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Lecture 8 - Part 1

Limits at Infinity - Part 1

This is lecture 8 of basic Calculus 1. We recall what we did in the last lecture. We introduced
the one-sided limits, that is, limit of a function as x — a+ or as x — a—. That means, instead of
a neighborhood of the point a, where we are concerned about the limit, we are taking only right
neighborhood or left neighborhood of a, where x will be varying. That is one-sided limit. Today,
we will be talking about limits at infinity. It means, we will be taking the limit when x goes to +co
or x goes to —oco. But there is a problem because co and —co are not real numbers.
(Refer Slide Time: 01:09)
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lim f(x) = £, that is, limit of f(x) as x approaches co is £ iff whenever
iqrizreases without bound to oo, f(x) remains near .

Formalization:

Let S € R contain an open interval of the form (g, co) for some a € R,
Letf :§ — R be a function and let £ € K.

lim f(x) = £, that is, limit of f(x) as x approaches oo is ¢, iff

A—00

corresponding to each € > (, there exists an /n > 0 such that for any

x € § with x > m we have |[f(x) — {| < e.
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For example, lim p 0. i 5
Reason: Let € > 0. Choose m = 1/e. If x > m, then x > 0 and AN
[1/x = 0| = 1/x < €. Hence lim 1 = 0. A
e x—so0

When we say that limit as x goes to co, we would be thinking that x should lie near infinity.
But as infinity is not a real number, what is the meaning of near infinity? Intuitively, what it would
mean is that x increases without bound. That is what we mean when x approaches infinity. That
means, x takes positive values and it goes on increasing. That is the intuitive idea. We recall the
one-sided limits. When we say limit as x goes to c—, x lies in a neighborhood of ¢, which is a left
neighborhood such as (¢ — ¢, ¢). Here, oo is thought of as if it is a very large one, it is not a number,
but it is beyond all the large positive numbers.

So, what do you mean by a neighborhood of infinity? It would mean that x increases without
bound; that means, we will be concerned about points x, which are to the right of any real number,
so to say. So, any neighborhood of infinity will be an interval in the form (a, c0), where a is any

real number. We take the open interval; that means, all numbers greater than a.



That is how we will be thinking about a neighborhood of infinity. Then our earlier definitions
of limit would now work. To be exact, we will take the left side limit, because it is approaching
infinity from the left. Now you may think of a neighborhood of infinity this way and go for a
formalization. So, suppose S is a subset of R; it should contain an open interval of the form (a, o).
That means in the domain of definition of our function, a left neighborhood of infinity should be
there. Of course, there is only one kind of neighborhoods here of infinity, the left one. There is no
right one; since there is no real number greater than that. In fact, that itself is not a real number.

We will be thinking of functions defined from a subset S of R to R, where S contains a
neighborhood of infinity, an interval of the form (a, o0). Then, we will be considering all those x
bigger than a. Next, we should formalize the notion of nearness. We look at the definition of the
left-side limit of f(x) to be equal to € as x — ¢—. You will say “corresponding to each € > 0, there
exists a left neighborhood of ¢ such as (¢ — 6, ¢) such that when x € (¢ — d,c¢), |f(x) — €| < €”.
That would have been the definition when it is c—. Now, it is infinity; its neighborhood would be
something of the form (a, o), or let us say, all x > m for some m. So, the definition would be
“corresponding to each € > 0, there should exist one a real number m > 0". Usually m denotes a
natural number, but here it is taken as a real number. We are concerned about (a, o). So, we can
still say m is bigger than 0; even bigger than 100 is all right; it would be the same thing. That m
is bigger than O we take any x € S with x > m. Now since S contains (a, c0), we may say this as
x > m for some m so that automatically it is all such x are in S. That is, m should be large so that
this interval which is (a, o) is contained in S. That is we can choose our m to be bigger than a.
So, corresponding to each € > 0, there should exist one m > 0 such that for any x € § with x > m,
this condition of nearness of f(x) to ¢ should be satisfied; that is, | f(x) — €| < €. This would be
our formal definition of limit of f(x) equal to £ as x — co.

We repeat. The limit of f(x) asx — ooisequal to £, or, f(x) approaches ¢ as x approaches oo, if
corresponding to each € > 0, there is one m > 0 such that whenever x > m, we have | f(x) —{| < €.
This is how we would be defining the limit at infinity.

