
Functional Analysis
Professor S. Kesavan

Department of Mathematics
The Institute of Mathematical Sciences

Lecture No. 43

Dual of L-1
(Refer Slide Time: 00:23)

We saw earlier that for any measure space , we have that was𝑥 ∈  µ (𝐿𝑝(µ))* 𝐿𝑝*(µ)

where , for . So, at that time we said that we are not1
𝑝 + 1

𝑝* = 1 1 < 𝑝 < ∞

considering the case of which requires some measure theoretic arguments, that’s all.𝐿1

So now, in the case of , we will prove this.𝐿𝑝(Ω)

Theorem ( Riesz Representation Theorem): Let be an open set. The dual ofΩ ⊂ ℝ𝑁

is isometrically isomorphic to . So, that means you can essentially identify𝐿1(Ω) 𝐿∞(Ω)

as . The proof, we will do in several stages.𝐿1* 𝐿∞

Step 1. such that for every , compact . So  ∃ ω ∈ 𝐿2(Ω) 𝐾 ⊂ Ω ω(𝑥) ≥ ϵ
𝑘

> 0 ∀ 𝑥 ∈ 𝐾

how do we do that? consider as usual, like we did earlier. So, you take an annular𝐸
𝑛

. So, .𝐸
𝑛

= {𝑥 ∈ Ω  | 𝑛 ≤ |𝑥| ≤ 𝑛 + 1} Ω =
𝑛=0

∞

⋃ 𝐸
𝑛



Then you set on , and choose such that So, you𝑤(𝑥) = α
𝑛

> 0 𝐸
𝑛

α
𝑛

𝑛=0

∞

∑ α
𝑛
2|𝐸

𝑛
| <+ ∞.

choose your , so you know what the s are, you know their measure, so you thenα
𝑛

𝐸
𝑛

choose something, for instance can be . So, that could be a thing which will giveα
𝑛

1
𝑛 |𝐸

𝑛
|

you something which is finite. Then has the required properties. So, because of𝑤

condition , it is in and then any compact set would be in some
𝑛=0

∞

∑ α
𝑛
2|𝐸

𝑛
| <+ ∞ 𝐿2 

and therefore, it will be, have a finite ’s for each of them and then you take the|𝑥| ≤ 𝑛 α
𝑛

minimum of them, that will be a strictly positive number and therefore, you have, that it

will be positive on any compact set.

Step 2. Let . Consider the mapping , . So, what isϕ  ∈ (𝐿1(Ω))* 𝑓 → ϕ(𝑤𝑓) 𝑓 ∈ 𝐿2(Ω)

? by the Holder inequality. So,|ϕ(𝑤𝑓)| |ϕ(𝑤𝑓)| ≤ ||ϕ|| ||𝑤𝑓||
1

≤ ||ϕ|| ||𝑤||
2
 ||𝑓||

2

this defines a continuous linear functional on .𝐿2
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If you have , then . Therefore, such that𝑝 = 2= 𝑝* (𝐿2)* = 𝐿2 ∃ 𝑣 ∈ 𝐿2(Ω) 

because of the Riesz Representation Theorem weϕ(𝑤𝑓) =
Ω
∫  𝑓 𝑣 𝑑𝑥   ∀ 𝑓 ∈ 𝐿2(Ω)

have already shown for .𝐿2
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We have . We have already seen this.|
Ω
∫  𝑓 𝑣 𝑑𝑥| ≤  ||φ|| ||𝑤𝑓||

1
≤||φ|| ||𝑤||

2
 ||𝑓||

2

Step 3. Set . , we saw in the first step, in every and𝑢(𝑥) = 𝑣(𝑥)
𝑤(𝑥) 𝑤 ≠ 0 𝑤(𝑥) > 0 𝐸

𝑛
 

therefore never vanishes and therefore is well defined and measurable. Claim,𝑤(𝑥) 𝑢 𝑢

and . Let . Then take . To∈ 𝐿∞ ||𝑢||
∞

≤ ||ϕ|| 𝐶 > ||ϕ|| 𝐴 = {𝑥 ∈ Ω | 𝑢(𝑥) > 𝐶||}

show, has measure 0. Then essentially you will have and therefore𝐴 |𝑢(𝑥)| ≤ 𝐶

, and therefore , that is the argument. We have to||𝑢||
∞

≤ 𝐶 ∀ 𝐶 > ||ϕ|| ||𝑢||
∞

≤ ||ϕ||

show that. Assume the contrary. with finite positive measure. If has a finite∃ 𝐵 ⊂ 𝐴 𝐴

measure, then we can of course consider subset of which still has positive measure and𝐴

which is also finite.

Now consider if𝑓(𝑥) =  + 1 𝑥 ∈ 𝐵,  𝑢(𝑥) > 0

and if𝑓(𝑥) =  − 1 𝑥 ∈ 𝐵,  𝑢(𝑥) < 0

if𝑓(𝑥) =  0 𝑥 ∈ Ω\𝐵,  𝑢(𝑥) > 0

So, is a bounded function. See, on a set of positive measure and therefore𝑓 |𝑓| = 1

has finite measure). So, we can use this in𝑓 ∈ 𝐿2(Ω) (|𝑓| = 1,  |𝑓| = 0 𝑜𝑛 Ω\𝐵 & 𝐵  𝑓

previous inequality. Here, . So |wf|.𝑣 = 𝑢𝑤
Ω
∫ 𝑢 𝑤 𝑓 𝑑𝑥 ≤ ||φ|| 

Ω
∫
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Now, outside B, so, all the integrals come only to B which has got positive𝑓 = 0

measure and . So, (as is non negative)𝑢𝑓 = |𝑢|
𝐵
∫ |𝑢| 𝑤 𝑑𝑥 ≤ ||ϕ|| 

𝐵
∫ 𝑤 𝑑𝑥 |𝑓| ≤ 1 & 𝑤

What do you know about on ? and on . Therefore, you can write,𝑢 𝐵 𝐵 ⊂ 𝐴 |𝑢| ≥ 𝐶 𝐴



