us see the
extremal for this problem but the extremal will be a straight line let us see what is that

straight line.

(Refer Slide Time: 6:33)
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So with start with we start with the transversality condition the transversality condition here
is what for the function for the curve y equal to g x y equal to g x is x square. So the
transversality condition for the curve y equal to g x will be partial derivative of f with respect

to y dash no this is f x, y, y dash, so f X, y, y dash plus the g dash derivative of d with respect



to x minus y dash and partial derivative of f with respect to y dash at x equal to x 1 equal to 0.

This is the transversality condition for the curve y equal to g x on which x 1, y 1 lies.

So here f'x, y, y dash is given to be 1 plus y dash square to the power half and this is f x, y, y
dash this is derivative of g x with respect to x that is g dash 2x minus y dash and then this is
partial derivative of f with respect to y dash, so y dash upon under root 1 plus y dash square
at x equal to x 1 equal to 0 and similarly the transversality condition for the other curve y

equal to h x.

So this is I can write y equal to x minus 5. So the other curve is y equal to h x where h x is x
minus 5, so we have again f x, y, y dash as 1 plus y dash square to the power half g dash will
be replaced by h dash and h dash is equal to 1. So the other transversality condition is f x, y, y
dash plus h dash minus y dash into partial derivative of f with respect to y dash at x equal to
x2 equal to 0 gives you this equation 1 plus y dash square to the power half h dash x is equal
to 1 minus y dash, y dash upon under root 1 plus y dash square to the power half is equal to 0,

these are two are transversality condition.

(Refer Slide Time: 9:20)




The general solution of the Eulers Equation for the functional for the functional 3 that is this
for the this is the general solution for this is this one y equal to ¢ 1 x plus ¢ 2 x the straight
line y equal to ¢ 1 x plus ¢ 2 where ¢ 1, ¢ 2 are arbitrary constants. Now from here we can see
that y dash is equal to ¢ 1 so y dash is equal to ¢ 1 if you put y dash equal to ¢ 1 in equation 4

what we get is. Here if you put y dash is equal to ¢ 1 what we will get?

(Refer Slide Time: 9:54)
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1 plus c 1 square to the power half plus 2x minus ¢ 1 y dashisc 1 or ¢ 1 upon 1 plus c 1
square square root is equal to 0. So what we will get is and x is equal to x 1. So we can
multiply by under root 1 plus ¢ 1 square so we get 1 plus ¢ 1 square 2¢ 1 x 1 minus c 1 square
equal to 0, so this cancels and we get 1 plus 2c 1 x 1 equal to 0 and from the equation 5 let us
see the equation 5 from the equation 5 we have 1 plus y dash square so 1 plus c 1 square raise
to the power half and then we get 1 minus y dash so 1 minus ¢ 1 and then we get ¢ 1 upon
under root 1 minus 1 plus ¢ 1 square equal to 0. So what we will get? 1 plus ¢ 1 square when

we take the LCM we get 1 plus ¢ 1 minus ¢ 1 square equal to 0.

So we get ¢ 1 equal to minus 1 from the transversality condition number 5. Now so ¢ 1 equal
to minus 1 and thus x 1 if you put ¢ 1 equal to minus 1 here you get x 1 equal to half. So thus

¢ 1 equal to minus 1 and x 1 equal to half.
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Now let us go to so since both the end points x 1,y 1, x 2, y 2 lie on the extremal y equal to ¢
1 x plus ¢ 2 they will satisfy this equation. So we getc 1 x 1 plusc2equaltoy 1 andy 1 is
equal to x 1 whole square and then we getc 1 x 2 plusc 2 equaltoy 2 and y 2 is x 2 minus 5.
Now let us use ¢ 1 equal to minus 1 here and x 1 equal to half here, so then you can easily see

that ¢ 2 comes out to be 3 by 4 and x 2 comes out to be 23 by 8.

