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So, we will continue with this polynomial interpolation. So, last class we have derived the 

interpolation polynomial for Lagrange that is the general situation for any choice of arbitrary 

set of points data points where the points may not be equispaced or arbitrarily set a discrete set 

of points are considered. So now, we will continue with the interpolation polynomial. So, now 

we are specific that we have equispaced points. So, that means the node points as we said is  



𝑥𝑖 = 𝑥0 + 𝑖ℎ, h is referred as the step size. So, for this kind of things, we have already derived 

Newton’s forward difference formula and the backward difference formula whichever we talk 

about. 

We can introduce these backward difference formula  

∇𝑓𝑖 = 𝑓𝑖 − 𝑓𝑖−1 ,  ∇𝑟𝑓𝑖 = ∇𝑟−1𝑓𝑖 − ∇𝑟−1𝑓𝑖−1 

So, this polynomial formula for using all n+1 data points, considering 𝑥0, 𝑥1, … , 𝑥𝑛 remember 

that. Now, we can write this as  

𝑝𝑛(𝑥) = 𝑓𝑛 +
∇𝑓𝑛

ℎ
(𝑥 − 𝑥𝑛) +

∇2𝑓𝑛

2! ℎ2
(𝑥 − 𝑥𝑛)(𝑥 − 𝑥𝑛−1) + ⋯ +

∇𝑛𝑓𝑛

𝑛! ℎ𝑛
(𝑥 − 𝑥𝑛) … (𝑥 − 𝑥1) 

Now, so that means here come to the previous one, the thing is that we are now going from the 

bottom of the table so, that means, nth point to 1 point and for the forward difference we are 

going from 0 to n. So, if we introduce a parameter say 

𝜗 =
𝑥−𝑥𝑛

ℎ
  

In that case we can write in the form of a binomial expansion  

𝑝𝑛(𝑥) = 𝑓𝑛 + 𝜗∇𝑓𝑛 +
∇2𝑓𝑛

2!
𝜗(𝜗 + 1) + ⋯ +

∇𝑛𝑓𝑛

𝑛!
𝜗(𝜗 + 1) … (𝜗 + 𝑛 − 1) 

 

So, this can be introduced as a binomial form and that is the same type of things as we have 

derived for the forward difference formula also.  

So, forward difference also the same way we have written in this manner,  

𝑝𝑛(𝑥) = ∑ (𝑢
𝑗
)𝑛

𝑗=0 ∆𝑗𝑓0 , 𝑢 =
𝑥−𝑥0

ℎ
   

and so, these two when we talk about all the points that means, when n+1 data points are 

introduced or included. So, whether it is a forward difference formula or backward difference 

formula, all are identical. Forward difference formula polynomial is equivalent to the backward 

difference formula. Then why we need to learn is differently because, if we need to truncate if 

we stop somewhere instead of taking all the n+1 data point altogether instead of that, if we 



truncate our setup data points to a limited number of points then the advantage, whether I will 

go for the forward difference formula or backward difference formula.  

Now, if I use a forward difference formula, when I have to approximate f(x),  

𝑓(𝑥)~𝑝𝑛(𝑥) 𝑖𝑛 𝐼{𝑥0, 𝑥1, … , 𝑥𝑛}  

So, when a point we choose where we need to find say x=t < 𝑥0 so, in that case, or around 𝑥0 

less than or equal to and equal to of course, it is identically it is overlapping the node point. So, 

equal to means this is the polynomial itself. So, when it is near the first point of the table then 

it is advisable that you use a forward difference formula. And when we choose t  say around 

𝑥𝑛 close to 𝑥𝑛 the bottom of the table so, then we choose the backward difference formula 

backward difference polynomial.  

So, these are the situations where we have to decide whether we go for a forward difference 

polynomial or backward difference polynomial. Now, this will be the same when we choose 

all the n points. When all n points are chosen, then this forward difference and backward 

difference polynomial are identical. So, these kind of things are all taught in the elementary 

numerical analysis so, I am not going into details on that, just an overview on how the Lagrange 

interpolation polynomial is derived and then from there, how we get this Newton’s polynomial.  

So, as I said before, the advantage in using the Newton’s polynomial is that if I know 𝑝𝑛(𝑥)  

𝑝𝑛(𝑥) = 𝑝𝑛−1(𝑥) + 𝑐(𝑥)  

 𝑐(𝑥),that extra term so which can be obtained from the divided difference polynomial or the 

difference expansion and add to this lower degree polynomial to get the higher one. So, that is 

the way we go for n=1, 2, … and in that way we can step by step increase the degree of the 

polynomial and consequently we are using more number of points from the given data set.  

