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So in the last video we have seen how to solve the Bessel equation when 2 alpha is non-zero
integer, non-zero integer we have seen, that is corresponds to the case 2. In case 2 itself we
have a special case. You don't have to calculate the second linearly independent solution by
the method of Frobenius. You can see that the first solution itself will give me the way we just

replace alpha by minus alpha will give you.

So alpha, so 2 alpha, so n is alpha equal to n, n is, when you have alpha is 2 alpha, so the
difference between the 2 alpha is non-zero integer. So you have seen when they are odd
integers, when they are odd integers, you have seen that, we already, you can get linearly

independent solutions as J alpha and J minus alpha,

Ok and when 2 alpha, the difference between the roots of the indicial equation is even integer
that is same as alpha is equal to integer, alpha equal to n, n is from 1,2, 3 and so on, you have
seen how to calculate the second linearly independent solution other than J alpha of x. Ok so
what is the, what is left is only for the case when alpha is repeated. alpha is repeated, the
difference is 2 alpha that is alpha and minus alpha, they are repeated only when alpha equal

to zero. So that is the case we see.



So that we solve this case 3 now. Case 3, you consider this
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case when, what we have seen is you have already seen that in this case, when alpha equal to

zero, so we have alpha equal to zero, so the equation, equation is simply x square y double
dash plus x y dash plus x square minus alpha square, alpha is zero y equal to zero.

So this is the equation, x positive, so
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you have already seen that this solution is J, y, y 1 of x is this solution. One solution is this,

Ok. This is one
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solution. So to get the other solution, you ‘know when the repeated roots, when the
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roots are repeated, Ok, so we have seen that, when you look at k square minus alpha square

equal to zero. So
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k equal to plus or minus alpha.

So, when they are repeated roots if alpha is equal to zero, Ok. So in this case, second linearly

independent solution is,
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there is no arbitrary constant here, so it is simply J naught, that is y 1 of x into log x plus so x

power zero, X power r, X power other root minus alpha, x power minus alpha, alpha is zero so

that is simply 1. You have n is only from 1 to infinity some d n x power n.

So this is how you should look for second solution
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as in the previous, as in the Frobenius method. So you simply solve, try to substitute this

equation into the, into the Bessel equation. So substitute this form of solution, Ok, look for y
2 in this form and substitute there, so to get that, you need the derivatives to substitute into

the equation.

So you have J naught of x by x plus log x J naught dash of x plus here, if you, if you repeat, if

you differentiate, n i s from 1 to infinity, d n, n d n X power n minus 1,
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this is what is the derivative. Now if you do this y 2 double dash of x, again minus J naught

of x by x square plus J naught dash of x by x, Ok plus if you differentiate this, you get J

naught dash of x, so you have repeated, so twice, so you have J naught dash of x, J naught



double dash of x into log x. This is, so you see these are the 3 terms you get if you
differentiate these 2 terms. And then you have n into n minus 1 d n x power n minus 2. Now
this is running from, X power zero so constant. If you differentiate it will go, so starting from

2 to infinity.

Ok so these 3,
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you substitute in the equation, x square y double dash, that will give you minus J naught of x

plus 2 x J naught dash of x plus x square J naught double dash of x into log x. Plus n is from

2 to infinity t n into n minus 1 d n x power n. So it starts from n is 2 onwards, Ok.

This is the
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x square y dash, x square y double dash plus x into y dash, x into y 2 dash that is J naught of

x x log x J naught dash of x plus you simply have again 1 is from and d n x power n. Our

remaining is X square, X square y, so that is x square into y is, so x square J naught of x log x

plus x square so this you have and you multiply this x square d n x power n plus 2.

So you see that
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this is what you substituted and equal to zero. This is what is the equation. This, this goes
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and you see that all the powers of series are x power n so here if you make it n equal to n

minus 2, if you make n equal to n minus 2, so then becomes n d n minus 2. So if you replace

n equal to n minus 2, this starts from
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3 to infinity. So you can see that, now look at these 3 terms.

