Optimization Algorithms: Theory and Software Implementation
Prof. Thirumulanathan D
Department of Mathematics
Institute of 11T Kanpur
Lecture: 5

Hello everyone, this is the fifth lecture. Recall that we looked at many examples of unconstrained
optimization problems in the last lecture and have also started with the constrained optimization
setup.

So, when you look at the constraint setup that we had in the last lecture. So, we wanted to
minimize f (x) subject to some set S, and that set is not any set, but a set described by p
inequality constraints and m equality constraints.

We also looked at an example, the utility maximization example that we started with in the
very first lecture. So, let us first understand how to construct a general solution. We have
this particular problem: minimize f (x) subject to gi(x) # O foralli =1, ..., p and hj(x)
=O0forallj=1,...,m.

We first construct something called the Lagrangian. Let us assume that f is a function from
R" to R. So, that means x is a vector (X, ..., Xn).

So, L is actually a function of the x vector and certain vectors called the Lagrange multipliers
for inequality constraints A, ..., 4p and the Lagrange multipliers for equality constraints L,

., Mm. So, Lagrangian is a function of x, 4, and u. So, there are a total of n + p + m
variables.

So, what is the expression? It is

L(x, 2, W) = £(x) + 2P_, Aigi(x) + N7, pihi(x)

This is what we call the Lagrangian function. So, this is a new function that I have
constructed. We have the function f, which was only a function of x, the functions gi and
h;.

They are also only functions of x. But the Lagrangian that we have defined here is
actually a function of the x vector, 4 vector, and the p vector, and it is defined as f(x)

+37_, Aigi(x) + X7, wihi(x)



Why did we define this? We are actually going to now find the set of critical points. So, the
step 1 in any solution finding in optimization is to find the set of critical points. But what do
I mean by how do you characterize the set of critical points? It is the set of points that
satisfy the following set of constraints. What are they?

Take the gradient of L with respect to x, and equate it to zero. So, this will give you
n constraints.

So, the x, 4, and p that we are going to find should satisfy this constraint: when you
take the Lagrangian, take the gradient of the Lagrangian only with respect to the x variables.
So, that must be equal to zero. This actually means that the following must be satisfied:

m
Vi) + >0 AiVgi(x) + >0 WVhj(x) =0,
where the right side is the zero vector.

You must be able to give x, 4i’s, and ;’s in such a way that this vector equation holds.
That is the first step, but you have further constraints to be satisfied.
So, the x that you give must satisfy the constraint:

hj(x) = 0, vi=1,...,m,

If the constraints are not satisfied, then the point you have constructed is not in the constraint
set. So, that needs to be satisfied.

The other constraint is a little tricky. You need
gi(x) <0,
and other than that, you need
Aigi(x) = 0,
and
Ai=0, V i=1,...,p,

These set of constraints that we have defined are called the Karush-Kuhn-Tucker
conditions, or in short called the KKT conditions. KKT stands for Karush-Kuhn-Tucker.
So, the set of points (x, 4, 1) that satisfy the Karush-Kuhn-Tucker conditions form the set
of critical points.

Of course, it does not stop there. We also, after finding the set of critical points, look at the
second-order conditions. So what are the second-order conditions?

First, we look at the set of active constraints. So, what are the set of active inequality
constraints? Active constraint set. Let me call that I, so

I ={i:gi(x*) =0}

I will also call it 1(x*) since it varies with respect to x*.
You can see that the critical point x* may satisfy this particular constraint gi(x)
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either with equality or it could be strictly less than zero. So, we could have
gi(x*) =0,
or

gi(x*) < 0.

So, we pick those sets of constraints from 1 to p for which gi(x*) = 0. So those constraints are
called active constraints, and the others are called inactive constraints, basically. You will see
why the set of active constraints is needed shortly.

Now, | am going to construct a set called the tangent space. The tangent space T is the set of
all directions d that satisfy

dTvhi(x) = 0, Vj,

and
d™vgi(x*) = 0, Vi € 1(x¥),
Now, we have a similar set of conditions like what we had in unconstrained optimization.

So, if
tTV,f (x)t > 0, VteT(x¥),

then x* is a local minimum, and the constraints will be similar.

