Computational Mathematics with SageMath
Prof. Ajit Kumar
Department of Mathematics
Institute of Chemical Technology, Mumbai

Eigenvalues and Eigenvectors

Lecture — 35
Eigenvalues and Eigenvectors Part 1 with SageMath
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Welcome to the 35th lecture on Computational Mathematics with SageMath. In this
lecture, we will explore eigenvalues and eigenvectors of a linear transformation or a
matrix using SageMath. Eigenvalues and eigenvectors have numerous applications in
mathematics and also in other sciences and engineering including data science. So, let us

get started.

First let us define eigenvalues, eigenvectors and then we will see how it can be computed
in SageMath. Suppose you have a finite dimensional vector space V over R and a linear
map A from V to V. Fix a basis el, e2, en of V, then you can find the matrix of A with

respect to this basis.

Let us denote the matrix of A by A itself. We know that any linear map from finite
dimensional vector space to a finite dimensional vector space has a matrix representation

with respect to a basis. So, let us call this matrix of A as A itself. Now, a real number



lambda is called an eigenvalue of A, if we can find a non-zero vector v, such that A

times v is lambda v, that is the definition.

So, what we are saying ? Av is parallel to v, that is the definition, but v should be non-
zero, that is important. Because if v is 0, A times 0 is always 0 and O can be written as
lambda times 0. That would mean that, whatever, whatever lambda you take will turn out
to be eigenvalue. That cannot be the definition. The vector v for which Av is lambda v,

non-zero vector v is called eigenvector corresponding to eigenvalue lambda of A.

Next let us look at how, we can compute eigenvalues and eigenvectors using SageMath.
But before that, let us look at what is meaning of eigenvalue and eigenvector

geometrically. As I said Av is equal to lambda v simply means that, v is parallel to Av.
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So, what we are actually looking at? You are looking at all those vectors for which Av is
parallel to lambda v. Let us just look at with this figure. We are taking a matrix which is

2,0; minus 1, 1. Letus plot v and Av for some vectors.
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Here we have v and Av is here. So, they are not parallel; that means this v cannot

eigenvector of A. In this case v, was 1 comma 2.
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Suppose | take another v, which is actually minus 2, comma 3 and then plot this graph.

Then again you can see here, this is v and Av, they are not parallel to each other.
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Let us take another vector, let me call this as v3. v3 is3 comma minus 2 and when you

plot its graph, again this is not a eigenvector.
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Let us take v4; v4 is actually 1 comma minus 1. And in this case v and A v, they are
parallel to each other and it looks like that, Av is twice of v. So if Av is twice of v; that
means 2 will be eigenvalue and v is an eigenvector with respect to eigenvalue 2. We do

not know exactly how much, but one can find out. Geometrically it looks like twice.
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Similarly if I take another vector, let us say v5, which is 0 comma 1, an unit vector. then

you can see here both Av and v are same, that simply means that Av is equal to lambda

times v in particular lambda is equal to 1 is an eigenvalue and 1 0 is eigenvector.

So, finding eigenvector is nothing, but find a vector v, such that Av and v are parallel to

each other, of course non-zero vector v.

(Refer Slide Time: 05:21)

x 4+ - 8 x
e »@Q:
Settings p
B+ XDODO» ® C» Mardwnv SageMath 9.1 O
o . : l : ,
1 0.5 05 1
EQ If 4 is an eigenvalue of a matrix A corresponding to an eigenvector A, then
Av=iv = A-ip=0.
°° I
This show that v # 0is a solution of the homogeneous linear equation (A — AI)x = 0. This can happen when the matrix A — Al is

singular. That is det(4 — AI) = 0.
The equation det(A — Al) = 0 is called the characteristic equation and det(A — Al) is called the characteristic polynomial of A
» Note that of 4 is an eigenvalue of A, then 4 is a real zero of the characteristic polynomial det(A — Al)

A — Al) = 0 and finding eig

ons (A — Al =0,

oo o

B

i -

0N @ SageMath 9.1 Idle Saving completed Mode:Command @ L1, Co

BPTBLtype here to search 0O &5 B w :ie’ T _@_g g N 2 h

tors corresponing to 4 amount to

Now, let us look at what it means. So, if you look at this vector v which is eigenvector

with respect to eigenvalue lambda, then we have Av is equal to lambda v. This implies,



if you bring this lambda v to the left hand side, A minus lambda times identity is equal to
0, where identity is this is n cross n identity matrix. So v is what? v is a hon-zero vector.
Thus if you look at this equation, this is a homogeneous equation, and it says that, v is a
non-zero solution to this homogeneous equation. When do you have a non-zero solution
to a homogeneous equation Ax equal to 0. This happens only when A is singular matrix,
that is same as saying determinant of A is 0. This means that, if v is an eigenvector of A
with respect to eigenvalue lambda, then determinant of A minus lambda I must be O.
This determinant of A minus lambda I is known as characteristic polynomial of A. | you
find the determinant of A minus lambda I, it will be a polynomial in lambda which is
known as characteristic polynomial. Whereas, this equation, determinant of A minus

lambda | equal to O is known as characteristic equation of A.