So this one, this one and this one, all the coefficients of log x, if you see these together, J

naught is since J naught is
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satisfying the equation, so you can see that log x times, so x square J naught double dash plus
x J naught dash plus x square J naught of x is equal to zero. So because this is equal to zero,

because J naught satisfies the equation, Bessel equation, this has gone.

So plus, now you have 2 x J naught dash of x then plus, now you have, you can put it
together, so it starts from, n is from 1 to infinity, here n 3 to infinity, this is 2 to infinity. So
common thing is from 3 to infinity, so n is starting from 3 to infinity, so you have n into n

minus 1 d n, Ok plus n d n, Ok plus d n minus 2 into X power n
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and whatever the remaining terms you missed, here n equal to 2, so it will give me 2 d 2 x
square, here n equal to 1 and 2, so here n equal to 1 and 2 will give me, n equal to 1 you have

d 1 x plus 2 d 2 x square equal to zero. So this is what you have.
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So if we rewrite, so d 2 d 2 x square, so that is going to be 4 d 2 square d 1 x plus plus 2 x J
naught dash of x plus this is running from 3 to infinity so you see that here, n into n minus, n
square minus n plus n, so that is going to be simply n square d n plus d n minus 2, Ok so into

X power n equal to zero.
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So what is your J naught, J naught of x is actually equal to, so you can rewrite, so that is, you

have already seen what is J naught, J naught is 1 plus sigma m is from 1 to infinity minus 1



power m x power 2 m plus alpha alpha is zero, so divide by 2 power, so you have x by 2, x by
2 power 2 m plus alpha, so you have 2 m m factorial gamma of m plus 1, that is one more m

factorial that is square.
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So this is what is your J naught of x. So you need J naught dash of x, so that will give you,

that is zero. Here this will give me simply, m is from 1 to infinity minus 1 power m x power 2

m minus 1 Ok divided by 2 power 2 m into
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T et T g

WAHGL /D0 CE ) [JH,-¢ -S4 -

/MEENEEEN [ NON 9088
& < )

DiferntalEquations For Eniners-10:04-201 - Windows loural - ol

3 CR LN @\_ . ]
ne La,_\" o 0\11+L0‘L1\' =0
) W~
v A 1 =0
Ar gy + 0 o + Z[“ e “'J
ney
%) w o
L} ALY \ (_\) 7l
G\) X —(1): Z——/
oo e oy Y
T“ \ Wi L (‘*0 . fely 2 )

m dash square. This is what your J naught dash. So go and substitute into the equation
wherever here J naught dash, so you get, so it starts from x onwards. So x, x and so if you see

this, this series starting from x cube onwards, this is x, x square this is starting from x
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Ok so0 X, x cube, x 5 and so on.

'

So J naught dash is actually x powers of odd. So finally you get this d 1 x plus 4 d 2 x square

plus 2 x, 2 x you multiply so two times, so if you do this, if you replace m is from 1 to

infinity minus 1 power m x power 2 m divided by 2 power 2 m minus 1 m factorial square.

This is what is 2 x J naught dash plus n is from 3 to infinity n square d n plus d n minus 2 into

X power n equal to zero. So
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now you can equate, these are odd. These are now only even terms, so X square, X 4 and so

on, so this is running from x 3 onwards. So equate the coefficients of lowest, coefficients of

starting with x equal to zero will give me, so d 1 equal to zero, Ok. d 1 is the coefficient



(Refer Slide Time 11:23)

e 6t Vow_ ot cors Tecs W
WGP /OO CE -9 -S4 -

DiferentlEquations Fo Enginers-10-04- 201 -Windows oural -oEN

B !!]Iﬁllﬁlﬂyi‘llﬂli i mEh. 4K LSS S e
= ——— N =
1’ w |
ALY \ (_\) \
&
Z(M , s ZW
gy 7 M Wl '
T T TPTRE L
queadts T+ LEATA,
el ol 4
A hrzor A=

of x, so coefficient of x square will give me, what is the coefficient of x square, 4 d 2 and

here m equal to 1, so that corresponds to minus 1 by, m equal to 1, so you have 2 and you
have m equal to 1, so this is simply half, Ok plus and this is zero so that is going to be zero.