Now, when we choose again when we choose all the points if we construct a polynomial by 

choosing all the data points then  whether it is by Lagrange polynomial or Newton’s forward 

or Newton’s backward we get the identical result, identical polynomial. So, this is about the 

elementary polynomial interpolation.  

Now, there are several other situation where when instead of going from the bottom or forward 

or backward we can have a central position. Now, I am not much interested to talk about the 

central difference and all these things  because there normally n is taken to be finite, finite 



number of data points. So, not many data points are chosen. So, that is why it does not make 

much difference whether you go for a central difference or that means this x=t is in between 

the table. So, n is restricted to say 2, 3, 4, 5 like this way.  

So, normal procedure is that you choose n=3 then you find out the 𝑝3(𝑥) so, once 𝑝3(𝑥)  is 

done then from there you go to 𝑝4(𝑥)  and so on, like that, and you see this degree of precision 

is achieved that means, whether the difference is the absolute difference between these f(x)-

p(x), how it differs. So, as n is progressing 3, 4 like this way as n is progressing, how these 

differences is occurring some x belongs to I𝑛. So, that is how the interpolation polynomial 

goes.  

So, instead of choosing all the data points provided in the table at a time so, we go step by step 

that is first we choose n=3, find out a polynomial of degree n =3 if we choose so that means, 

we are choosing four points basically, because we are considering 𝑥𝑖 for i =0, 1, 2, 3. So, if 

you have four points then it will be a polynomial of degree 3, one less. So, if n+1 points are 

there then degree is n.  
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Now, we talk about another very important polynomial formula that is Hermit interpolation. 

So, here what we want to do is that not only the function f(x), we also interpolate the function 

derivative 𝑓′(x) and in that process we raise the degree of the polynomial. So, the unknown is 

not only f(x), but 𝑓′(x) also is forming an unknown, not unknown I mean the data points. So, 

that means, we are constructing a polynomial p(x), the interpolation polynomial which satisfy 

these conditions  

𝑝(𝑥𝑖) = 𝑓𝑖,      𝑝
′(𝑥𝑖) = 𝑓′

𝑖
,   , i=1,2,…,n 

So, that means, here exactly we are taking n data points   

So, we would like to construct a polynomial p(x) such that this happening so, should not only 

the function is evaluated but its derivative also becoming the same, where 𝑥1, 𝑥2, … , 𝑥𝑛 are 

distinct node points. So, it can be real number whatever the data is given real or complex and 

𝑓𝑖  and 𝑓′
𝑖
 for i=1,2,…,n are prescribed. In some cases, what we need is not only the function 

to be evaluated its derivative also has to be evaluated or should satisfy this condition. So, that 

in some case is important.  

In addition, we will derive a numerical integration formula where we need a polynomial which 

is using n node points, but the degree of the polynomial now will become 2n-1 because we 

have now p(x) satisfying 2n conditions. So, we look for a polynomial of degree 2n-1 because 

1 constant so, degree at most 2n-1.  

Now let us define  



𝑙(𝑥) =( 𝑥 − 𝑥1) … (𝑥 − 𝑥𝑛)   

𝑙𝑖(𝑥)=
𝑙(𝑥)

(𝑥−𝑥𝑖) 𝑙′(𝑥𝑖)
=

(𝑥−𝑥0)…(𝑥−𝑥𝑖−1)(𝑥−𝑥𝑖+1)…(𝑥−𝑥𝑛)

(𝑥𝑖−𝑥0)…(𝑥𝑖−𝑥𝑖−1)…(𝑥𝑖−𝑥𝑛)
 

ℎ𝑖̅(𝑥) = (𝑥 − 𝑥𝑖)[𝑙𝑖(𝑥)]2 

ℎ𝑖(𝑥) = [1 − 2𝑙𝑖
′(𝑥𝑖)(𝑥 − 𝑥𝑖)][𝑙𝑖(𝑥)]2, 𝑖 = 1,2, … , 𝑛 

 

Now, we construct two polynomials. So, 𝑙(𝑥) is a polynomial of degree n. So, ℎ𝑖̅(𝑥) is a 

polynomial of degree 2n-1 and ℎ𝑖(𝑥), both ℎ𝑖(𝑥) and ℎ𝑖̅(𝑥)  are polynomial of degree 2n-1.  
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So, now observe this  