So, lambda is an eigenvalue of A is same as saying lambda is a real solution of the
characteristic polynomial, real zero of the characteristic polynomial, determinant of A
minus lambda I. And therefore, finding eigenvalue, real eigenvalue amounts to finding
real roots of this characteristic equation. Then finding eigenvectors with respect to
eigenvalue lambda, amounts to finding non-zero solution of this homogeneous equations.
Thus finding eigenvalues, eigenvectors actually boils down to working with this

characteristic equation and this homogeneous system of linear equations.
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Now, let us look at how to find this using SageMath. Consider this matrix 2, minus 1, 0,
1. This is the same matrix for which we drew this graph. Now, let us find eigenvalues
and eigenvectors of this in SageMath. So, first let us define A over QQ, and then the
eigenvalues of A can be obtained by A dot eigenvalues. it gives you eigenvalues of A.
So, in this case it says that, there are two eigenvalues 2 comma 1 and that is exactly what

we observed geometrically.
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Now, let us find eigenvectors. So, instead of A dot eigenvalues, if you say A dot
eigenvectors; but then there is a notion of right and left. Generally we, write Av is equals
to lambda v, that means v is multiplied to A on the right hand side. That is why it
corresponds to right eigenvectors. So, let us find out A dot eigenvectors underscore right
and this gives you this output. Which means that this 2 is eigenvalue and 1 comma

minus 1 is an eigenvector.

This says this is 1, which says that how many times this particular eigenvalue has
appeared. Here this eigenvalue 2 is appearing only once, this is also known as algebraic

multiplicity of eigenvalue 2. Similarly, the second eigenvalue is 1 and the eigenvector



corresponding to that is 0 comma 1 and then this also has multiplicity 1. So, that is what

exactly we observed from the from the graph.

Now, you can find out the characteristic polynomial of A. What is the characteristic
polynomial? Determinant of A minus lambda times I. Instead of lambda, let me write x.
So, A minus x times identity matrix 2; this is the 2 cross 2 identity matrix and then find
its determinant, of course x you need to declare as variable, Then this is the characteristic

polynomial.

And you can see here, the characteristic polynomial is factored as x minus 1 into X minus
2. Therefore, if you equate it to 0; x equal to 0 and x equal to 2 are roots of this
characteristic polynomial. And therefore, 1 and 2 are eigenvalues of this matrix A.
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You can find the characteristic polynomial using inbuilt function. A dot characteristic
underscore polynomial, in the bracket you write the variable in which you want this
characteristic polynomial. So, that will give you the characteristic polynomial of A. This
IS X square minus 2 x plus 2, which is nothing, but x minus 1 into X minus 2. You can
find factor of this.



For example, if | say this dot, factor will give you the factor of this. And then let us find
out what are the characteristic roots. That means if | store this characteristic polynomial
in p, we can find p dot roots. It says that, it has two roots 1 and 2 with both of them are
appearing with multiplicity 1. So, this is how you can compute eigenvalues and

eigenvectors using SageMath.
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Let us take another, example 3 by 3 example. So, this is 3 cross 3 matrix. we want to
find eigenvalues and eigenvectors of this matrix. So, let us first define this matrix A,
which is this. How do we find characteristic polynomial of A? A dot characteristic
underscore polynomial in X, that is the characteristic polynomial. So, you can see here,

A characteristic polynomial of A is a cubic polynomial in x.
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Now, we can factor this characteristic polynomial and it says that, it has factor x minus 9
and X minus 2 square. This means that 2 and 9 are going to be eigenvalues of A. 2
appears with multiplicity 2, whereas 9 appears with multiplicity 1. Let us find out
eigenvalues of A. Eigenvalues of A is a list which is 9 comma, 2 comma, 2. That means

2 appears twice.

