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Welcome to Lecture 12 on Essentials of Topology.

In the previous lectures, we have studied the concept of open sets. In this
lecture, we will study the complementary notion of open sets, known as closed
sets. The definition is simple, but we will see the importance of this concept
in some notions available in the topological spaces. Formally, a closed set is
defined as: Let (X, 7) be a topological space. Then a subset F' of X is called

a closed set if F° is open.

From the definition, it seems that if a set is closed, then it cannot be open, or
a set that is open cannot be closed. But we will see the interesting features of
closed and open sets. We can get a number of sets that are neither open nor

closed or can be closed and open simultaneously.

Let us take some of the examples. This example is from Euclidean topol-
ogy. Let us check whether the intervals, that are closed interval [a,b] and
these semi-open intervals [a, b), (a,b] are closed in the Euclidean topology, or
not. Begin with the closed interval [a, b]. If we are computing [a, b]¢, it is sim-
ple that [a,b]¢ = (—00,a) U (b,00). We know that the intervals (—oo,a) and
(b, 00) are open in Euclidean topology. Therefore, their union is also open,
that is, [a,b]° is in Euclidean topology or open in this topology. Thus, the

closed interval [a, b] is a closed set.

Let us talk about the semi-open interval [a,b). Note that, [a,b)¢ = (—o0,a) U
[b, 00). This is not a member of the Euclidean topology, because of the closed-
ness of interval at b. Therefore, this semi-open interval is not a closed set. Sim-
ilarly, if we take the semi-open interval (a,b]. Then (a, b]* = (—o0, a] U (b, 00).
Because of a, the interval (—oo,a] will not be a member of the Euclidean

topology. Therefore, we can conclude that (a, ] is not a closed set.

So, we took three intervals and checked their behavior to determine whether



these intervals were closed in Euclidian topology or not. But, if we are making
a simple change in the topology, instead of taking the Euclidean topology, let
us take the lower limit topology. Now, check whether these three intervals
are closed in the lower limit topology. For [a,b], the answer is yes because
it’s complement is also open in the lower limit topology. Therefore, [a,b] is a
closed set in the lower limit topology. If we are coming to [a,b), in the lower
limit topology. Then as [a,b)* = (—00,a) U [b, 00), which is the union of two
open sets of the lower limit topology. Therefore, [a,b) is a closed set. Note
that [a, b) is closed in lower limit topology, but not in the Euclidean Topology.
If we are coming to (a, b], the problem will be at a, because (—oo, a] will not be
a member of the lower limit topology. Therefore, we can conclude that (a, b|
is not a closed set. Similarly, for these intervals, we can check whether these

are closed in the upper limit topology or not.

Moving ahead, we come back to Euclidean topology. All singleton sets are
closed in the Euclidean topology. Because, if we take any real number x and
find {z}¢, that will be nothing but (—oo,z) U (z,00). Also, these two inter-
vals are members of Euclidean topology, and so their union. That is why this

singleton set {z} is a closed set.

Coming to the concept of a finite set. Let us take a finite set A = {z1, 29, ..., 2, },
where x1, z9, ..., T, are real numbers. Can we talk about the ordering between
them? Yes. So, let 1 < 29 < ... < x,. Now, we are looking for A°, which we
have seen in the previous lecture in the case of co-finite topology. This will be
(—o00, 1) U (21, 29) U ... U (2,,00). This union will always be a member of the

Euclidean topology. Therefore, we can say that A is a closed set.

Coming to the more general case, that is whether Z is a closed set in Eu-
clidean topology. Note that, Z¢ = U,ez(n,n + 1). This is inspired from the
fact that whenever we are talking about Z¢, we have to exclude all the inte-
gers, and therefore, we have to include only open intervals. So, if we are taking
their union, that is the union of open intervals (n,n + 1),n € Z. Thus Z° is a

member of the Euclidean topology. Therefore, Z is a closed set.

Moving ahead, let us talk about the set of rationals @Q and the set of irra-
tionals Q°. Note that none of these can be a closed set. The question is, why?

Because if we are talking about Q¢ that is not open in the Euclidean topology,



which we have already seen. Similarly, if we are taking Q¢ and we are taking
its complement, that will be the set of rational numbers, and that is not a

member of the Euclidean topology. Therefore, none of these are closed sets.

Coming to the next examples, the well-known indiscrete and discrete topolog-
ical spaces. Let us see the concept of closed sets in these two. If we are having
a non-empty set X with the indiscrete topology 7 on it. It is well-known that
T is a collection of empty set as well as the set X. If we are looking for the
complements, that is X and empty set. Note that X and empty set, both are
open sets as well as closed sets in the indiscrete topology. It is to be pointed

out here that if A C X, is both open and closed, we call such a set, a clopen set.

Moving to the next one, that is the concept of discrete topological spaces.
As we already know, the discrete topology on a set X is nothing but the
power set of X, which means all the subsets of X are open. If we are finding
out the complement of subsets, that will always be subsets of X. Even, we

will get all subsets of X, meaning is, all subsets of X are closed.

So, discrete topological space has this interesting feature: all the subsets are
open and closed. Moving to the next one, what have we seen from these two
examples? Note that the sets that are open here are closed, too. In the case
of discrete topology, the sets that are open are also closed. A question arises
whether these are the only two topologies with this feature that the open
subsets are closed. The answer is no. We can construct a number of such

topologies.