(Refer Slide Time: 12:21)




And thus the required extremal line is y equaltoc 1 x plusc2soc 1 xc 1 plus minus 1 and ¢
2 is 3 by 4, so we get y equal to minus x plus 3 by 4 and the shortest distance between the
given parabola and the straight line is integral x 1 to x 2, x 1 is half, x 2 is 23 by 8 under root
1 plus y dash square dx where y dash is ¢ 1, so 1 by 2 integral 1 by 2 to 23 by 8 under root 1
plus c 1 square dx but c 1 is equal to minus 1 so we will be getting 1 plus 1 that is square root
2, so square root 2 into 23 by 8 minus half that is 19 root 2 by 8. So this is how we can get the

shortest distance between the given parabola and the straight line.

(Refer Slide Time: 13:16)

07 [ ufrtrny = s ,
b1 YR 900 A(x)=1

4 s
o AL [T
7’% JT_E»'C/

We can instead of this we can also use the formula under root x 1 minus x 2 whole square S.
D. equal to because we know x 1,y 1 as well as x 2, y 2 and we get 19 by root 2 by 8. Now

so here we we took a problem where both the points x 1,y 1, x 2, y 2 were moving.



(Refer Slide Time: 13:54)

Now let us take a problem where one of the end points is fixed x 1, y 1 say for example is 1,

0 and x 2, y 2 lies on the ellipse and we want to find the shortest distance between the point A

that is 1, 0 and the ellipse 4 x square plus 9 y square equal to 36.

(Refer Slide Time: 14:05)
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So let us draw the curves and the plot the point. So if you so we have the ellipse 4 x square

plus 9 y square equal to 36, you can see here that when y equal to 0, x is equal to plus minus

3 and when x equal to 0, y equal to plus minus 2. So we can draw the parabola sorry ellipse,

so this is 3, 0 minus 3, 0, here is 0 minus 2, here is 2, 0 and 1, 0 point 1, 0 point let us say this

is 1, 0 point.



So we have to find the shortest distance between the point 1, 0 and the ellipse. Now we can
see that ellipse is symmetric with respect to x as well as y axis. So if this is your point x 1, y
1, this is your point x 2, y 2 then you can see that if the straight line and again we have that
the extremal are the solution of the extremal the functional 1 y x equal to x 1 to x 2 as we
have seen in the previous problem under root (y 1 y plus) 1 plus y dash square dx lies along

the is the straight line.

So y equal to ¢ 1 x plus c 2, this is the solution of of the given functional. So if this point is x
2,y 2 then you can get the corresponding y symmetry the other point also there actually so
there will be two points x 2, y 2 and its this point this also will have the same distance from 1,
0. So what we will be doing is that when we solve this equation for the value of y we shall
consider y to be positive, so by symmetry we can get the other points also. Now this is this is

the equation 4 x square plus 9 y square equal to 36 and x 1 equal to 1, this is x 1 equal to 1.

(Refer Slide Time: 16:45)
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Now what we do is we can solve the equation y equal to this is equation let us say 4 x square
plus 9 y square equal to 36 can be written as y equal to 2 by 3 under root 9 minus x square.
So while solving this equation as you can see we have taken the positive value of the square
root. So we have taken this the point x 2, y 2 here you can if you take negative value you get

the point which is symmetric with respect to x axis.

Now extremal of the given functional is a straight line so y equaltoc 1 x plusc2,x 1,y 1
lies x 1,y 1is 1, 0 which lies on this line so we get ¢ 2 equal to minus ¢ 1 or x 2, y 2 also lies

x 2,y 2 is the point on the curve x 2, y 2 lies on the line y equal to ¢ 1 x plus ¢ 2, so y 2 equal



to c 1 x 2 plus ¢ 2 and when we put ¢ 1 equal to ¢ 2 equal to minus ¢ 1 we get here c 1 times x

2 minus 1.
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Soy 2 is equal to ¢ 1 times x 2 minus 1, so this is the value of y 2 and we also have ¢ 2 equal

to minus ¢ 1.

(Refer Slide Time: 18:05)

Now we go to the transversality condition before that x 2, y 2 point lies on these parabola. So
4 x 2 square plus 9 y 2 square is equal to 36. So putting the value of y 2 equal to ¢ 1 times x 2
minus 1 we get this equation 4 x 2 square plus 9 ¢ 1 square x 2 minus 1 whole square equal to

36. Now let us write the transversality condition at the moving point x 2, y 2 is the moving



point so at x 2, y 2 which is F plus g dash minus y dash into the partial derivative of F with
respect to y dash.