So this will give me d 2 equal to 1 by 8,
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Ok.

Similarly coefficient of x cube equal to zero. So this will give me x cube, what is x cube here,
so you have, there is no, these are all even. So you have only here so that will give n square d
3 plus d 1 equal to zero. Because d 1 is zero, d 3 has to be zero. So implies d 2 n plus 1 equal

to zero for every n, 1,2, 3 and so
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on, because, because of this. These are all odd. These are all the odd coefficients, Ok, x

power of odd numbers. So that coefficient has to be zero.

So from this, because d 1 is zero, d 3 is zero. d 3 is zero, next time d 5 will be zero and so on.
So you will get all the odd coefficients will be zero. Only now we have to consider
coefficient of x power, while say 2 n, 2 m equal to zero will give me, so start with, if you
want you can say simply x power 4, x power 4 will give me, you get m equal to 2. So you
have 1 by 2 power 4 minus 1 so 3, 2 factorial square, Ok plus n equal to 4 is 4 d 4 plus d 2.
Ok, so 4 square d 4 plus this is equal to zero. So this will give me d 4 equal to minus d 2

minus 1 by 2 cube 2 factorial square divided by 1 by 4 square.
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So what is d 2, d 2 I know already, so 1 by 8, so you have 1 by 4 square minus comes out, so

1 by 8, 1 by 2 cube into 1 plus 1 by 2 factorial square. This is what is your d 4.
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So like this you can get coefficient of x 5 zero, if you make it equal to zero, you see that d 5

will be zero. So that we have already seen here. So you make it equal to 6 equal to zero, so
you see that d 6 will be, so for this you have to use m equal to 3. m equal to 3, so you have
minus 1 by 2 power, m equal to 3, 5, 3 factorial square plus 3 square, this is m equal to 6, so x
power 6 you need, so n equal to 6 here in this series. So n equal to 6, so 6 square plus d 6 plus

d 4 equal to zero. So this
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will determine d 6 in terms of, again you know what is d naught, so substitute and get your d

6. It’s going to be 1 by 6 square minus d 4 minus, minus minus plus now, so 1 by 2 power 5 3

factorial square.

(Refer Slide Time 15:22)

" ol
Fle e View o Actons Took Hep
WDHGALI/ OO CE [ -@- 34T -
EERERERN NON 9088
of frzo: 4= /
=

|
b e
bom 4 -——=0 E
(,ﬂLo. Ao, ) 4 =e dnelppnno
G0t W e 2 deo 9 P

|
A n 43’&-\-&,_):0:) 4 :—LEAL"‘L?J_,B'
SEST Cane]
gL 2
i +(CVJ\‘+:M =0

So d 4, so now d 4 you substitute, so you can see that some number, Ok, minus, my minus d 4

is 1 by 4 square into 1 by 2 cube 1 plus 1 by 2 factorial square, Ok, that is what is my d 4 plus

1 by 2 power 5 3 factorial square, something like this. So you get this d 6 and so on, and so
on, Ok.

And so on, you get
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all other coefficients, so go back and substitute here, all coefficients into your second solution

which is in this form. So what are the unknowns? Only to get d ns, which you have found,
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so that is your second solution. Again here you can define whatever you get here, so after

W

getting these coefficients, that is actually whatever you get, so y 2 of x is actually Bessel
function of second kind, second kind of zeroth order, because alpha is zero, Bessel function

you can write y zero if you want, y of zero.

You have seen earlier y n of x and alpha equal to n. Now you see that y n of x by definition,

this is your form y 2 which is given here,
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Ok with all the d ns which you calculated here. So that is how you define Bessel function of

second kind with order alpha

equal to zero, Ok. Bessel function of zeroth order of second

kind, second kind Bessel equation of order zero.