Similarly, you can find eigenvectors of A. There are only two distinct eigenvalues in this

case 9and 2. So 9 has eigenvector 1, 1, 1.

And then if you look at the eigenvalue 2, then it has two eigenvectors one is 1, 0, minus
1by3andO, 1, 1by 6 and 2 has multiplicity 2.

So, eigenvectors right gives you eigenvalues along with the corresponding eigenvectors
and its multiplicity. Of course, you could you could find characteristic polynomial and
roots manually, as we did in 2 by 2 case. Let us look at some more concepts.
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If you have v, an eigenvector corresponding to eigenvalue lambda and then if you take
any scalar multiple of v, let us say alpha v and apply A times alpha, v that will give you
alpha times Av; but Av means lambda v, therefore A alpha v is nothing, but lambda
times Av. Therefore, it means that, any scalar multiple of v is also an eigenvector of A

with respect to the same eigenvalue lambda.

Similarly, if you take two eigenvectors v1 and v2 and take any scalar linear combination
of v1, v2, such as alphal v1 plus alpha2 v2.

And then if you apply A to this; again you will see that, this is nothing, but lambda times
alphal vl plus alpha2 v2. In particular this, alphal v1 plus alpha2 v2 is also an

eigenvector corresponding to the same eigenvalue lambda.

That means that, if | consider set of all eigenvectors of A with respect to eigenvalue
lambda, this is a subspace of vector space V, that is known as eigenspace of A. The

eigenspace of A with corresponding to eigenvalue lambda.

This is important concept. And so, every vector inside this E lambda, if | apply A to it;
it will stay inside E lambda. It also means that E lambda is invariant under A. So, you
can define a linear map A, from E lambda to itself just taking v to A v. That is why we

say that E lambda is invariant under A.
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Let us look at again the same 3 by 3 example which we considered in the previous one.
So, A is equal to this matrix. Let us find out if there is a function called eigenspaces
underscore, right. This will give you eigenspace of A for each eigenvalue lambda. In this
case we saw that, that there are two eigenvalues of A, 9 and 2. 9 appears with

multiplicity 1, whereas 2 appears with multiplicity 2.

Here corresponding to eigenvalue 9, there is only one eigenvector which is 1, 1, 1 and
therefore, the dimension of this eigenspace is 1. Whereas, corresponding to eigenvalue 2;
the eigenspace is span by these two vectors, which is called basis of this eigenspace and
this has dimension 2. So, E lambda for lambda equal to 2 is 2 dimensional, whereas E

lambda for lambda equal to 9 is 1 dimensional.
Of course, this you can also compute manually, but sage has inbuilt function to find this.
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If you look at these eigenvalues, and if you take sum of all eigenvalues of a matrix, it
turns out that that is a trace of the matrix, that is sum of diagonal entries of a matrix.
Similarly, if you take product of all the eigenvalues, that turns out to be the determinant
of a matrix. As a result, if the determinant is 0, that means one of the eigenvalues has to
be 0 and vice versa. In case eigen, one of the eigenvalue is 0, then determinant of A must

be also 0.



Let us just verify this with the same example, which we considered earlier. A is equal to
this and we can find trace of A, the trace of A in this case is 13, which is 4 plus 1, 5 plus
8, 13. And if you look at the eigenvalues of A and take the sum, that should also turn out
to be 13.
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Similarly, if | take determinant of A, the determinant of A in this case is 36, whereas if |
take the product of all the eigenvalues, finds the product of a list of real numbers. That
also gives you 36, in particular we have verified for this example that, sum of
eigenvalues is the trace of the matrix and product of eigenvalues is nothing but the

determinant of this matrix.

Of course, you can take any arbitrary matrix and verify this. It requires proof and if you
look at any standard book on linear algebra, it will give you proof. Next let us look at, 1
already mentioned this, in case 0 is an eigenvalue of A, then determinant must be 0, in

particular the matrix must be singular and vice versa.
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Let us look at how can we find eigenvectors manually. Sage has inbuilt functions to find
eigenvectors. But if you have to find manually, how do we do that ? If v is eigenvector of
A with respect to eigenvalue lambda, then all you need to do is solve A minus lambda
times identity x is equal to 0, this is homogeneous system of linear equations. So, let us
again take an example. This is A, which is a 4 cross 4 matrix. Let us define this matrix,
this is A.
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And let us first find characteristic polynomial of A and find its factor. It says that, it has
factor x minus 4 x plus 2 and x minus 2 the whole square. That means 4, minus 2, and 2
are going to be eigenvalues of A. 4 and minus 2 have multiplicity 1, whereas 2 has
multiplicity 2. This multiplicity is also known as algebraic multiplicity.

