Lecture 16: Laplace Equation - Fundamental Solution

1 The Laplace and Poisson Equations

Let Q C R™ be a domain, i.e. an open and connected set.

Laplace Equation

Au=0 in Q.
Poisson Equation
Au=f in Q,
where
e u:Q — R is the unknown function,
o [:Q — Ris a given function.
The Laplacian of u is defined by
" 0%u
i=1 9%

In many engineering texts, the Laplacian is written as V2u. Although this is an abuse of
notation, it is commonly used.

2 Harmonic Functions
A function u € C?(Q) is called harmonic in € if
Au =0 in Q.

Example

In R?, the function
u(xy, xe) = axy + bxo

is harmonic since all second derivatives vanish.



3 Physical Interpretation

Let u(z) represent the density of a chemical concentration at equilibrium. For any smooth subregion
V C Q, the net flux across 9V is zero:

/ F-nds=0,
v

where F denotes the flux density and n is the outward unit normal.

/V-Fda::/ F -nds.
1% ov

Since the boundary integral vanishes for all V', we conclude that

Green—Gauss Theorem

V-F=0 in Q.

4 Conservative Law
The flux is proportional to the negative gradient of the density:
F=-cVu, ¢>0.

Thus,
V- -F =—cAu =0,

which yields the Laplace equation
Au = 0.
5 Applications

The Laplace equation appears in several physical models:
e Chemical diffusion (Fick’s law),
e Heat conduction (Fourier’s law),

e Electrostatics (Ohm’s law).
6 Radial Solutions
We seek solutions of the Laplace equation in R™ that depend only on the radial variable

r=lz|=/z}+ - +22.

A function v is radial if



7 Laplacian of a Radial Function

Let u(z) = v(r). Then
or T; ou T

= v )
Ox; r’  Oux; r

The second derivatives satisfy

ox; r
Summing over ¢ = 1,...,n, we obtain
Au ="(r) n ; 11)’(7”)
8 Reduced ODE
The Laplace equation Au = 0 reduces to
")+ () =0, >0

9 Solutions
Casen =2

v(r) = Crlogr + Cs.

Case n > 3
v(r) = Cyr* " 4 Cy.

10 Fundamental Solution

The fundamental solution of the Laplace equation in R™ is

L 1og Iz _9
2ﬂ_0g$’ n_7

(@) = 1 1

n(n —2)ay, |x|n—2’

n >3,

where «,, denotes the surface area of the unit sphere in R".

11 Remarks

e @ is harmonic in R™\ {0}.
e The singularity at © = 0 corresponds to a point source.

e The fundamental solution is central to Green’s functions and potential theory.



12 Conclusion

The Laplace equation models equilibrium phenomena across physics and engineering. Radial sym-
metry allows reduction of the PDE to an ODE, leading naturally to the fundamental solution, a

cornerstone of elliptic partial differential equations.
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