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(5) Let be an open set and Assume that there existsΩ ⊂ ℝ𝑁 𝑢 ∈ 𝐿𝑝(Ω),  1 < 𝑝 ≤ ∞. 𝑐 > 0

s.t. ∀ϕ ∈ 𝐷(Ω),  ∀1 ≤ 𝑖 ≤ 𝑁,  

|
Ω
∫ 𝑢 ∂ϕ

∂𝑥
𝑖

𝑑𝑥| ≤ 𝑐|ϕ|
0,𝑝',Ω

  ,       𝑝' −  𝑐𝑜𝑛𝑗𝑢𝑔𝑎𝑡𝑒 𝑜𝑓 𝑝.

Show that .𝑢 ∈ 𝑊1,𝑝(Ω)

Solution: So, now consider . Then𝐿(ϕ) =
Ω
∫ 𝑢 ∂ϕ

∂𝑥
𝑖

𝑑𝑥

.|𝐿(ϕ)| ≤ 𝑐|ϕ|
0,𝑝',Ω

So, is a continuous linear functional on with the norm . But soϕ → 𝐿(ϕ) 𝐷(Ω) |. |
0,𝑝',Ω

𝑝 ≠ 1,

is dense in extends uniquely to a continuous linear𝑝' ≠ ∞ ⇒ 𝐷(Ω) 𝐿𝑝'(Ω) ⇒ ϕ → 𝐿(ϕ)

functional on .𝐿𝑝'(Ω)
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So, by Riesz representation theorem there exists 𝑣
𝑖
 ,  1 ≤ 𝑖 ≤ 𝑁,   𝑣

𝑖
∈ 𝐿𝑝(Ω) − 𝑑𝑢𝑎𝑙 𝑜𝑓

𝐿𝑝'(Ω).,  𝑠. 𝑡.       𝐿(ϕ) =
Ω
∫ 𝑣

𝑖
ϕ𝑑𝑥,   ∀ϕ ∈ 𝐷(Ω) .

⇒ ∂𝑢
∂𝑥

𝑖
=− 𝑣

𝑖
 ∈ 𝐿𝑝(Ω) ⇒ 𝑢 ∈ 𝑊1,𝑝(Ω).    
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(6) Let be an open set and Assume thatΩ ⊂ ℝ𝑁 𝑢 ∈ 𝐿𝑝(Ω),  1 < 𝑝 ≤ ∞.

∃𝑐
1

> 0 𝑠. 𝑡.  ∀Ω' ⊂⊂ Ω 𝑎𝑛𝑑 ∀ℎ ∈ ℝ𝑁 𝑠. 𝑡.  |ℎ| ≤ 𝑑(Ω',  ℝ𝑁\Ω),  𝑤𝑒 ℎ𝑎𝑣𝑒 

|τ
ℎ
𝑢 − 𝑢\

0,𝑝,Ω'
≤ 𝑐|ℎ|       −−−−−−−− (*).

Then show that there exists 𝐶 > 0,  𝑠. 𝑡.  ∀1 ≤ 𝑖 ≤ 𝑁,  ∀ϕ ∈ 𝐷(Ω)

|
Ω
∫ 𝑢 ∂ϕ

∂𝑥
𝑖

𝑑𝑥| ≤ 𝐶|ϕ|
0,𝑝',Ω   .
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So, in particular by exercise (5), if 1 < 𝑝 ≤ ∞,  𝑤𝑒 ℎ𝑎𝑣𝑒

𝑢 ∈ 𝑊1,𝑝(Ω) 𝑖𝑓 (*) ℎ𝑜𝑙𝑑𝑠.

solution. Let be the extension of u by 0 outside of Let𝑢
~

 Ω. ϕ ∈ 𝐷(Ω) 𝑎𝑛𝑑 Ω' ⊂⊂ Ω 𝑠. 𝑡.

supp Let be the standard basis vectors of .(ϕ) ⊂ Ω' . {𝑒
𝑖
}

𝑖=1
𝑁 ℝ𝑁,  ℎ ∈ ℝ,  |ℎ| < 𝑑(Ω', ℝ𝑁\Ω)

Ω
∫ 𝑢(𝑥)

ϕ(𝑥+ℎ𝑒
𝑖
)−ϕ(𝑥)

ℎ 𝑑𝑥 =
ℝ𝑁
∫ 𝑢

~
(𝑥)

ϕ(𝑥+ℎ𝑒
𝑖
)−ϕ(𝑥)

ℎ 𝑑𝑥 =
ℝ𝑁
∫ ϕ(𝑦)

𝑢
~

(𝑦−ℎ𝑒
𝑖
)−𝑢

~
(𝑦)

ℎ 𝑑𝑦

.=
Ω'

∫ ϕ(𝑦)
𝑢
~

(𝑦−ℎ𝑒
𝑖
)−𝑢

~
(𝑦)

ℎ 𝑑𝑦

Since So|ℎ| < 𝑑(Ω', ℝ𝑁\Ω) 𝑎𝑛𝑑 𝑦 ∈ Ω' ⇒ 𝑦 − ℎ𝑒
𝑖

∈ Ω .

Ω
∫ 𝑢(𝑥)

ϕ(𝑥+ℎ𝑒
𝑖
)−ϕ(𝑥)

ℎ 𝑑𝑥 =
Ω'

∫ ϕ(𝑦)
𝑢(𝑦−ℎ𝑒

𝑖
)−𝑢(𝑦)

ℎ 𝑑𝑦 =
Ω'

∫ (τ
ℎ𝑒

𝑖

𝑢 − 𝑢)(𝑦)ϕ(𝑦)𝑑𝑦

(Holder & (*)).≤ 𝐶|ϕ|
0,𝑝,Ω'  

So, you pass to the limit as and dominated convergence theorem will tell you thatℎ → 0

.|
Ω
∫ 𝑢 ∂ϕ

∂𝑥
𝑖

𝑑𝑥| ≤ 𝐶|𝑢|
0,𝑝',Ω'

≤ 𝐶|𝑢|
0,𝑝',Ω



this is exactly what we wanted to prove. And that completes this thing.


