Optimization Algorithms: Theory and Software Implementation
Prof. Thirumulanathan D
Department of Mathematics
Institute of IIT Kanpur

Lecture: 42

Hello everyone, this is Lecture 2 of Week 9. Recall that in the last lecture, we learned certain
characteristics of a linear programming problem. We learned that the constraint set of a linear
programming problem will always be an n-dimensional polytope. We also learned that an
optimal solution of a linear programming problem will always be a vertex of the feasible

polytope.

Given these characteristics, George Dantzig proposed the simplex method, which involves
mathematically characterizing the vertices of the linear programming problem. How do we do
this?

The first step is to convert a given problem in the form:
Minimize cx subject to Ax <b

into the standard form:

Minimize c'x subject to A'x =b', x>0

where A' is an m x n matrix with a rank equal to m.

I will illustrate this conversion with an example, and then we will understand how to do it in
general.

Let us take our usual triangle example with the constraints:
. x1+x2<0

2. x1+tx2-1<0

3. -x2 <0 (which is equivalent to x2 > 0)

We want to convert these inequality constraints into equality constraints. We do this by
introducing slack variables .

* For the first constraint, -x1 + x> < 0, we add a non-negative slack variable xs to make it an
equality:

-X1 + X2 + x3 = 0, where x5 > 0.



This is equivalent because if -xi1 + X2 is less than or equal to zero, we can add a positive
number (X3) to make it zero.

* For the second constraint, xi1 + x2 < 1, we add a non-negative slack variable xa:
X1 + X2 + X4 =1, where x4 > 0.
* The third constraint is already x2 > 0.

We now have two equality constraints and three non-negativity constraints (x2 > 0, X3 > 0, X4 >
0). However, we are not done because the variable xi is unconstrained (it can be positive or
negative). The standard form requires all variables to be non-negative.

To handle an unconstrained variable, we express it as the difference of two non-negative
variables. We write:

x1 =Xi1" - xi~, where x:* > 0 and x,” > 0.

* If xu is positive, xi* equals x: and xi1~ equals 0.

* If xi is negative, xi* equals 0 and x:~ equals -Xi.

We now substitute xi with (xi* - xi7) in our equations:

L -xi"-x1)+xe+x3=0 = -xi" + X1 +x2+x3=0

2. (xit-xi)txetxa=1l = xif-xim txetxa=1

Our variables are now: xi1*, Xi~, X2, X3, X4, and all are non-negative .
The constraint matrix A' is:

[-1,1,1,1,0]

[ 1,-1,1,0,1]

This is a 2 x 5 matrix. The two rows are not multiples of each other, so the rank of A' is 2,
which is equal to the number of constraints (m=2). We have successfully converted the problem
to standard form.

(Refer Slide Time 10:16)
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General Steps to Convert an LP to Standard Form

1. Convert maximization to minimization: If the problem is to maximize c'x, convert it to
minimize -c™x.

2. Convert inequalities: All constraints must be "<". If you have a constraint a;"x > b;, multiply
by -1 to get -ai"x < -b.

3. Introduce slack variables: For each inequality constraint a;"x < b;, add a slack variable s; >
0 to create an equality: a;x + s; = b;.

4. Handle unconstrained variables: For any variable x; that is not constrained to be non-
negative, replace it with x; = x;* - x;, where x;* > 0 and x;” > 0.

5. Ensure full row rank: The final matrix A' in A'x = b' must have full row rank (rank = m).
If the rows are linearly dependent, eliminate redundant constraints until the remaining rows are
linearly independent.

Characterizing Vertices in the Standard Form

We now have the standard form:

Minimize c¢x subject to Ax =b, x>0

where A is an m X n matrix with rank(A) = m. Since m <n, A is a "wide" matrix.

Because A has rank m, we can select m linearly independent columns from A. Let us form a
matrix B from these m columns. B is an m X m invertible matrix. The remaining n-m columns
form the matrix N .

We can partition the variable vector x accordingly:



* x_B: The "basic variables" corresponding to the columns in B.

* x _N: The "non-basic variables" corresponding to the columns in N.
The equation Ax = b can be rewritten as:

Bx B+Nx N=b

If we choose to set all the non-basic variables to zero (x_ N = 0), we can solve for the basic
variables:

x B=B™b

(Refer Slide Time 25:16)

File Edit View Insert Actions Jools Help
AdHw P o » v~ -SL P -

AEEEEEN =] -

Stips & Gowert om LP LG o ANoumdore d }....\.,

. Comant rimitalion ik Minimizalion, Cowent 2 W €
“alush;” “o\f-u-‘x‘-h, Mg zo .
. Wher o vaviable k@ MWM,M lovwent e oan AT AN
1}‘ the vorMak ComfPak ;A'-ggL" ‘x;o} > Awh et 20.k0A)= Pem,
WM:F/‘M' SWWWMA’,M}!‘*MLQ*‘_
o MEF  sek o Gl ol

Y

13 8)[R)[i) = [22230) 18

24 ¢ Ay a

S Elond o P s T

\__"F—i— :&- CA-;;L' Amh, ot (8) zrn.
%70

A,_[a, © o .. ...], Lek ay, .., O be Limsmnly indapended.

| . [. a,..\«..., .. ‘lz [Em\ {:‘__)1 7‘[?] [%1 |

=p : g.k'

This gives us a solution of the form (x_B, x N)=(B™'b, 0).

Why is this solution interesting? It is because any solution of this form is a vertex of the
feasible set F = {x | Ax =b, x > 0} (provided that B'b > 0).

Conversely, any vertex of the feasible set F can be represented in this form for some choice
of basis B.

(Refer Slide Time 28:26)



File Edit View Insert Actions Jools Help
NdHw P (] X A AN AX 23T Ruld: |
EEEEEEN o -

Dnn !,,*u. Sdhioms 01 Axn=b & ('Kg"l“)._(g'\L’ °). —
Conmiden F=;‘l=ﬁ1=\vl1'?,°’}_ The ('Ig’rx")-»_(g-‘ l‘:°) a a

vm'ﬁwa‘, E .+ B"L'/';a. Cc-w-up\:,’ [ ,jr_ Y

o B amd N aud sk (g %) d87k 0) vtk g7b 70

This is the key insight of the simplex method: it systematically searches through these "basic
feasible solutions" (the vertices) to find the one that minimizes the objective function.

We will continue this discussion and begin explaining the algorithm itself in the next class.
Thank you.