ℎ𝑖′̅̅̅̅ (x)  = (x −  𝑥𝑖)²  𝑙𝑖(x)𝑙𝑖′(x)  +  [𝑙𝑖(x)]² 

 Now, by definition  

𝑙𝑖(𝑥𝑖) = 1,     𝑙𝑖(𝑥𝑗) = 0 if i≠ 𝑗 

So,  

ℎ𝑖′̅̅̅̅ (𝑥𝑖) = 1 , ℎ𝑖′̅̅̅̅ (𝑥𝑗) = 0 if i ≠ j 

ℎ𝑖
′(x) = [1 −  2𝑙𝑖

′( 𝑥𝑖)(x −  𝑥𝑖)]2𝑙𝑖′(x)𝑙𝑖(x)  −  2𝑙𝑖′(x)(𝑙𝑖(x))²) 

Now, with that also we have  

ℎ𝑖
′(𝑥𝑗) = 0 as 𝑙𝑖(𝑥𝑗) = 0 for i≠ 𝑗  

ℎ𝑖(𝑥𝑖)=1,       ℎ𝑖
′(𝑥𝑗) = ℎ𝑖(𝑥𝑗)=0, 1≤ 𝑖, 𝑗 ≤ 𝑛, 𝑖 ≠ 𝑗 

ℎ𝑖(𝑥𝑗) = ℎ𝑖′̅̅̅̅ (𝑥𝑗) {
0, 𝑖 ≠ 𝑗
1, 𝑖 = 𝑗

 

So, this setup relation we can see from here from the construction.  
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Now, we construct the interpolation polynomial as   

𝐻𝑛(𝑥) = ∑ 𝑓𝑖ℎ𝑖(𝑥) + ∑ 𝑓𝑖
′ℎ𝑖̅

𝑛

𝑖=1

𝑛

𝑖=1

(𝑥) 

which is a unique polynomial of degree≤ 2n -1. How it is unique? It is so, obviously what we 

find that under this condition this ℎ𝑛(𝑥) is becoming the function value at all the node points 

and also the function derivative values at those node points for i =1 to n.  

To check that uniqueness so, let G(x) be another polynomial if  𝐻𝑛(𝑥) is not unique. So, in that 

case  

𝑅 = 𝐻𝑛 − 𝐺 

 So, what do we find that  

𝑅(𝑥𝑖) = 𝑅′(𝑥𝑖) = 0, 𝑖 = 1,2, … , 𝑛 

 Because 

𝐻𝑛(𝑥𝑖) = 𝐺(𝑥𝑖) = 𝑓𝑖  

And, 𝐻𝑛
′(𝑥𝑖) = 𝐺′(𝑥𝑖) = 𝑓𝑖

′
   

So, this implies R is vanished at, so that means, there R(x) has double root at 𝑥1, 𝑥2, … , 𝑥𝑛  

So, in that case  



𝑅(𝑥) = 𝐴(𝑥 − 𝑥1)2 … (𝑥 − 𝑥𝑛)2  

so degree≤2n, which contradicts.  

So, that means we cannot have a polynomial which satisfying these two conditions, a different 

polynomial other than this. So, a polynomial which is becoming function value at these 

designated points, node points and also its derivative is becoming the function derivative values 

at those node points will have degree 2n-1 and it is unique.  

So, for example, we can have using n number of node points we are constructing a degree of 

the polynomial as 2n-1, so if we increase the degree of the polynomial, we get the precision is 

much higher. So, an example  

𝑝(𝑎) = 𝑓(𝑎), 𝑝′(𝑎) = 𝑓′(𝑎) 

𝑝(𝑏) = 𝑓(𝑏),𝑝′(𝑏) = 𝑓′(𝑏) 

 So, one can find out the polynomial as  

𝐻𝑛(𝑥) = [1 + 2
𝑥 − 𝑎

𝑏 − 𝑎
] [

𝑏 − 𝑥

𝑏 − 𝑎
]

2

𝑓(𝑎) + [1 + 2
𝑏 − 𝑥

𝑏 − 𝑎
] [

𝑥 − 𝑎

𝑏 − 𝑎
]

2

𝑓(𝑏) + ⋯ ℎ̅(𝑥) … 

So, this is one part.  

Another part, one can construct it the same way. So, only thing is that we have to construct this  

first part that is the function part and the other part is ℎ̅(𝑥) that can be constructed in the same 

manner. So, we stop it here and proceed to the next one. 