So this is how we get this

(Refer Slide Time 17:03)

Differentia Equations For Engineers-10-04-2017 - Windows Joural sl
YL AT ) | PTG &
} /MEEEEEEEHEE ®[08] 3 B B T LI
o N
v \ vy =
Col/.t(" V=0 - \,7“-{-[?-\‘13‘-0}1?0
=0
/y@ (1\/ betd (=87
B ! = YO
. y TR
AN TR CE R v EM s e
——————bal =t
TR
o= By b 36+ 'Z“ !
L L.-——-" o
s ,( 'J,(ﬂ T&\ %2‘ .;.i W)
“& St

+T/+‘

—‘ﬂ

by 70 45 WA,
=== W

/]/(m +LKZ]'(1)+"T»"”'J'* A Z RIERY

=20

+'L'IME7< Z‘X_‘

2
¥
>

y 1 and y 2, you simply apply the Frobenius method to find the general solution. So general

solution of the Bessel equation in this case is y of x, this is the case corresponds to alpha

equal to zero, y 1 is simply ¢ 1 y 1 x. y 1 we know already, this is J naught of x plus ¢ 2, some

arbitrary constant that y zero of x, that is your y 2, Ok, just calculated. So this is your
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general solution of the Bessel equation in the case when alpha equal to zero.

So we have seen the special case when 2 alpha is odd integer, odd non-zero integer. That
means 2 alpha is 1, 3, 5 and so on. In this case, general solution we have seen that ¢ 1 times J
alpha of x plus ¢ 2 J minus alpha of x is what you have already seen, Ok. This is the special

casc.
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Only when alpha is, 2 alpha is 2,4,5 and so on, 2, 4, 6 and so on, when it is even, that is same
as saying this is, alpha is 1,2,3 and so on. You have seen the general solution is ¢ 1 times J

alpha of x plus ¢ 2 times y alpha of x, this is unbounded. You can see that the second solution

(Refer Slide Time 18:25)

et Viw et At Tech e
DdHGP /DO Ce [, -@-D4F-
B/MEREEEEN BON 908%8]

Diferenil Equaions orEngineers10-04-201 - WindowsJoumal -oEN

\ o O -
5 l&@@k‘ﬁyf 'Fw?] ok
V0 gued Shle & yw= 0 308 SN0

2z 13,8, a.@: ¢ 'J;((\) +Q 3_}.1)

Calid -~ jY= g To+SYY

——




because of log x, log x term y x is unbounded. Here J alpha of x is also unbounded because of

X power minus alpha.

Now what else you have seen? So this is, this is what when 2 alpha is integer. So when alpha
equal to zero, so we have already seen this one. This is the case. This we have seen, so when
alpha is non-zero, so when 2 alpha doesn't belongs to Z, any integer, in this case, again it is
the same type. So that is like this type. ¢ 1 J alpha of x plus ¢ 2 J alpha of x, Ok, so these are
the, this is how
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you get, whatever may be alpha value, depending on the difference between the roots of the

indicial equation, you have the general solution of the Bessel equation.

But in this special case, you have this one. These are, this you can calculate in a different
way, that we will using the properties of these Bessel functions, Ok. So you will have certain

properties of Bessel functions.

Start with, so you
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know what is J alpha of x, so let us write J alpha of x and then you can just write the

properties, Ok. So having known what is J alpha of x, 1 plus sigma, m is from 1 to infinity,
minus 1 power m, x by 2 power 2 m plus alpha divided by m factorial gamma of m plus alpha
plus 1, this is what you have, right. So property 1 is you differentiate this, if you differentiate,
actually so you have x power alpha, corresponds to m equal to x power alpha here. So x
power alpha, this we can combine it and say m is from zero, so if we put m equal to zero also,
you see that 1 minus 1 power m zero, so x power 2,2 m plus alpha. When you have m equal
to zero, what you have is simply x power 2 alpha. So this is what you have, divided by m

factorial gamma of m plus alpha plus 1.

First property is
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if you differentiate, I will differentiate this, multiply x power alpha and you take this J alpha

of x. What you get is x power alpha J minus alpha of x.
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Second one is if you replace alpha by minus alpha, you take the difference, multiply x power
minus alpha, J alpha of x. This becomes x power alpha, in this case what happens? x power

minus alpha and you have a minus here, J alpha plus 1 of x.