(Refer Slide Time: 18:48)

So here F x by y dash is under root 1 plus y dash square. So we have 1 plus y dash square
raise to power half and g x is equal to this is g x 2 by 3 under root 9 minus x square when we
differentiate g with respect to x we get minus 2x upon 3 under root 9 minus x square minus y
dash and the partial derivative of this F x, y, y dash with respect to y dash is y dash over
under root 1 plus y dash square at x equal to x 2 is 0, this is the transversality condition at the

moving point.



(Refer Slide Time: 19:18)

Now we have y dash equal to from this equation y equal to ¢ 1 x plus ¢ 2 y dash equal to c 1.
So let us put that in this transversality condition we will get 1 plus ¢ 1 square to the power
half and here we will get minus 2x 2 upon 3 under root 9 minus x 2 square minus thisy 2 y
dash which is ¢ 1 this is ¢ 1 upon 1 plus ¢ 1 square under root, so we get this equation. So this

equation we get this is what we get from the transversality condition.
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Now when you simplify this equation what after simplification what you will get is 3 under
root 9 minus x 2 square equal to 2¢ 1 x 2. Now what we have y 2 equal to ¢ 1 into x 2 minus
1, so let us replace y 2 equal to 2 by 3 under root 9 minus x 2 here then this is equal to ¢ 1 x 2
minus 1 or we can say 9 minus x 2 square equal to 3 by 2 into ¢ 1 x 2 minus 1. So this

equation and this equation be now combined together.

(Refer Slide Time: 20:20)

And arrive at this equation 2 by 3 ¢ 1 x 2 equal to 3 by 2 ¢ 1 into x 2 minus 1. Now there arise
two possibilities one is that ¢ 1 is equal to 0 when ¢ 1 is equal to 0 what will happen then ¢ 2

is also equal to 0.
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So what will happen y equal to y equal to 0 we will get, y equal to 0 means x axis. Now x

axis means the distance from 1, 0 to the ellipse will be along the line this that means this
distance from 1, 0 to 3, 0 and the distance will be S. D. will be equal to 2, here so here the
distance is 2 if you take c 1 equal to 0. But if you take ¢ 1 non zero then what we will get
from this equation we will get x 2 equal to 9 by 5 and from the relation y 2 equal to 2 by 3

under root 9 minus x 2 square y 2 comes out to be 8 by 5.

So we get x 2 equal to 9 by 5, so this is 9 by 5, 8 by 5 and so this distance of 9 by 5, 8 by 5
from 1, 0 is 4 by root 5 so this distance is 4 by root 5 and similarly by symmetry the other
point here is 9 by 5 minus 8 by 5 so this.

(Refer Slide Time: 22:14)




Now you can see that 4 by root 5, 4 by root 5 is less than 2 we got when we took ¢ 1 equal to
0 and when we took c 1 equal to 0 we got the line line y equal to ¢ 1 x plus ¢ 2 x as y equal to
0 which is the x axis and so the shortest distance from 1, 0 to the ellipse was the distance
between 1, 0 and 3, 0 point which is 2 and when c 1 is not equal to 0 we have got S. D. equal
to 4 by root 5 and clearly 4 by root 5 is less than 2. So this S. D. is achieved along the line y

equal to two times x minus 1.

(Refer Slide Time: 22:56)
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So here actually when you calculate ¢ 1 then it will come out to be 2, you can see from here y
2 equal to 8 by 5y 2 equal to 8 by 5 ¢ 1 times 9 by 5 minus 1. So this will give you 8 by 5
equal to c 1 times 4 by 5, so this gives ¢ 1 equal to 2 and ¢ 2 is equal to minus ¢ 1 so it is

minus 2. So y is equal to ¢ 1 ¢ plus ¢ 2 that is y equal to 2 x minus 2 or two times X minus 1.



So the shortest distance is achieved along the line y equal to 2 times x minus 1 and thus we
can say that the extremal curve is y equal to 2 times x minus 1 and the shortest distance is 4

by root 5 with this I would like to conclude my lecture thank you very much for your

attention.



