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Welcome to Lecture 66 on Essentials of Topology.

Continuing with the concept of separation axioms, in this lecture, we will dis-
cuss the formal proof of the well-known Urysohn lemma. In the last lecture,
we have already seen the statement of this beautiful result. The statement
is: Let (X,7T) be a normal space and A, B be a pair of disjoint closed sub-
sets of X. Then there exists a continuous function f : X — [0, 1] such that
f(z) =0, forall z € A; and f(z) = 1, for all x € B. In order to prove it, what
we need to justify is the existence of a continuous function that satisfies two
conditions. In order to justify the existence of function, we will use a result
on normal spaces discussed in the previous lecture, along with the theory of
dyadic rationals.

Let us begin with a normal space (X,7T) and a pair of disjoint closed sub-
sets A, B of X. As A and B are disjoint, A C B¢ It is to be noted that
this A is closed, and B¢ is an open subset of X. So, why not let us take
B¢ = G417 Also, let us use the result on normal spaces, which we have dis-
cussed in the previous lecture, that is, there exists an open set GGy such that
A C Gy C Gy C Gy. Again, it is to be noted that Gy is a closed set, and Gy is
an open subset of X. So, again, if we are applying the same result, we can de-
duce that there exists another open set Gy /5 such that Gy C G2 C T/z C Gy.
What exactly are we doing? Note that we are choosing the suffix of open
sets from the interval itself; that is, some real numbers between 0 and 1.
Continuing the same process, there exists open sets G1/4 and G3/4 such that
Gy C G C m C Gy C T/Q C Gy C @ C (G1. We thus define open
sets G, for each r € D such that G, C G, if s < t,s,t € D.

Having this idea in mind, let us try to construct a function. We have seen

a glimpse of this in the previous lecture, too. So, we are defining a function



f:X —[0,1] such that

infi{re D:z€G,}, ifredG,

1, otherwise,

flx) =

Now, for x € A, f(x) =inf{r € D:x € G,}, because if we are taking x € A,
note that how the sequence is given, that is, A C Gy € Gy C G4. So, z will
always be an element of GG;. Thus, if we are taking the infimum of all such
r € D, that is obviously 0. So, for all x € A, f(z) = 0. Also, for x € B, note
that x cannot be an element of B¢. What is B¢? Note that B¢ = ;. It means
that x is not an element of Gq, and if « ¢ Gy, f(z) = 1. Thus, what we can
say that for all z € B, f(z) = 1.

The following points need to be noted here.
o If f(x) <r. Theninf{t € D:x € Gi} <r. Thus, z € G,.
o If 2 ¢ G,. Then f(z)>r.
e If z € G,. Then f(z) <r.
o If f(x)>r. Thenz ¢ G,,orxz € X — G,.

So, these are some of the observations from the definition of function. We
will use these observations to justify that the function we have constructed is

continuous.

Now, we have to justify that the function f : X — [0,1]. Note that [0,1] C R,
and this R is endowed with Euclidean topology. So, in the subspace topology,
if we want to see the elements of sub-basis for the relative topology on [0, 1],
that will be of the form, [0,a), or (b, 1], where 0 < a,b < 1. Now, if we can
justify that the inverse images of these sets are open subsets of X, then ob-
viously, f is continuous. So, what precisely are we going to justify? We are
going to justify that for all such @ and b in between 0 and 1; their inverse
images will always be T-open. So, let us take the semi-open interval [0,a),
and instead of taking it, why not let us take the intervals of the form [0, s),
where s € D. Now, we van justify that f~1([0,5)) = U{G, : r < s,r € D}. In
order to justify it, let x € f71([0,s)). Then f(z) < s. As D is dense in [0, 1],
there exists r € D such that f(x) < r < s. Now, if f(z) < r, then z € G,, or
that x € U{G, : r < s,r € D}, that is, f~([0,s)) C U{G, : r < s,7 € D}.
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Further, let + € U{G, : r < s, € D}. Then there exists ¢ € D such that
x € Gt < s. Now, if x € Gy, f(x) < t, or that f(z) < s. If f(x) < s,
then z € f71([0,s)). Thus U{G, : r < s,r € D} C f71([0,s)). Therefore,
F7([0,s)) is a union of T-open sets. As we know that the arbitrary union

of open sets is open. Thus, we can conclude that f~1([0, s)) is open subset of X.