I will first see these 2 properties and then
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you expand this side, left hand side and if you add and subtract it will give you 2 more

properties. So these are important, first we will prove these properties. Simply multiply the
first one, to get the first one you consider this. So we will prove the first one. So proof of the
first one is you consider this x power alpha J alpha of x. What happens, this will be equal to,
m is from zero to infinity minus 1 power m x by 2 power 2 m plus 2 alpha divided by m

factorial gamma of m plus alpha plus 1.
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So if you differentiate this, so you have, you have to differentiate this, this will become
simply, m is from zero to infinity minus 1 to power m, 2 m plus 2 alpha into x by 2 power 2
m plus 2 alpha minus 1, Ok. What is the derivative? So derivative is simply 1 by 2, derivative

of x by 2, so I have 1 by 2 divided by m factorial gamma m plus alpha plus 1, so take this x



power alpha out. x power alpha if I take it out, so who what we have is m is from zero to
infinity, minus 1 power m, m plus alpha so what we have is, this 2, this 2 goes here, so you
have m plus 1, this you can rewrite gamma m plus alpha plus 1 you can write as m plus alpha

into gamma m plus alpha, so this you can cancel so
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you have x power 2 m plus alpha minus 1 divided by 2 power m factorial gamma m plus

gamma, gamma m plus alpha minus 1 plus 1 I can write and what is left is, 2 power 2 m plus
2 alpha, so 2 m plus 2 alpha minus 1. So when I multiply x power alpha, so it is actually only

here, not for the full, so this is only x power this,2 power 2 m
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plus alpha, so only 2 m plus alpha, Ok.



So you have only, this is only for x. So you have only x, 2 power 2 m plus alpha, Ok. So if
you differentiate here, so 2 m plus alpha, so minus 1, so this is what you get and you have 2
power 2 m plus alpha. So this is right, so you take x power alpha out, you have this and this
you can write like this, I have 2, [ have 2 m plus alpha, Ok. So this is it, so this is equal to x
power alpha times this is exactly equal to alpha is replaced with alpha minus 1, wherever you
have this, this shall have alpha plus 1. So this is nothing but J alpha minus 1 of x. So what
you have is, this is not minus alpha, this should be alpha minus 1, Ok so that is your first

property, done.
Second property

) Equatons For Eginers10-04-2017 - Windows Journal - ol
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proof is also something similar. You multiply x power minus alpha to J alpha. So if you do

that, and differentiate, differentiation with x power minus alpha, J alpha of x, what you get is
d d x of simply m is from zero to infinity, what you have is minus 1 power m x power 2 m
plus alpha. When I multiply with x power minus alpha this goes divided by 2 power 2 m plus
alpha Ok because that is in the J alpha n factorial gamma of n plus alpha plus 1. Ok, so this

you have to differentiate.

So this will give me, if you differentiate so m equal to zero, that is going, right, so what you
are left with is only m is from 1 to infinity, minus 1 power m 2 m x power 2 m minus 1

divided by 2 power 2 m plus alpha m factorial gamma of m plus alpha plus 1.
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So but you need from m is from m equal to zero, even if you differentiate so you can see that

X power m equal to zero, that is simply a constant. After differentiation, it will go. So x

square, so you only have m equal to 1. So that is what you have so now you change the index

and rewrite. So if you write the index, where is that x power minus alpha gone? Right so you

have, now you take what you want is, when you multiply and differentiate you want x power

minus alpha out. So you take that minus alpha out. x power minus alpha if you take it out,

you have to add, so I have to add 2 m x power 2 m plus alpha minus 1 divide by 2 power 2 m

plus alpha m factorial gamma of m plus alpha plus 1.
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So now you change the index. If you change the index what you get is, you replace m equal
to m plus 1, so it will become m is from zero to infinity minus 1 power m plus 1 2 into m plus
1, right so x power 2 m plus 2 plus alpha minus 1 divided by 2 power 2 m plus alpha plus 2,
because 2 m plus, m equal m plus 1 so you have m plus 2, 2 m plus 2 plus alpha m plus 1

factorial gamma of m plus 1 plus alpha plus 1,
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so this is what you have.

