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Lecture No - 31

Schwarz Reflection Principle

In Real Analysis we have seen many instances where we had to extend our given function
which is defined on an interval to a larger interval. So a function f defined on I, an
interval on R had to be extended to a function on J, a larger interval containing I. In
fact, if we start off with a continuous function we would have demanded many times
to get hold of an extension which was also continuous. If we started off with a smooth
function on I, the requirement was that we get a smooth extension to J. So the regularity
had to be preserved.

In this lecture, we will address a similar problem for holomorphic functions. Holo-
morphic functions, as we have already seen by now, is a very rigid class of functions. It is
not very easy to answer the question of extension many times. There would not be an ex-
tension possible at all. For example, on the unit disk, if we take the function f(z) = ﬁ,
then it does not extend past the boundary at all.

Here we will prove a theorem called the Schwarz Reflection Principle which tells us
certain special circumstances when we will be able to talk about the extension of a holo-
morphic function. Let us try to set up the circumstances where we can indeed talk about
such an extension.
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Let Q be an open connected set. Define Q := {z€C:ZzeQ}. Suppose f:Q— Cbea
holomorphic function. Then define f*: Q — Cby f*(2) = f(Z).
EXERCISE 1. f* is holomorphic on Q.
We say that Q is symmetric with respect to R if Q = Q.

EXERCISE 2. If Q is symmetric with respect to R, then Q intersects the real line.

We shall now focus on open connected sets (2 which are symmetric with respect to
R. Let f be a holomorphic function on Q. Since Q = Q, the domain of definition of both
f and f* are the same and are holomorphic on Q.

Define g: QO — C given by
g(2) = f(2a) - (2.

Then g is holomorphic on Q.
Now let us look into the case that our function f satisfies the condition that, f(x) € R
whenever x € R. Then, for x € Q N R, we have f(x) = f*(x). Hence g(x) = 0. Since

Q is open, there exist a,b € R such that [a, b] < Q and g(x) = 0 for x € [a,b]. But by
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the identity theorem, we know that zeroes of a non-constant holomorphic function are
isolated. Hence g =0 on Q. That s, f(z) = f*(z) on Q.
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We will be using the following notations:

Let Q) be an open connected set which is symmetric with respect to R. Then

Q,={zeQ:TJm(z) >0}
Q_={zeQ:TIm(z) <0}

I={zeQ:TJm(z) =0}.

Hence Q=Q,UlTuQ_.

THEOREM 3 (Schwarz Reflection Principle). Let QO be symmetric with respect to R.
Suppose [ : Q. Ul — C be a function which is continuous on Q. U I and holomorphic on
Q.. Suppose f(x) € R for every x € I, then there exists g : O — C holomorphic on Q such

that g(z) = f(z) foreachze€ Q, U I.



PROOE. Define the function g as,

(2 forze Q_
8(2) =
f(2) forzeQ, Ul
Now it is left as an exercise for the reader to check that the function g is continuous on
Q.

We shall prove that g is holomorphic on Q. Since f is holomorphic on Q,, it is easy
to verify that g is holomorphic on Q; UQ_. Hence to establish that g is holomorphic on
Q, it is enough to check complex differentiability at points on I.

Let zo € I and let r > 0 be such that D(zg,7) € Q. One can verify that by Morera’s
theorem, for proving g is holomorphic, it is enough to check [, g = 0 for every triangle
T in D(zg,1).
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For this, it is enough to show that

fg:O forTcQ,ulorT<Q_ UL
T



We will establish this statement by proving that

Jog=c
T

where T is the triangular path y, .z, 2,2, where z1, 23, z3 € D(2¢, r) such that zp, z3 € I.
We know that the convex hull T is a compact set and g is uniformly continuous on 7.

Let M =sup|g(z)] and d = sup |z — w|. By uniform continuity, given an € > 0, there
zeT zZ,weT

exists € > 6 > 0 such that |g(z) — g(w)| < e whenever |z— w| < on T. Pick w, and w3 on

Y z,—z, and Yz, -z, respectively such that |w, — z3| <6 and |ws — z3| < 6. Then

f gz)dz :f
T Y

But by Cauchy’s theorem,

g(z)dZ+f g(2)dz.

Z]1 Wy —w3—2) YW34>M}24>224>234>W3

f g(z2)dz=0
Yz1—wo—~w3—z

since Yz, — w,—w;—z < +. Hence

ng(z)dz:f g(2)dz
Y

W3—wp—2p—23—W3

(1) f gzr)dz= f
T Y

Now let us consider first and third terms of (1).

(2) f g(z)dz+f g(z)dz:f
Y Yws—wy Y

Since yz,—z, = (1 —1)zp + tz3 and Yy, —w, = (1 — H)wy + tws. Then, (2) can be written as,

J

g(z)dz+f

Ya3—ws

g(z)dz+f

Yws—ws

g(z)dz+f g(z)dz.

ZZHZ?, ’)/IA}ZHZZ

g(Z)dZ—f g(z)dz.
Y

22723 22723 wz— w3

1
g(z)dz+f g(z)dz:(23—22)f() g((1-1tzp+tz3)dt

Zp—2Z3 YW3—> wo

1
— (w3 — wz)fo g((1-NHwy+tws)dt
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Now if |(1—8)zp + tz3) — (1 — Hw, + tws)| < §, we have,

J

=<

1
(Zg—Zg)L g((1-08zo+tzz3)—g((1—-Hw + tw;;)dt'

g(Z)dZ—f g(z)dz
Y

wp—ws

Zp—23

1
+ ((w3—w2)—(zs—zz))f0 g((l—t)wZng)dt‘

<l|zz3—22le + (w3 — z3| + w2 — 22|) M

<de+2ecM = (d+2M)e.

Now let us consider second and fourth terms in (1).

1
= ‘(u/s —23)f0 g((1-Dzs+ tws)dt

f g(z)dz
Y

23—w3

<eM.

Similarly,

< Me.

f g(z)dz
Ywy—zp

Hence,

=ce

f gz)dz
T

for some positive constant c € R.
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Since € > 0 was arbitrary, we have,

f g(z)dz=0.
T

Hence g is holomorphic in D(zy, r).




