Optimization Algorithms: Theory and Software Implementation
Prof. Thirumulanathan D
Department of Mathematics
Institute of IIT Kanpur

Lecture: 37

Hello everyone, this is the second lecture in week 8. Recall that in the previous lecture, we
introduced the augmented Lagrangian method. We discussed the differences between the
quadratic penalty method and the augmented Lagrangian method, noting that while the
procedural steps are similar, the augmented Lagrangian method resolves the issues associated
with the quadratic penalty method.

Let us now consider an example to illustrate the augmented Lagrangian method. We will use
the same example from earlier:

minimize f(x) = xi? + x2? + x3?

subject to the constraints
hix)=3xi+x2+x3-5=0and ho(x) =x1 + X2+ x3- 1 =0.

We already know the solution is

x*=(2,-0.5, -0.5) and the Lagrange multipliers are A* = (-2.5, 3.5).
Notation: V2f(x)= V2f(x)=Hessian, p1= p', A= A, x,= X4, Ami= Am®, pox= pa®
The augmented Lagrangian function is defined as:

L_y(x, A) =1f(x) + 2 A hi(x) +v 2 [hix)]*

The gradient is:

VL y(x, A) = VI(x) + Y Aj Vhj(x) + 2y > hj(x) Vhi(x).

The Hessian is:

VEL_y(x, M) = VZH(x) + 2 A V?hi(x) + 2y 2 [hy(x) V*hi(x) + Vhj(x) Vhi(x)].
(Refer Slide Time 4:10)
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We can implement this in Python by modifying the code for the quadratic penalty method. The
key changes are:

1. Define L_y(x, A) = f(x) + A-h(x) + v (h-h)

2. Define VL _vy(x, A) = Vf(x) + L @ Vh(x) + 2y h(x) @ Vh(x)

3. Define the Hessian as 2I + 2y Vh(x)" Vh(x)

We initialize Xo, set y = 1, and initialize Ao = [0, 0].

We then iterate until |L_y(x, A) - f(x)| > le-6 and ||[VL_7y(x, A)|| > le-6.

In each iteration, we update x using Newton's method and update A as A1 = Ax + 2y h(x).

After running the code, we obtain x* = (2, -0.5, -0.5) and A* = (-2.5, 3.5), which matches the
expected solution.

(Refer Slides Time 13:30-13:45)
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import numpy as np
70
def f(x):
return x[@]**2+x[1]**2+x[2]**2
def h(x):
return np.array([3*x[@]+x[1]+x[2]-5,x[@]+x[1]+x[2]-1])
def grad_h(x):
return np.array([[3,1,1],[1,1,1]])

def L(x,1,gm):
return f(x)+1.dot(h(x))+gm*h(x).dot(h(x))

def grad(x,1,gm):
return 2*x+l@grad_h(x)+2*gm*h(x)@grad_h(x)

def H(x,1,gm):
return 2*np.eye(3)+2*gm*grad_h(x).T@grad_h(x)
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; ° def grad_h(x):
return np.array([[3,1,1],[1,1,1]])

def L(x,1,gm):
return f(x)+1l.dot(h(x))+gm*h(x).dot(h(x))

def grad(x,l,gm):
return 2*x+l@grad_h(x)+2*gm*h(x)@grad_h(x)

def H(x,1,gm):
return 2*np.eye(3)+2*gm*grad_h(x).T@grad_h(x)

x,1,gm,k=np.array([e,e,8]),np.array([8,8]),1,8

while(np.abs(L(x,1,gm)-f(x))>le-6):

while(np.linalg.norm(grad(x,1,gm))>1e-6):
x=x-np.linalg.inv(H(x,1,gm))@grad(x,1,gm) # Newton's method
print("%1.3e,%1.3e,%1.3e,%1.3e"%(x[8],x[1],x[2],np.1inalg.norm(grad(x,1,gm))))

1=1+2*gm*h(x)

k=k+1
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Now, we extend the method to problems with inequality constraints. Consider the problem:
min f(x)

subject to

gi(x) <0 fori=1top,

and

hi(x)=0forj=1 tom.

We convert inequality constraints to equality constraints by introducing slack variables s;:
Which is equivalent to

min_{x,si} f(x)

S.t.

gi(x) + si# = 0 for all i=1,2,...p and hj(x)=0 for j=1,2,...m.

(Refer Slide Time 18:10)
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The augmented Lagrangian becomes:
Loy, A ) =) + X =™ A hi(x) + Xi=1P pi (2ix) +8%) +y =" (hi(x))* + 2i=1 P (gi(x) + 7))
We minimize over s; analytically. The optimal s;* is given by:
Loy(x, A, ) = £(x) + 20 =" A hy(x) +y 2 =™ (hi(x)? +y [Zi=1® (&%) + s+ Wil (2y))*- wi/(4y?)].
This implies that
(gi(x) + st w/(2y))= (&i(x) + s2)+ w?/(4y)+ (&i(x) + s).wily
si'=argmin_si L y(x, A, W=V(gi(x) + w/(2y)) if gi(x) + w/(2y) <0 and 0 if gi(x) + w/(2y) >0
gi(x)+si*+ w/(2y) = (gi(x) + w/(2y)) if gi(x) + w/(2y) < 0, and 0 otherwise.

= max(0, gi(x) + /(2y))
(Refer Slide Time )
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Substituting back, we obtain:

L_y(x, A, ) = £(x) + 25 A hi(x) + v X (hi(x))? + v 2 [ (max(0, gi(x) + wi/(2)))* - u/(4y?) 1.
The update for p is:

ticr = max(0, e + 2y g(x)).

The algorithm is:

Initialize xo, k = 0, tolerance, y > 0, Ao =( A1,0, A2,0,... Am,0)(Size m), Ho (size p)( W1,0, L2,0.... It

p’O)'

While |L_vy(xk, Ak, pk) - f(xk)| > tolerance:
X+ = argming L y(X, Ak, Hk)
M1 = Ak + 2y h(Xk1)
Mt = max(0, p + 2y g(Xk+1))
k=k+1

Output x* = xy, A* = Ny, 0¥ = L.

(Refer Slide Time 32:20)
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This approach handles both equality and inequality constraints effectively.

We will continue with more details in the next lecture. Thank you.