So this is equal to minus 1 power m, so in that you take minus out, so what you have is m is
from zero to infinity, minus 1 power m, 2 1 goes here, so it will be 1, Ok and this goes to m
factorial. So you have m factorial, Ok, x power 2 m plus alpha plus 1, Ok divided by 2 power
2 m plus alpha plus 1 into gamma of m plus alpha plus 1 plus 1,
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Ok. This is nothing but minus x power minus X alpha J alpha plus 1 of x. This is what you

need. Ok, so this is your second property.
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Ok so, so using this, we will show we need these properties to show that these functions,

orthogonal properties of these functions.
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Just like you had, just like you had Legendre equations, Legendre functions, you had

Legendre polynomials, Legendre bounded solutions which are Legendre polynomials, j, they
are p n of x, n is running from 0, 1, 2, 3 onwards. They are countable number of polynomials.
They form, they form, they are orthogonal to each other with respect to minus 1 to 1, Ok the

dot product. So minus 1 to 1, you have seen, right?
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So based on these properties, we will prove this orthogonal relation which you have seen for

Bessel, which you have seen for Legendre equations, so similar such thing we will do here.
Before I do this, we will have Bessel equations, so Bessel equation is x y double dash plus x
y dash plus x square minus alpha square into y equal to zero, so this is what is the Bessel

equation. So right, so you have a Bessel equation like this.
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So you can modify this Bessel equation like this. If you do it, so you have, you can replace x

by lambda t. If you do, let x by lambda t. If you do that, what happens? If you use that,
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X square is lambda square t square, d y by d x, d y by d x is equal to d y by d lambda t, so this

is equal to d y by d t by 1 by lambda, right?
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So similarly d square y by d x square is equal to 1 by lambda square d square y by d t square.

So you will see that
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d square, this is, you have 1 by lambda square d square y by d t square plus here also, so you

have lambda x, lambda x, x is replaced with lambda t, d y by d x will be 1 by lambda times d
t, Ok, if you use this one, this one here plus lambda square t square minus alpha square equal

to into y equal to zero,
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Ok.

So y is a function of t now. So this, this goes, lambda, lambda goes so what you end up is t
square y double dash, now is it d, y double dash means d square y by d t square plus t y dash
plus lambda square t square minus alpha square into y equal to zero. So this is what, this is
called modified equation, modified Bessel equation. You can see that x is always positive, Ok
so here also lambda is, again if you can take it as positive, Ok, lambda is positive and t is also

positive. Lambda is fixed;
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you fix this with this transformation. x is, the domain is x positive, so that makes it, t is also

positive. Domain is always, this is the domain for which you have, so with this some lambda

positive. If you choose your domain is t positive.

So this is the modified equation, Ok. So once you have this, what are the solutions here? The
solutions are, so you know that dot (()) are the solutions here. So these are J alpha of x are

solutions, right. J alpha is a solution, right, is a solution for this equation.
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Then correspondingly 1 should get here J alpha of lambda t is a solution, Ok.

(Refer Slide Time 34:08)

DiferntalEquations Fo Eniners10:04-201 - Windows loural - ol

T 0 Vow o Aors Tech e

WAL 0D EE [N, -@- LT -
AEERERERNNON 9088

ek LY ) ’0’@3(?0 & &, 4
Lot e ol o wE
x= I
Y ¥}
L Y R ¢ of
UDE%(J v My =
=5t bl leler, D
L) Tp( (M) o @ U

So here I fix now. So this is what I do. I fix my alpha here and I fix the domain. So then I

have the domain t greater than t, I choose some I, Ok. I fix some number, fix some number 1



which is positive, Ok, so in the domain, I fix, I have t greater than equal to zero. This is the
full real line, in that I fix this I, Ok. So if I do that, so you have j, so now you look at this x
positive. So this has roots. So this corresponds to x, x positive, Ok. This corresponds to x
positive. You have the roots of this J alpha are x 1, x 2, x 3 and so on. Recall this, Ok. Then
what happens
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is that, once I fix this number 1, J alpha of some lambda i of 1 will be zero, what is lambda 1 1?