Next let us define identity matrix 14, 4 cross 4 identity matrix and let us take one of the
eigenvalue. Let us say for example lambda equal to 2. Let us define M is equal to A
minus lambda times 14. That is your A minus lambda times 14. Now, we need to find non
zero solution of M x is equal to 0.

We need to find non zero solution of M x equal to 0; M x is nothing, but A minus lambda
| times X. So, how do we solve this? Sage has inbuilt function to solve this. All we need
to do is, we need to find the null space of M or kernel of this M. That we can find using
inbuilt function M dot right kernel.

So, when | say M dot right kernel; it gives you that it is a subspace with two basis 1, 0
minus 1, 1; 0, 1, 3, minus 1, these are the two vectors which forms a basis of this null
space, right kernel of M. And we have seen also explicitly how to find this manually,
by just applying RREF and then working with that.
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So, | leave this as an exercise for you to also find this manually by using RREF. If you
look at what are the eigenspaces of A, in this case. You see that eigenspace with respect
to eigenvalue 2, the eigen basis is this which is same as the kernel of A minus lambda I.
So, that is how you can obtain or find eigenvectors manually by solving A minus lambda

| times X is equal to O, for non-zero vector X, ok.
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Next let us look at, what is meaning of algebraic and geometric multiplicity ? So, |
already explained what is meaning of algebraic multiplicity, and geometric multiplicity
actually is nothing, but the dimension of the eigenspace corresponding to that
eigenvalue.So, let us take an example, this is a 4 cross 4 matrix. Let us find out what are
the eigenvalues of this. So, this has two eigenvalues 1 and 2. 1 appears with multiplicity
1, whereas 2 appears with multiplicity 3.



(Refer Slide Time: 23:00)

C O localhost8884/ab a r %@

»  Code v SageMath 9.1 O

.
()
ABLF S  sageMath 21| Idle Saving completed Mode: Command @ Ln1,Co

&P TBL1ype here to searct o B :ig T W& ~ 1 B

Now, if you find eigenspaces of A, then what we get? The eigenbasis with respect to
eigenvalue 1 has only one vector, that means this is dimension is 1, whereas the
eigenspace with respect to eigenvalue 2 is also 1 dimensional. So, both eigenspaces with
respect to eigenvalue 1 and 2 in this case are 1 dimensional. So, here the dimension of

this eigenspace corresponding to eigenvalue is known as geometric multiplicity.

So, in this case what you see, the algebraic multiplicity of eigenvalue 1 is 1 and
geometric multiplicity is also 1, whereas for the eigenvalue 2, algebraic multiplicity is 3,
whereas geometric multiplicity is 1. In this case algebraic multiplicity and geometric
multiplicity of eigenvalue 2 are not the same. However, in some cases they may be same

as we saw earlier.
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So, for example, if I look at this, thismatrix 1011;0111;0010;1101andifyou

find out the characteristic polynomial of this. It splits as x minus 3, x plus 1, X minus 2

the whole square. So, in this case, the geometric multiplicity we need to find out. Here

algebraic multiplicity of 3is 1, minus 1is1,and 2isand 1 is 2.
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So, if you look at eigenspaces, in this case eigenspace, dimension of eigenspace with

respect to eigenvalue 3 is 1, with respect to minus 1 is 1, and with respect to 1 is 2 which



is same as geometric multiplicity. So, one can show that, algebraic multiplicity is always

bigger than equal to geometric multiplicity and they need not be equal.
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So, that is the definition, algebraic multiplicity of an eigenvalue lambda of a matrix A is
the highest power of x minus lambda that divides the characteristic polynomial, A
minus, determinant of A minus lambda I. And the geometric multiplicity is the
dimension of the eigenspace corresponding to eigenvalue lambda. So, that is the

definition of geometric and algebraic multiplicity of eigenvalues.

Now, let us look at. If you look at the definition of eigenvalue, eigenvector, the way we
started, we started with a linear map and we defined matrix of that, as same as A and
then we defined eigenvalues, eigenvectors of A. So, one can define eigenvalue,
eigenvector of the linear map A itself, exactly the same definition. So, let us look at.