, has positive measure and is strictly𝐶
𝐵
∫ 𝑤 𝑑𝑥 ≤

𝐵
∫ |𝑢| 𝑤 𝑑𝑥 ≤ ||ϕ|| 

𝐵
∫ 𝑤 𝑑𝑥 𝐵 𝑤

positive and therefore can be cancelled so this implies which is a∫ 𝑤 𝐶 ≤ ||ϕ|| 

contradiction because we have taken and therefore, becomes a𝐶 > ||ϕ||,  𝐶 ≤ ||ϕ|| 

contradiction.
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Therefore, you have that and .𝑢 ∈ 𝐿∞ ||𝑢||
∞

≤ ||ϕ||
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Step 4: , we have But what is ? v because∀𝑓 ∈ 𝐿2 ϕ(𝑤 𝑓) =
Ω
∫ 𝑣 𝑓𝑑𝑥.  𝑣 𝑣 = ∫ 𝑓 𝑢 𝑤 𝑑𝑥

is defined as so is nothing but . 𝑢 𝑣/𝑤.  𝑣  𝑢𝑤



So now, take Now, then if you look at , now, is nonzero only on𝑔 ∈ 𝐶
𝑐
(Ω).  𝑓 = 𝑔/𝑤 𝑔

a compact set and on any compact set . So, is bounded above.⊂ Ω 𝑤 > 0 1
𝑤

compact so , so and therefore . So, we can𝑘 = 𝑠𝑢𝑝𝑝 𝑔 𝑤 > ϵ
𝑘

𝑔
𝑤 ≤ 1

ϵ
𝑘

𝑔 ∈ 𝐿2 𝑔
𝑤  ∈ 𝐿2

substitute this in our equation and therefore for every . Weϕ(𝑔) = ∫ 𝑔 𝑢 𝑑𝑥 𝑔 ∈ 𝐶
𝑐
(Ω)

have that is dense in and both L.H.S. and R.H.S. continuous with respect to𝐶
𝑐
(Ω) 𝐿1(Ω)

in norm. This implies, , . (by𝑔 𝐿1 ∀𝑔 ∈ 𝐿1(Ω) ϕ(𝑔) =
Ω
∫ 𝑔 𝑢 𝑑𝑥 |ϕ(𝑔)| ≤ ||𝑔||

1
||𝑢||

∞

the Holder inequality) . We already saw in the previous step, that⇒ ||ϕ|| ≤ ||𝑢||
∞

and therefore .||𝑢||
∞

≤ ||ϕ|| ||𝑢||
∞

= ||ϕ||
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So, such that and ∀ φ ∈ (𝐿1(Ω))*,    ∃ 𝑢 ∈ 𝐿∞(Ω) ||𝑢||
∞

= ||φ||

.φ(𝑔) =  
Ω
∫ 𝑔 𝑢 ∀ 𝑔 ∈ 𝐿1(Ω)
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Now, this is a well defined thing.

Step 5, such is unique. Assume we have two, assume such that𝑢 𝑢
1
,  𝑢

2

, .||𝑢
1
|| = ||𝑢

2
|| = ||φ||    ∀𝑔 ∈ 𝐿1(Ω)

Ω
∫ 𝑢

1 
𝑔 𝑑𝑥 =  

Ω
∫ 𝑢

2 
𝑔 𝑑𝑥 = φ(𝑔)
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So, this implies , you have . So, and so this means∀ 𝑔 ∈ 𝐿1(Ω)
Ω
∫(𝑢

1
− 𝑢

2
)𝑔 𝑑𝑥 = 0

what? Now, is, so , so they are bounded so on any compact(𝑢
1

− 𝑢
2
) (𝑢

1
− 𝑢

2
) ∈ 𝐿∞(Ω)



set, they are integrable, therefore they belong to . Because they are bounded𝐿1
𝑙𝑜𝑐

(Ω)

functions on any compact set of finite measure, and therefore, it is integrable on, so this is

in and , therefore in particular, , and𝐿1
𝑙𝑜𝑐

Ω
∫(𝑢

1
− 𝑢

2
)𝑔 𝑑𝑥 = 0 ∀ 𝑔 ∈ 𝐿1 ∀ 𝑔 ∈ 𝐶

𝑐
(Ω)

therefore by our previous proposition, this will imply that almost everywhere.𝑢
1

= 𝑢
2

That is, in . So, the mapping is well defined.𝑢
1

= 𝑢
2

𝐿1(Ω) ϕ↦𝑢

Step 6. So, you take, , so, , where(𝐿1(Ω))* → 𝐿∞(Ω) ϕ↦𝑢

, .ϕ(𝑓) =  
Ω
∫ 𝑢𝑓 𝑑𝑥 ∀𝑓 ∈ 𝐿1(Ω)
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This map is well defined isometry and one-one and onto. So, it is one-one because it is an

isometry and it is also onto. And therefore, you have that is isometrically(𝐿1(Ω))*

isomorphic to . So, this proves the Riesz Representation Theorem.𝐿∞(Ω)