It is actually equal to x 1. So x 1 I know that is the root,
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Ok, so that will make say, that will make lambda i is x 1 by 1 for every i 1, 2, 3 onwards. So if
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you know these roots of this J alpha, J alpha of x is are zero, then I can choose, I can fix this |

and make my lambda is like this. Then I have J alpha of lambda i1 equal to zero for every i 1,

2, 3 onwards, right? Because lambda is,
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where lambda 1 is x is by I, Ok. So lambda is are these. So you see that if I fix the domain 1,

and if I fix my alpha I have infinitely many functions, Ok.

So what are those functions? J alpha of lambda i x, Ok, J alpha of lambda i x for every i, 1, 2,

3 onwards,
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Ok. Where is these functions are defined? x belongs to zero to 1, Ok in fact zero, zero is also

there. So let's, because
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it is, as a function it is also included. zero is also included. These are the definitions, so these

are the functions, ok. These functions, these Bessel functions when you fix alpha in this

domain, in this domain, these functions are orthogonal, are orthogonal,
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orthogonal with respect to, so orthogonal with respect to, so orthogonal means, this means

they are from, what is the domain, from zero to I, you take any, alpha is fixed, lambda i x, Ok,
alpha is fixed, lambda j of x. This d x with, with the weight function x, in this sense it is zero

for every 1 in R equal to j.
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Whenever you choose these lambda is are different, Ok. So it is zero. If it is 1 equal to j, it is

non-zero, Ok. It is something else. So what happens to that, so zero to | x J alpha of lambda is
of x square d x, you will have something, Ok, something we will prove what it is, Ok,

something we will see, some constant. Some constant, we will see what it is later.
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So we will first prove the first part that these functions, so I will write it as a result, the
functions J alpha of lambda i x when x belongs to zero to 1, Ok are orthogonal satisfy, or
rather you say satisfy integral zero to | x times J alpha of lambda i x, J alpha of lambda j of x

d x equal to zero for every 1 in R equal
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to j where alpha is fixed and 1 is fixed. So if you fix your alpha and
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orthogonal in that domain. So you can choose infinitely many such class of orthogonal
functions, Ok, just by changing alpha and 1, you can have infinitely many orthogonal
functions, Ok so for each alpha and 1, you can have, so you can have, because J alpha of x has
infinitely many roots, for each root you have such a function. So for each root x i there is a
corresponding lambda i. So for each lambda i, you have J alpha of lambda x. So for each

lambda, for each root of the equation you have one function. So that means for each fixed

alpha and 1, you have infinitely many roots,
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the domain some point I, you have orthogonal functions, Ok, these Bessel functions are




many roots that implies infinitely many functions and which are orthogonal, Ok. So every
fixed alpha and 1, you have a class of functions, orthogonal functions. Similarly, so like that,

so we will first see these functions, these orthogonal,
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we will show that this is, these are orthogonal. So this is straight forward. What is J alpha of

lambda 1 x? This satisfies this equation, right. So this is the equation it satisfies. So we take
this one. So how do we prove this is, we simply show that J alpha of lambda i x satisfies x
square, so instead of t I have x, Ok so doesn't matter, so x square J alpha double dash of
lambda 1 x, Ok. This is what you have, right. So you see that J alpha of lambda t satisfies this
equation, that is d square by d t square of J alpha of lambda t. So I have x square here, just
notation change, instead of x I am, instead of t I am writing x. x square into J alpha double
dash, that is d square by d x square of J alpha of lambda i of x plus x times J alpha dash of
lambda i x plus x square minus, here this corresponds to lambda so this is lambda i square x

square minus alpha square into J alpha of lambda 1 x equal to zero. So if it satisfies
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the equation here, if it satisfies this equation, this is what you have to write here. So that is