So, I will just write them down anyway:

tTv,f(x)t = 0, VteT(x).
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tT7,f (x*)t < O,

then x* is a local maximum.

If there exists t1 such that TP, f (x)ts > 0,

and there exists t2 such that tTr,f(x")t2 <0,
2

then x* is a saddle point.

Finally, if there exists t € T (x*) such that
tTV,f(x*)t =0,

then further probe is needed.

Second-order conditions in constrained optimization is quite difficult to verify analytically in
practice.

But the only thing that you need to note is that the difference between the conditions that you
saw here — what you had for unconstrained optimization and the ones that



you are having for constrained optimization — is that here you are actually considering every
non-zero t, or sometimes the zero as well, if required.

But here you are considering t only those vectors t that are in the tangent space T (x*).
You do not need to consider the other directions.

So, if that happens for this restricted set of vectors, if you have the condition

77, f (x*)t > O,

then x* is a local minimum.

It is less than zero, then it is a local maximum.

If you have t1 € T (x*) such that the quantity is greater than zero and t> € T (x*) such that
the quantity is less than zero, then it is a saddle point.

And if you have t € T (x*) such that
tTv,f(x*)t = 0,

then further probe will be needed.

These are harder constraints to verify, but nevertheless, I am giving this for the
completeness of analysis.

Given that we have characterized the solutions, we will now look at an example.

So, let us consider the same example that we had given. We are minimizing, so we just wrote
a general utility function.

We will consider minimizing —X1X2

subject to the condition
P1X1 + p2x2 —w <0, —x1 <0, —X2 <0.

If you actually plot this to see what this constraint set actually means, you will get the
following set.
This line is:

p1X1 + p2x2 —w = 0,

Since we want this to be less than or equal to zero, we are considering this region.

And so this is x2 = 0, and this is x1 = 0.

Since you want x2 >0 or —x1 <0, you consider the intersection of all these three sets, you
will actually get this particular set.

So, x1 and x2 can take values only in this particular set, the shaded region in the figure
here, and you are expected to minimize —xiX2 Or maximize XiXz.

Let us find out with the theory whatever we have developed until now.
There is a minor modification in whatever | have written down.



We consider minimizing -x; *x,, subject to the constraints:

P1x1 + P2, -w<0
-x1 <0
-x,<0

This defines a feasible region bounded by the lines p;x; + p,x, =w, x; =0, and x, = 0. The
optimization is to minimize -x; x, or equivalently maximize x;x, in this feasible set.

Constructing the Lagrangian:
L(x1, X3, A1, Az, A3) = =x1%5 + Ay (P11 + D2Xz - W) - X1 -A3%,
KKT Conditions:

1. Stationarity:
OL/Ox1 = -x5 + A1*p1 -4, =0
OL/Oxy = -x1 + A1*py - A3 =0

2. Primal feasibility:
D1X1 t P2X2 -W=0
-x1 <0
-x, <0

3. Dual feasibility:
A120,1,>0,43>0

4. Complementary slackness:
Al(p1x1 + paxy -W) =0
A2x; =0
A3x, =0
(Refer slide time 21:35)
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Assuming A*, = 1*; =0, we get:
x3 = A1 p1
X1 =4 po

Substituting into the constraint:
P1X1 + PaX3=W
=> M*pip; + Al*pip; =W
=> 2" =w/ (2p1p2)

Therefore:
x; =W/ (2p,)
x; *=w/(2p,)
Ay =w/(2p,p2)
Aty =
A"3=0
This is the unique critical point. Now, verifying second-order conditions:
Hessian of Lagrangian:
V,L(x* %) =[0 -1]
[-10]
Tangent space defined by:
dip1 +dyp, =0
=>d, =-d,p:/p,

Then:



tTVZ L(x*, A*) = -2t1t2 = 2t12(p1/p2) > 0 fOI’ tl # 0
So, the critical point is a local minimum.

(Refer slide time 31:05)
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This concludes the primer on constrained optimization. Week 1 ends here. Next week, we will
begin learning the basics of Python and understand the necessity of computational tools in
optimization.