Suppose we define a linear transformation. Can we find its eigenvalues and eigenvector?
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’ x - X
@ localhost QA% » 0

.' Fle E emel Tabs Settings Help
] A CM

%] » Code v SageMath 9.1 O
B
k)
—a

= T.m e
Saving completed Mode: Command @ Ln1,Co
cr@n0eeTvRES - h

Let us take an example, suppose we have a linear transformation T, which is defined as a
linear map from Q3 to Q3 given by T X, y, z is equal to minus 13 X minus 8 y minus 4 z.
Second coordinate is 12 x plus 7 y plus 4 z and third coordinate is 24 x plus 16 y plus 7

Z.

So, let us define this T. Now you can find eigenvalues of T using the same command. In
this case eigenvalues are 3 minus 1 and minus 1. That means algebraic multiplicity of

eigenvalue 3 is 1, whereas algebraic multiplicity of eigenvalue minus 1 is 2.

Now let us find matrix of T with respect to standard basis or for that matter with respect
to any basis. So let us define M to be the matrix of this linear transformation T, with

respect to the standard basis. And if you look at this M, this is the matrix.
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Now, let us find out what are the eigenvalues of M. That is same as the eigenvalues of T.
It does not matter whether you find eigenvalues of T or you find eigenvalues of M with
respect to standard basis, both are same. However, if you change the basis, what
happens. Let us change a basis, let us say v1, v2, v3 are these three vectors. One can

check that, these three vectors form a basis of Q3.

Let us define V to be subspace of Q3 spanned by basis B or subspace of V with basis B
and then define a linear map T1 from V to V, V to V with the same image f and find the
matrix of T with respect to this particular basis. So, here the same basis we are taking on

domain and codomain. So, this is the matrix.
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© B = [(QQ*3).random_element() for i in range(3)]

V = (QQ*3).subspace_with_basis(B)
T2 = linear_transformation(V,V,f)
M2 = T2.matrix(side="right');
print(#2)

M2.eigenvalues()

[ -673/43  -782/49  1768/49]
[ 1696/49  1859/49 -14416/147]
[ 384/49 432/43  -1137/43]
[

3, -1, -1]
b
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Now, if you find eigenvalues of this M1 ; then what do you see? Again you see that,
eigenvalues are the same, right. So, change of basis has not affected the eigenvalues of

this M. Similarly, Now let me take any random three vectors.

And usually it will form a basis and let us assume that, it forms a basis and then define
the subspace with basis B. And define a linear transformation from V to V with the same
image f and define the matrix M2 of T2 with respect to this basis. And then let us find

out what will be eigenvalues. Again you can see the eigenvalues are 3, minus 1, minus 1.

So, eigenvalue of a linear transformation are same as eigenvalues of the matrix
associated with that linear transformation with respect to any basis. So, what it means

and of course, one can prove this.
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See we have defined eigenvalues as a real number; because we defined A as a linear

map from vector space V over R to itself.

So, in this case, eigenvalue has to be real, similarly eigenvector. But if you look at the
characteristic polynomial, the characteristic polynomial will be some polynomial in x.

But that need not be always real ; roots of a characteristic polynomial can be imaginary.

So, you can have imaginary eigenvalue ok, imaginary eigenvalue. So, in particular in
case you define linear map from vector space V over complex field to itself ; it will also
have imaginary eigen values and hence imaginary eigenvectors. So, if you look at for
example, these 2 cross 2 real matrix 2, minus 1; 1, 1 and then try to find what are the

eigenvalues of A, you will see that it gives you imaginary eigenvalue.

So, it here it means that, 1.5 minus 0.866 times | which is imaginary number. And this
question mark actually it gives you saying that, this is actually a numerical computation.
So, it is not exact, it is numerical computation. If you try to find eigenvectors of A, that
also you will get. So, A dot eigenvectors right, again you will see this gives you
imaginary eigenvectors. So, it is not necessary that even if, for every real matrix, you
will have real eigenvalues; you may not have eigenvalues. So, for example, if | look at
let us say rotation matrix; say let us say rotation in R 2, rotate it by let us say 30 degree,
no vector is going to be fixed under rotation. So, that means rotation matrix will not

have any eigenvector and eigenvalue.
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So, let me leave you with few simple exercises; these are straight forward. So, find
eigenvalues and eigenvectors of this matrix ; find eigenvalues and eigenvector of this

matrix and also find algebraic and geometric multiplicity of A.

And further verify the determinant of A is product of eigenvalues of A and the trace of A

is sum of eigenvalues of A. So, these are two very simple exercises.

In the next lecture, we should look at more concepts on eigenvalues and eigenvectors
with SageMath.

Thank you very much.