For example, consider the function 1/x, which is defined for all x > 0. So, the domain is (0, c0),
the point 0 is excluded. Your S is that. Obviously, S contains any (a, o) where a > 0. To see this
limit condition is satisfied, we guess that the limit should be 0. Because, once x becomes larger and
larger, 1/x becomes smaller and smaller. So, you say that 1/x becomes 0; that is our guesswork.
Let us see how to justify it.

That means, corresponding to each € > 0, we should have one m such that whenever x > m,
|1/x — 0] < €. So, how do we find this m? We have to find one m corresponding to €. So, suppose
€ > 0 is given, we choose m to be 1/e. That is what 1/x suggests. Now, if x > m, then 1/x < 1/m.
Weneed 1/x < €. So, we may take m so that 1 /m < e oreven 1/m = €. So, we choose m = le. We
should then verify. If x > m, thenx > 0 and |1/x — 0] = 1/x < 1/m = €. So, 1/x < €. Therefore,
the limit of 1/x is equal to 0 as x — oo.

We are just checking whether our notion of nearness of 1/x to 0 as x becomes very large; and
this is justified by our definition. All that you have to do is choose m appropriately. So, you choose



m = 1/e. Even if you choose m to be smaller than 1/e, that will also work.
This is the notion of limit of a function as x goes to infinity formalizing the intuitive idea of x
becoming larger and larger.
(Refer Slide Time: 08:55)
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lim f(x) = ¢, that is, limit of f(x) as x approaches —co is £ ift
X——00
whenever x decreases without bound to —co, f(x) remains near .
Formalization:

Let § C R contain an open interval of the form (—co, b) for some
beR. Letf:S— R be afunction and let £ € R.

lim f(x) = ¢, that is, limit of f(x) as x approaches —co is {, iff
X——00

corresponding to each € > 0, there exists an m > 0 such that for any
x € § with x < —m we have |[f(x) - {| < €. ETTTE SR e
w wehave [f(n) —f] <e. oot

-

We will be concerned about the other infinity; that is, limit as x goes to —co. Again, the intuitive
idea is that x approaches minus infinity means x becomes smaller and smaller without any bound
even in the negative. To formalize, we would think a neighborhood of minus infinity. Our intuition
is that infinity is to the right of every real number, and minus infinity is to the left of every real
number. To the left means it will be negative; that is why it is minus infinity. But then, infinity and
minus infinity are not real numbers. So, what is the notion of a neighborhood of minus infinity?

A neighborhood of o is taken as an interval in the form (a, o). Similarly, we take a neighbor-
hood of —oo as an interval in the form (—co, »). You can take b to be negative here; that is okay.
Also, you can take b as any real number. We may think of (—oo, b) as a neighborhood of —co. Now,
the limit as x — —oco will be really something like x — c+; we are approaching —oo from the right
side. That is the intuition.

For the limit, when x is near —oco, we would see that f(x) remains near €. As earlier, when we
say that the limit x — ¢+, we would consider “for every € > 0, there is a ¢ such thatifx € (¢, c+9)”.
This is suitably translated to x € (—o0, b) For x € (—o0, b), we should have | f(x) — €| < €. That is
exactly the definition of limit. We would start with any subset S of R, which should contain some
interval of this form. Once it contains an interval of this form; (—oo, b), you see that if you take
anything smaller than b, say (—oo, d), where d < b, then that (—oo, d) is also contained in S. That
is a neighborhood of —co that is contained in S. This is our precondition for defining the limit,
where § is the domain of the function and ¢ is any real number. In such a case, we will define the

limit of f(x) is equal to £ as x — —oo. And that will hold if and only if corresponding to each



€ > 0, there exists one number, instead of b, we are writing m > 0 such that whenever x < m; you
are taking negative m always, now, because anyway, we are concerned with the neighborhood of
—o0, x should be less than —m; for all such x, we have | f(x) — €| < €. That means corresponding
to each € > 0, you should get some m such that whenever x lies here, it is smaller than —m, m will
be some bigger number, —m will be smaller number. This is 0. Then, for all such x, f(x) is lying
e-close to ¢ in that neighborhood. That is, f(x) should lie between £ — € to £ + €. We said that f(x)
remains near £ when x lies near —co. That is the notion which is formalized here.