what I have written. So similarly J alpha of lambda j of x satisfies x square J alpha double
dash of lambda j x plus x times J alpha dash of lambda j x plus lambda j square x square

minus alpha square times J alpha of lambda j x equal to zero.
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What I do is I simply multiply J alpha lambda j here, Ok. For this equation you multiply

simply j both sides, J alpha of lambda j x and here you multiply J alpha, J alpha of lambda i x,
Ok
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equal to zero. So both sides if you multiply, there is no change, Ok. This satisfies, satisfies

equation implies this.
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This satisfies equation implies this. For this I multiply both, if j, J alpha of lambda j of x

satisfies this, that you multiply to that, that equation and whatever this satisfied for this
equation, here, this equation, J alpha of lambda i1 x, you multiply to this. And then you take

the difference. Ok so this is equation number 1
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and 2,
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1 minus 2 will give me, what happens 1 minus 2,
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it is simply x square J alpha double dash of lambda i x, J alpha of lambda j x minus J alpha

dash of lambda j x J alpha of lambda i x. This is what you get plus x times, again here so J
alpha dash of lambda i x, J alpha of lambda j x minus J alpha dash of lambda j x into J alpha
dash of lambda, J alpha of lambda i x. That is what is
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this difference. Plus see alpha square, alpha square, this will be zero because both are same.

So J alpha, J alpha lambda j, J alpha lambda i. Here also you have this same. So we have
lambda 1 square minus lambda j square, other thing is common, that is x square J alpha of

lambda i x into J alpha of lambda j x equal to zero.
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Ok, so here you cancel one x, one x you cancel so that means and you can see that, x times

Ok, x is, what you have is, if you do that x times J alpha dash of lambda i x J alpha of lambda
j x minus J alpha dash of lambda j x into J alpha of lambda i x, you consider this function.
You differentiate this with x. If you differentiate this function, this is a function of, 2
functions, multiplication of 2 functions, if you differentiate, derivative of this is, if you
differentiate, so first you differentiate x that will be simply this part. That you already have
here, Ok. If you, if you differentiate this one, what you get is this one. You can easily see that,
Ok. So if you differentiate this part, what you get is J alpha double dash of lambda i1 x, Ok
into J alpha of lambda x minus this one. If you differentiate this, this is what you get. So these
two terms I can put it like this, plus lambda i square minus lambda j square into x into J alpha
of lambda i x, J alpha of lambda j x equal to zero. You simply integrate both sides from zero

to 1 d x, integral zero to 1 d x, Ok. Now what happens?
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Because J alpha of lambda j I, these are the roots right, lambda j 1, that is how we have chosen

your J alpha of lambda i | for every 1, so j, lambda, when you put x equal to 1, J alpha of
lambda j or J alpha of lambda i 1 will be zero. Ok. So at 1, this part will be zero. When you put
x equal to zero, x into whatever may be the quantity, its derivatives, at zero, it may be zero,
Ok. So overall this quantity will be zero. What is left is the other part, that is lambda 1 minus
lambda j whole square, lambda i square minus lambda j square into this integral. There is a
constant, I take it out. x times J alpha of lambda i x, J alpha of lambda j x d x equal to zero.
Because 1 is not equal to j, this cannot be zero, Ok. If i is not equal to j, lambda 1 is certainly
not equal to lambda j, because lambda 1 is nothing but x i by 1. So what is your lambda i? x i
by L, so x 1 by | is not, cannot be same as x j by 1, because these are distinct roots. That is how
you have chosen. For x 1, x 2, x 3 these are all distinct roots of J alpha of x. Ok so because

they are distinct, x is are distinct, lambda is are distinct. That is so if
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lambda is, 1 is not equal to j, this is, because of this this cannot be zero so this whole thing is

zero. So this implies this integral has to be zero. That means these functions when i is not
equal to j, they have to be orthogonal. J alpha of lambda j x d x equal to zero if i is not equal

to j. This is called orthogonal relation,
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Ok,
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so what happens if i equal to j, we can show that that integral value will be some constant.

That we can find out, so that I will do in the next video.



