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Schwarz Reflection Principle

In Real Analysis we have seen many instances where we had to extend our given function

which is defined on an interval to a larger interval. So a function f defined on I , an

interval on R had to be extended to a function on J , a larger interval containing I . In

fact, if we start off with a continuous function we would have demanded many times

to get hold of an extension which was also continuous. If we started off with a smooth

function on I , the requirement was that we get a smooth extension to J . So the regularity

had to be preserved.

In this lecture, we will address a similar problem for holomorphic functions. Holo-

morphic functions, as we have already seen by now, is a very rigid class of functions. It is

not very easy to answer the question of extension many times. There would not be an ex-

tension possible at all. For example, on the unit disk, if we take the function f (z) = 1
z−1 ,

then it does not extend past the boundary at all.

Here we will prove a theorem called the Schwarz Reflection Principle which tells us

certain special circumstances when we will be able to talk about the extension of a holo-

morphic function. Let us try to set up the circumstances where we can indeed talk about

such an extension.
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LetΩ be an open connected set. DefineΩ := {
z ∈C : z ∈Ω}

. Suppose f :Ω−→C be a

holomorphic function. Then define f ∗ :Ω−→C by f ∗(z) = f (z).

EXERCISE 1. f ∗ is holomorphic onΩ.

We say thatΩ is symmetric with respect to R ifΩ=Ω.

EXERCISE 2. IfΩ is symmetric with respect to R, thenΩ intersects the real line.

We shall now focus on open connected sets Ω which are symmetric with respect to

R. Let f be a holomorphic function onΩ. SinceΩ=Ω, the domain of definition of both

f and f ∗ are the same and are holomorphic onΩ.

Define g :Ω−→C given by

g (z) = f (z)− f ∗(z).

Then g is holomorphic onΩ.

Now let us look into the case that our function f satisfies the condition that, f (x) ∈R
whenever x ∈ R. Then, for x ∈ Ω∩R, we have f (x) = f ∗(x). Hence g (x) = 0. Since

Ω is open, there exist a,b ∈ R such that [a,b] ⊆ Ω and g (x) = 0 for x ∈ [a,b]. But by
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the identity theorem, we know that zeroes of a non-constant holomorphic function are

isolated. Hence g ≡ 0 onΩ. That is, f (z) = f ∗(z) onΩ.

(Refer Slide Time: 08:52)

We will be using the following notations:

LetΩ be an open connected set which is symmetric with respect to R. Then

Ω+ = {z ∈Ω : Im(z) > 0}

Ω− = {z ∈Ω : Im(z) < 0}

I = {z ∈Ω : Im(z) = 0} .

HenceΩ=Ω+∪ I ∪Ω−.

THEOREM 3 (Schwarz Reflection Principle). Let Ω be symmetric with respect to R.

Suppose f :Ω+∪ I −→C be a function which is continuous onΩ+∪ I and holomorphic on

Ω+. Suppose f (x) ∈R for every x ∈ I , then there exists g :Ω−→C holomorphic onΩ such

that g (z) = f (z) for each z ∈Ω+∪ I .
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PROOF. Define the function g as,

g (z) =

 f ∗(z) for z ∈Ω−

f (z) for z ∈Ω+∪ I .

Now it is left as an exercise for the reader to check that the function g is continuous on

Ω.

We shall prove that g is holomorphic on Ω. Since f is holomorphic on Ω+, it is easy

to verify that g is holomorphic onΩ+∪Ω−. Hence to establish that g is holomorphic on

Ω, it is enough to check complex differentiability at points on I .

Let z0 ∈ I and let r > 0 be such that D(z0,r ) ⊆ Ω. One can verify that by Morera’s

theorem, for proving g is holomorphic, it is enough to check
∫

T g = 0 for every triangle

T in D(z0,r ).

(Refer Slide Time: 17:25)

For this, it is enough to show that∫
T

g = 0 for T ⊆Ω+∪ I or T ⊆Ω−∪ I .
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We will establish this statement by proving that∫
T

g = 0

where T is the triangular path γz1→z2→z3→z1 where z1, z2, z3 ∈ D(z0,r ) such that z2, z3 ∈ I .

We know that the convex hull T̂ is a compact set and g is uniformly continuous on T̂ .

Let M = sup
z∈T̂

|g (z)| and d = sup
z,w∈T

|z −w |. By uniform continuity, given an ϵ> 0, there

exists ϵ> δ> 0 such that |g (z)− g (w)| < ϵ whenever |z −w | < δ on T̂ . Pick w2 and w3 on

γz1→z2 and γz1→z3 respectively such that |w2 − z2| < δ and |w3 − z3| < δ. Then∫
T

g (z)d z =
∫
γz1→w2→w3→z1

g (z)d z +
∫
γw3→w2→z2→z3→w3

g (z)d z.

But by Cauchy’s theorem, ∫
γz1→w2→w3→z1

g (z)d z = 0

since γz1→w2→w3→z1 ⊂Ω+. Hence∫
T

g (z)d z =
∫
γw3→w2→z2→z3→w3

g (z)d z

(1)
∫

T
g (z)d z =

∫
γz2→z3

g (z)d z +
∫
γz3→w3

g (z)d z +
∫
γw3→w2

g (z)d z +
∫
γw2→z2

g (z)d z.

Now let us consider first and third terms of (1).

(2)
∫
γz2→z3

g (z)d z +
∫
γw3→w2

g (z)d z =
∫
γz2→z3

g (z)d z −
∫
γw2→w3

g (z)d z.

Since γz2→z3 = (1− t )z2 + t z3 and γw2→w3 = (1− t )w2 + t w3. Then, (2) can be written as,∫
γz2→z3

g (z)d z +
∫
γw3→w2

g (z)d z = (z3 − z2)
∫ 1

0
g ((1− t )z2 + t z3)d t

− (w3 −w2)
∫ 1

0
g ((1− t )w2 + t w3)d t
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Now if |((1− t )z2 + t z3)− ((1− t )w2 + t w3)| < δ, we have,

∣∣∣∣∣
∫
γz2→z3

g (z)d z −
∫
γw2→w3

g (z)d z

∣∣∣∣∣≤
∣∣∣∣(z3 − z2)

∫ 1

0
g ((1− t )z2 + t z3)− g ((1− t )w2 + t w3)d t

∣∣∣∣
+

∣∣∣∣ ((w3 −w2)− (z3 − z2))
∫ 1

0
g ((1− t )w2 + t w3)d t

∣∣∣∣
≤ |z3 − z2|ϵ+ (|w3 − z3|+ |w2 − z2|) M

≤ dϵ+2ϵM = (d +2M)ϵ.

Now let us consider second and fourth terms in (1).

∣∣∣∣∣
∫
γz3→w3

g (z)d z

∣∣∣∣∣=
∣∣∣∣(w3 − z3)

∫ 1

0
g ((1− t )z3 + t w3)d t

∣∣∣∣
≤ ϵM .

Similarly,

∣∣∣∣∣
∫
γw2→z2

g (z)d z

∣∣∣∣∣≤ Mϵ.

Hence,

∣∣∣∣∫
T

g (z)d z

∣∣∣∣≤ cϵ

for some positive constant c ∈R.
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Since ϵ> 0 was arbitrary, we have,∫
T

g (z)d z = 0.

Hence g is holomorphic in D(z0,r ). □