For example, if we are taking a set X = {a,b,¢,d}. Let us take a collec-
tion 7 = {0, X, {a, b}, {c,d}}. Tt is clear that T is a topology on X. If we are
finding out the complement of these sets, then what we are getting, that is X,
0, {c,d} and {a,b}. The open sets, i.e., empty set and X are closed as their
complement is open. Also, {a,b} and {¢,d} are both open and closed. So,
beyond indiscrete and discrete topologies, we can construct other topologies

having the feature that the sets which are open are also closed.

Coming to one more feature of discrete topology. Discrete topology, as we
know, can be characterized by using the concept of open sets; that is, a topol-

ogy is discrete if all of its subsets are open. The question is, can we also



describe the discrete topology as a topology having all the subsets closed?
Meaning is, if every subset is closed whether the topology is discrete? The

answer is yes. We can do this in the case of discrete topology.

Let us take one more example. Take a set X as {a,b,c,d}. Put a topol-
ogy T =140, X,{a},{b,c},{a,b,c},{b,c,d}} on it. Now, the closed sets are X,
0, {b,c,d}, {a,d}, {d}, and {a}. Let us make some analysis about these sets.
What about the singleton set {a}? This set is open and closed because it is
in topology, and its complement is {b, ¢,d}, which is a member of T, that’s
why this is both open and closed. Let us take the set {a,c,d}. Note that this
is not in the topology, and if we are taking its complement, that will be the
singleton set {b}, meaning is, this is neither open nor closed. Moving ahead,
let us discuss about the set {b,c}. This is in the topology, so this is open but
not closed. If we are taking the singleton set {d}, {d}¢ is {a,b, ¢}, which is
open that’s why {d} is closed, but this singleton set {d} is not a member of
topology. So, this is not open but closed. Thus, this is interesting in the case
of a topology that we can get a set that is both open as well as closed. We
can also get the subsets which are neither open nor closed. We can also get
the sets that are open but not closed, and we can also get the sets that are
not open but closed. Meaning is, there are different possibilities in the case
of topology regarding openness and closedness of a subset. So, from here, we

can think about how a subset differs from a door.

A door must be open or closed, but note that a subset can be either open
or closed. It may be both open and closed, and it may happen that this is
neither open nor closed. It is an interesting one. It is hard to resist math

humor. We will see these concepts later on again.

Coming to the next example, the concept of closed sets in a co-finite topo-
logical space. Here is a simple characterization, that is a subset F' of X is
closed if and only if it is finite. We can easily deduce it because if we are talk-
ing about the closedness of F', that is, F' is closed means that F© is open, and
F* is open, is equivalent to say that F° is a member of this co-finite topology.
If this is a member of the co-finite topology, its complement is finite, and the

complement is finite, meaning F' itself is finite.

So, the idea is, in a co-finite topological space, closed sets are nothing but



finite sets (obviously, X is closed too). Similar to the concept of co-finite topol-
ogy, there is one well-known topology, that is co-countable topology. Here, a
closed subset of X can also be characterized as a countable set. In the case
of co-finite topology, we have seen that a subset F' of X is closed if and only
if it is finite, but as we know how co-countable topology differs from co-finite
topology, that’s why a subset F' of X is closed if and only if it is countable
(obviously, X is closed too).

Moving ahead, these are some of the properties of closed sets; the empty
set and X are always closed sets. The finite union of closed sets is closed, and
the arbitrary intersection of closed sets is closed, too. If we see these state-
ments and we are comparing them with the concept of open sets, so if we are
beginning with open sets, let us take their complements. We can easily get
these characterizations. For example, we know that the complement of the
empty set is X, which is always in 7. So, we can say that the empty set is
closed. Similarly, if we are finding X¢, that is an empty set, which is open.

Therefore, we can also conclude that X is a closed set.

Continue with it; we are taking a finite number of closed sets I}, Fy, ..., F},.
If we want to justify that their union is also closed, this is a simple one be-
cause if these are closed, FY, Fy, ..., F¢, are open sets. From the properties
of open sets, F' N Fy N ...N FS is also open. Thus, using De Morgan’s law,
(F1UFyU...UF,)" is open. Therefore, we can conclude that F; U FoU...UF),
is a closed set. Thus, the finite union of closed sets is closed.

Coming to the last one, if we are taking a family of sets {F; : ¢ € I}, and
we are taking that F; is closed, for all ¢ € I. Then, in order to show that
N{F; :i € I} is a closed set, let us find its complement. By using De Morgan’s
law, the complement can be written as U{F¢ : i € I'}. Note that if F; is closed,
then FY is open. Also, we know that an arbitrary union of open sets is open.
So, U{Ff :i € I} is open, and therefore, N{F; : i € I} is a closed set. Thus,

we have deduced all three of these properties.

It is interesting to talk about the arbitrary union of closed sets. It is to be
noted that an arbitrary union of closed sets may not be closed. For example,
if we are taking Euclidean topology on the real line, let us take the intervals of
the form [1/n, 3], where n is a natural number. What about U,en[1/n,3]?7 This



union will be nothing but a semi-open interval (0, 3]. Note that this interval is
not closed in Euclidean topology because if we are looking the complement of
this interval, that will be nothing but (—oo, 0]U (3, 00). There will always be a
problem at 0, and because of it, this union cannot be an element of Euclidean

topology. Therefore, this is not a closed set.
These are the references.

That’s all from today’s lecture. Thank you.