What remains to justify that inverse image of members of the form (b, 1],
are also T-open. We will justify it in two steps. So, first, we are going to
justify that f~'((s,1]) = W{X — G, : r > s, € D}. In order to justify it,
let x € f7'((s,1]). Then f(z) > s. By using the denseness of D, there ex-
ists 7 € D such that f(z) > r, and r > s. Now, as f(z) > r, z ¢ G,, or
x € X —G,. It is to be noted that r > s. Thus, x € U{X —G, : 7 > s,7 € D},
whereby f7'((s,1]) C U{X — G, : 7 > s,r € D}. For the converse part, let
reUH{X -G, :r>sreD} Thenzx € X — G, or v ¢ Gy, where t > s
and t € D. Note that if © ¢ Gy, then f(x) > ¢. At the same time, it is to be
noted that ¢t > s. So, f(z) >t > s, that is, f(z) > s; and if f(z) > s, we can
conclude that z € f~!((s,1]). Thus, H{X — G, :r > s,r € D} C f~1((s,1]),
or that f~((s,1]) = U{X — G, : r > s,r € D}. But the problem is here. By
using f7((s,1]) = U{X — G, : r > s,r € D}, can we justify that f~1((s,1])
is open? It is a difficult job for us. So, we are going to use this result, and we
justify that f=((s,1]) = U{X — G, : v > s,7 € D}.

In order to prove f~'((s,1]) = U{X — G, : 7 > s,7 € D}, let x € f~((s,1]).
It is to be noted that f~*((s,1]) = U{X =G, : r > s,r € D}. Thus, we can say
that © € X — G, for some t € D and t > s. Now, by using the denseness of D,
there exists » € D such that ¢ > r > s. Just recall what we have already justi-
fied that if s < t, Gy C G,. If we are using this fact, we can say that G, C Gy,
or X —G, DX — Gy, ast > r. It is to be noted that € X — G;. Therefore,
x € X —G,. It is to be noted that r > s. Thus, z € U{X —G, : 7 > s,r € D}.
Therefore, f~1((s,1]) € U{X — G, : r > s,r € D}. For the converse part,
let 2 € U{X —G, :r > sr €D} Thenz € X — G, for some t € D,
where t > s, or we can say that ¢ G,. If ¢ G, then x ¢ G, and if
r ¢ Gy, then f(x) > t. It is to be noted that ¢ > s. So, f(z) > s, or
r € fY(s,1]). Thus, W{X — G, : r > s,r € D} C f~*((s,1])}. Hence,
fY(s,1]) = U{X = G, : r > 5,7 € D}. Now, it is to be noted that G, is a
closed subset of X. Therefore, X — G, is an open subset of X, or f~((s,1])
is an open subset of X. Thus, f~!([0,s)]) and f~!((s,1]) are T-open sets. If



these are T-open sets, we can conclude that f is a continuous function. We
have already justified that f(z) =0, for all x € A. Also, we had justified that
f(x) =1, for all x € B. That’s the proof of this well-known Urysohn lemma.

It is to be noted that in the statement of Urysohn lemma, we have taken
the topological space (X, T) as a normal space, i.e, (X,7) is both T} and Tj.
While in the proof of lemma, we have used the concepts associated with T}-
spaces. So, we can say that Urysohn lemma also holds for T;-spaces, because
in the proof, there is no use of the concepts associated with T;-spaces. Further,
one can construct a continuous function ¢ : X — [a, b]. How is it possible? The
answer is, because what we have seen is that if we have a normal space (X, T),
and let us take two disjoint closed subsets A, B C X, we have already seen
that we can construct a function, that is, a continuous function f : X — [0, 1].
Now, let us take a function h : [0,1] — [a,b] such that for all ¢ € [0, 1],
h(t) = a+ (b—a)t. Note that we have already seen that this i is a homeomor-
phism. Therefore, it is continuous too. Thus, if we are taking the composition
of these two functions, that is, ¢ = ho f, note that ¢ : X — [a, b] is a function;
this is continuous. Now, for all z € A, ¢(x) = (ho f)(z) = h(f(z)) = h(0) = a.
Similarly, for all x € B, ¢(z) = b. That is, one can talk about the existence
of a continuous function ¢ : X — [a, b], and it maps each element of the set A

to a and each element of B to b.
These are the references.

That’s all from this lecture. Thank you.



