Optimization Algorithms: Theory and Software Implementation
Prof. Thirumulanathan D
Department of Mathematics
Institute of 11T Kanpur
Lecture: 4

Hello, everyone. So, this is the fourth lecture in the course. Recall that in the previous lecture,
we were trying to minimize a function: f(x1,Xz,...,Xn), Where f is a function of n independent
variables. Each x; can take any value in R.

To find the minimum, we first find the set of critical points, i.e., points where the gradient of f
is zero: Vf=0

For each critical point =* = (7,23, ..., 2}), we compute the Hessian matrix V2f(x). We have
the following characterizations:

If tTV2f(x*)t > 0 for all t/= 0, then x* is a local minimum.

If tTV2f(x*)t < O for all t/= 0, then x* is a local maximum.

If there exists ti, to such that t1 V> (2*)t1 >0 and t2 V> (z*)t2 <0, then x* is a saddle
point.

If tTV2f(x*)t = 0 for some t # O, further investigation is needed.

Examples
1. Letn=2 and f(1.22) = af + 23,

Vf = Bij —~Vf=0atz = 0,15 =0
Hessian:

2. 4y (20
Vi) = L) 2]
Forany t=(tuto), ¢ V- f(2*)t = 21 + 265 >0 forall t # 0. So, x* = (0,0) is a local minimum.

2. flay, 20) = —Tf - T%
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tTVAf (")t = =27 — 25 <0 for all t = 0, Local maximum.
3. f(ﬂfhfﬂ) = 93% - mg
2.”171
—Q.TQ

vf:[ }:x—(ﬂ())

204y |2 0
tVEf(a)t = 263 — 212
Saddle point since this quantity can be positive or negative.

(Refer slide time 10:21)

/:('1.’..., Aa)
Exanglon () § (3,402 A4 % C'—f" } [ J%l”:]}
%

LS PN VSIS m[t 08)

- 1_l=,1-2.\' >0 ¥+t: ‘!’E\,)"O‘i)

,..'-['] 4 a Awad min.

G fonn): —wr-a . C: ; :';:J [ ].?J {r ]3
Va f2)s | _z]_ A N I L TR A CENrN,
! ,.“:["] a a Jred sax
iy FOm)z 0= C= “'J [ JB ”oj}

2950 1>y

i B Qs v RO Pa o0 Ao N sam SN

V= [ 29”3] = a* = (0,0)

Vi f(at) = {(2} —&51 N B 8]

t' V2 f(a*)t = 2t]



This is > 0, but equals 0 when t1 = 0, t2# 0. So, further probe is needed.
Consider:

f(0,6) = —€*< 0, f(e,0) = €2> 0,f(0,0) = 0, Saddle point.
5. f(x1, ) = 27 4 23

Vi = Eij = 2* = (0,0)

2 0
2 KN
V() =2t2>0
Further probe needed. But since f(x1,x2) > 0 = f(0,0), local and global minimum.

. - 2 ik .
6. f(x1,72) = —x7 — =3 Same analysis:

2f(x*) = {_02 g] C VA f(a)t = =22 <0

Further probe needed, but since f(x1,x2) < 0 = f(0,0), local maximum.

(Refer slide time 20:11)
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Summary: Unconstrained Optimization

To find local solutions:
1. Find critical points: Vf = 0 2.
Evaluate the Hessian V2f(x*)
3. Analyze tTVf(x*)t:
> 0 = local min
< 0 = local max

< 0and > 0 = saddle point

= 0 for some t = further analysis required

Constrained Optimization
We now consider:
Minf(x) x€S
If S # R", this is a constrained optimization.
For example, if S = Z, standard calculus-based methods do not work. We consider:

Min f(x) subject to gi(x) <0 fori=1,...,p and hjx)=0forj=1,...

Example from Lecture 1: Consumer Utility Maximization
Max u(Xa,...,Xn) subject to
PiX1+ -+ + pXn<W, Xi> 0 for all i

We rewrite this as: min—u(Xu,...,Xn).

Subject to:

pPiX1+ -+ pPXn—W=<0

—X1<0

—Xn<0



So, now you can see that this problem is actually equivalent to what you have written here,
where f(x).

So, in this problem, f is actually —u, and g1 = piX1 + -+ + paXa— W, SO that is less than or equal
to 0, and

J2= —Xu, g3= —X2, vy On+1= —Xn.

So, this is a problem with p = n+1 and m = 0, because you do not have any equality constraints.
So yeah, this actually defines—as you all know—it actually defines a constraint set.

(Refer slide time 29:49)
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In the next lecture, we will learn how to define a constraint set and find the solution of a

constrained optimization problem when it is of this particular form:

Min f(x)

subjectto  gi(x)<0 fori=1..,p, and hj(x) = Ofor j =1..., m.



Thankyou