(Refer Slide Time: 12:49)
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lim f(x) = ¢, that is, limit of f (x) as x approaches —co is £ iff
whenever x decreases without bound to —eo, f(x) remains near £.
Formalization:

Let S C R contain an open interval of the form (—co, b) for some
b e k. Letf : § — R be a function and let £ € R.

lim f(x) = {, that is, limit of f(x) as x approaches —oo is £, iff
X——00
corresponding to each € > 0, there exists an /m > 0 such that for any

x € S with x < —m we have |[f(x) — €] < e.
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Let us see our earlier function 1/x. Intuitively, it says that when x becomes smaller and smaller
to oo, 1/x becomes larger and larger. On the other hand, if you say x becomes bigger and bigger in
absolute value, but remains negative, that is, x is chosen this way, then what happens to 1/x? 1/x
should be coming back here, and it should become closer to 0. That is what our intuition says.

So, we are going to check limit as x goes to —oo, 1/x should be equal to 0. How do we check
from the formal definition? That means, given € > 0, we should be able to find one m > 0 such that
whenever x < —m, |1/x| should be less than €. As earlier we will be choosing our m. So, suppose
€ > 0. Again, we choose m = 1/e. Whenever x < —m, we would find that 1/x be compared
with —1/m. So, that is the idea of choosing this m this way. So, let us choose this m, which is
1/€e. Now, suppose x < —m. Then we find that 1/x > —1/m. And, since x is negative, 1/x is
also negative. But x < —m. So, what happens to 1/x? That is still negative, so 1/x < 0. That is
what we write here. Then O > 1/x; 1/x is negative. And it is bigger than —1/m. But —1/m = —e.
So, we get 1/x > —¢; so, |1/x — 0|, which is |1/x|; since x is negative, it becomes —1/x. Since
1/x > —€, you would say —1/x < 1/e. And that is what we see, this 1/(1/€) would give you only
€. So —1/x > —e. So, 1/x < €. That is what it is. And that condition is satisfied, that is, for any
€ > 0 given, we choose m = 1/¢; we find that if x < —m, then |1/x — 0| < €. Therefore, the limit



condition is satisfied.
And our claim is proved. So, the limit of 1/x as x goes to —co is equal to 0. We also had the
limit of 1/x as x goes to co is equal to 0. In both the cases it goes to 0. That is what we have seen.
But it may not happen always; here this 1/x is looking very symmetric, for positive or negative x.
(Refer Slide Time: 16:22)
Example 1

Find lim (2+%)
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-1 sinx 1 sinx
Forx >0, — < S < = By Sandwich theorem, lim — =0.
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For x < 0, write x = —¢. Then,

sinx sin(—r sint
lim = lim (-0) = lim — =0.
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Let us take some more examples and see what happens. Suppose I have the function as
2 + (sinx)/x. This is the function. We are required to find its limit as x goes to +oo, or x goes to
—oo. Basically, we will be concerned about finding the limit of (sinx)/x. How does the function
look like? It is just shifted by 2; it is 2 + (sinx)/x. This, the curve of (sinx)/x, starting from 0, so
shifted 2 units, so the curve looks like this, the blue one. Thisis y = 2+ (sinx)/x. As we see, when
X goes to oo, this oscillation becomes smaller and smaller; it becomes 0. Similarly, on the left side,
this 2 remains; so the limits would be 2. That is our guess. Let us find out how does it happen.

Suppose x > 0. We are trying to find the limit as x goes to co now, we will tackle —co separately.
For that, we can assume x > 0, even we can take x > 100 because x would be lying closer to
infinity. So, suppose x > 0. For this x, this types of x, we have this inequality satisfied, because
sinx lies between —1 to 1, and x is positive. So, —1/x < (sinx)/x < 1/x. Why are you doing it?
Obviously, we will be using Sandwich theorem because we already know the limit of —1/x and of
1/x as x goes to co. We know that limit of 1/x as x goes to co is 0. What about —1/x? Well, it is
just a minus sign, so that is also going to 0. By Sandwich theorem, we say that the limit of (sinx)/x
is 0; because this goes to 0 as x — oo, this goes to 0 as x — 0.

Remember that we have proved or mentioned Sandwich theorem only for the limits when
x — c. But that also holds for x — oo, because it is the same neighborhood idea. By using the
neighborhood idea again here, Sandwich theorem also holds for the case x — oco. With that in

mind, we have done this —1/x to 1/x estimates and that gives us the limit as x goes to infinity of



(sinx)/x as 0.

