Lecture 02 : Part C

Addendum: Double Fourier Series

1. Recall: Fourier Series in One Variable

Let f : R — R be a piecewise continuous and 2r—periodic function. Then f admits a Fourier
series representation

flx)=ao+ Z (a, cos(nz) + by, sin(nx)) ,

n=1

where

ap = ! f( Ydz, a, = %/W f(z)cos(nz)dx, b, = L f(z)sin(nz) dx.
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The Fourier series converges to f in the mean. If f € C*, then the convergence is uniform.

2. Two—Dimensional Periodic Functions

Definition. A function f : R? — R is called 27 —periodic if

fle+2my) = flzy),  fle,y+2m) = fz,y)
for all (z,y) € R2
Example.

f(z,y) =sinzcosy
is 2m—periodic in both variables.

3. Fourier Expansion with Respect to One Variable

Assume f(z,y) is 2r—periodic and continuously differentiable in both variables. Fix y and
define

¢y(2) = f(2,9).

Then ¢, is a 2r—periodic function of x and admits the Fourier expansion

flx,y) = ao(y +Z a,(y) cos(nx) + b, (y) sin(nz)) ,

where
= %/_ f(z,y) cos(nz)dx, b,(y) :% f(z,y)sin(nzx) dz.
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4. Fourier Expansion of the Coefficients

Since a,(y) and b, (y) are 2r—periodic in y, they admit Fourier series:

an(y) = ano + Z (@nm cos(my) + by, sin(my))

m=1

bn(y) = cno + Z (Cnm cos(my) + dpm sin(my)) .

m=1

5. Double Fourier Series

Substituting these expansions yields the double Fourier series

f(z,y) = ag + Z (aom cos(my) + boy, sin(my))

m=1
S

+ Z (@no cos(nx) 4 cyo sin(na))

n=1

+ Z Z (anm cos(nx) cos(my) + bpm cos(nx) sin(my)

n=1m=1

+ Cpm sin(nz) cos(my) + dyy, sin(nz) sin(my)).

6. Fourier Coefflicients

The coefficients are given by
1 ™ ™
tm=— | | f(z,y) cos(nx) cos(my) dx dy,
A in(my) da d
nm — F . f($a y) COS(?’LI’) Sln(my) ray,
1 (™ [" .
Com = —5 ] f(z,y) sin(nx) cos(my) dx dy,

1 ™ ™
A = = /_7r B f(z,y)sin(nx) sin(my) dx dy.



7. Symmetry and Simplifications

e If f is even in both variables, only cos(nx) cos(my) terms appear.
e If fis even in z and odd in y, only cos(nx) sin(my) terms appear.

e If f is odd in both variables, only sin(nx) sin(my) terms appear.

8. Example: f(x,y) = xy

Consider
flz,y) =zy on [-m, 7] x [-m, 7],

extended 27m-periodically.

Since
f(_xay>:_f($7y)u f(l’, _y) :_f(xvy)7
f is odd in both variables. Hence,

flz,y) = Z Z dym sin(nz) sin(my).

n=1 m=1

The coeflicients are

4 [T [T 4(—1)mtn
dpm = —2/ / zy sin(nx) sin(my) de dy = L
™ Jo Jo mn
Therefore,
Ty = 4i i = sin(nx) sin(my)
n=1m=1 mn '
9. Exercise
Find the double Fourier series of f(x,y) = —xy on [—m, 7] X [—m, 7).