Now, what about the limit as x goes to —co? Well, for that, imagine x < 0. Then, instead of
doing it fresh again, because we have done already (sinx)/x, we will substitute x with —z. We are
going to do some limiting or limit calculation here. The limit as x goes to —oo is same thing as the
limit as 7 goes to oo, because ¢ = —x, or x = —t. And what happens to the sinx in terms of #? It is
[sin(—1)]/(—~t). But sin(—f) = —sint. So, these two minus signs cancel and you get the limit as ¢
goes to oo as it is; the ratio becomes (sint)/t. That is same as (sinx)/x as x — oo. The variable
is x or t, it does not matter, because it is the same neighborhood idea. So, this is equal to O; that
means the limit of (sinx)/x, whether x goes to infinity or whether x goes to minus infinity, is equal
to 0. That conforms to our intuitive idea that we explained earlier.

Once this limit is equal to 0, you can go to 2 + (sinx) /x. That should be equal to 2 plus 0, right,
that is 2. That is what we see. Hence the limit as x goes to +oco, and as x goes to —oo, both the
things we wrote here, of the function 2 + (sinx)/x should be equal to 2. See how the estimates are

helpful.
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Example 2 Juicy

Find limits at co of f, g : (0, o) — R, where

1 ifxeQ

0 ifxeR-Q.
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For f(x), as x increases to oo, f(x) = vx does not remain near any real
number.

For g(x), when x increases to oo, the values of g(x) oscillate between 0

and 1.

Hence lim f(x) and lim g(x) do not exist. ==

Note: lim f(x) = Iin{;n f(1/x) and lim f(x) = litg f(1/x).
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We will take one more example. Let us say we are having two functions here; we have to find
the limits at infinity, that is, limit as x goes to infinity of f(x) and of g(x), where f(x) is given
as yx, and g(x) is defined conditionally this way: it is 1 when x is a rational number and it is O
if x is irrational. Of course, the domain is (0, c0). When you say x € Q, here it means x € Q
and x remains positive. And the second one is x is irrational and also x is positive; it is a positive
irrational. For those x, g(x) is defined this way. It is 1 for positive rationals and O for positive
irrationals. Only for positives, it is defined here.

We want to find out the limit of f(x) as x goes to infinity. Intuitively what it says is that as x

increases to infinity, f(x) = v/ also increases to infinity. That means it will not remain near any



real number. Suppose I say 100, now, will square root of x remain near 100 for every x? No? If
I take, say, x = 10002, then its square root will become 1000. So, it does not remain near 100.
For every €, I should get one ¢ so that I should have |f(x) — 100| < €. It is not so, because it is
becoming 1000 here. If I choose € = 1, then it does not. That is the argument that /x does not
remain near any real number, it becomes larger. So, that is the intuition. But you can justify it
through the formal definition also. It means f(x) = /x will not have a limit as x — oo.

What about g(x)? As x increases to infinity, it will take rational values as well as irrational
values. We have the denseness of rationals that between any two real numbers there is a rational
number, and there is also an irrational number. That means, as x becoming larger and larger, x goes
through real numbers. Whenever it is rational, g(x) becomes 1, and whenever it is irrational, g(x)
becomes 0. So, it does not remain near either of them, it becomes 1 sometimes, and O sometimes.
It oscillates between these two two values. Really, becomes 1 or 0, 1 or 0 at almost every point.
When it remains in the neighborhood of infinity, it assumes both the values, so to say; it does not
remain near any one of them. Therefore, that limit also should not exist.

That is why we say that the limit of f(x) does not exist, and the limit of g(x) does not exist as
x goes to infinity.

Let us do some more problems basing on this notion. There is a note here, which says that you
can convert x goes to infinity to x goes to O+ by substituting x with 1/x. So, here itis ¢, r = 1/x,
s0, x goes to oo is same thing as ¢ goes to 0+. You would say that the limit of f(x) as x — inftyis
same as the limit of f(1/x) as x goes to O+.

Similarly, when we take f(1/x), then as x goes to —oo, would mean as x — 0—. That means,
from the negative side of 0; so, you will be taking this way, and it is a new function: f(1/x). On the
other hand, if x goes to infinity, we will say f(1/x) as x — 0+. It is in the neighborhood of 0 but
remaining positive. Sometimes, this substitution is helpful because it can simplify some notation

and some expressions. You may not have occasion immediately, we will see its use later.



