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Hello everyone. This is the fourth lecture in week 7. Recall that in the last three lectures we 

learned about the quadratic penalty method, an algorithm for finding critical points in 

constrained optimization problems, specifically non-linear programming problems. 

We discussed that the penalty function for a constrained optimization problem takes a specific 

form: the objective function plus γ times the squared equality constraints. For problems with 

only inequality constraints, the quadratic penalty function is defined as: 

Q(x, γ) = f(x) + γ ∑ᵢ₌₁ᵖ [max(0, gᵢ(x))]² 

This formulation ensures that when gᵢ(x) ≤ 0, the penalty is 0, and when gᵢ(x) > 0, the penalty 

is positive. An alternative notation is: 

Q(x, γ) = f(x) + γ ∑ᵢ₌₁ᵖ [gᵢ(x)₊]² 

where the plus subscript denotes the positive part (max(0, gᵢ(x))). 

The gradient of this penalty function is: 

∇Q(x, γ) = ∇f(x) + 2γ ∑ᵢ₌₁ᵖ max(0, gᵢ(x)) ∇gᵢ(x) 

This gradient is well-defined and continuous. However, the Hessian presents challenges. At 

points where gᵢ(x) = 0, the second derivative has different left and right limits, making Q(x, γ) 

not twice differentiable. Despite this, when using Newton's method, the approximation: 

∇²Q(x, γ) ≈ ∇²f(x) + 2γ ∑ᵢ₌₁ᵖ [gᵢ(x) ∇²gᵢ(x) + ∇gᵢ(x) ∇gᵢ(x)ᵀ]  (Note here  ∇²=∇2=Hessian) 

often yields correct results in practice. 

Now, let's consider an example: 

Minimize f(x) = ½(x₁ - 3)² + ½(x₂ - 2)² 

Subject to: 

x₁ ≥ x₂ 

x₁ + x₂ ≤ 1 

x₂ ≥ 0 

 



To express these in standard form (gᵢ(x) ≤ 0): 

g₁(x) = x₂ - x₁ ≤ 0 

g₂(x) = x₁ + x₂ - 1 ≤ 0 

g₃(x) = -x₂ ≤ 0 

Geometrically, the constraint set forms a triangle with vertices at: 

(0, 0) - intersection of x₁ = x₂ and x₂ = 0 

 (1, 0) - intersection of x₁ + x₂ = 1 and x₂ = 0 

 (½, ½) - intersection of x₁ = x₂ and x₁ + x₂ = 1 
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The objective function represents the squared distance from the point (3, 2). Visual inspection 

shows that (1, 0) is the closest point in the feasible region to (3, 2), making it the optimal 

solution x* = (1, 0). 

We are solving the optimization problem using the quadratic penalty method for inequality 

constraints. The problem is: 

Minimize f(x) = 1/2*(x₁ - 3)² + 1/2*(x₂ - 2)² 

Subject to: 

x₁ ≥ x₂ → g₁(x) = x₂ - x₁ ≤ 0 

x₁ + x₂ ≤ 1 → g₂(x) = x₁ + x₂ - 1 ≤ 0 

x₂ ≥ 0 → g₃(x) = -x₂ ≤ 0 



The quadratic penalty function is defined as: 

Q(x, γ) = f(x) + γ * [max(0, g₁(x))² + max(0, g₂(x))² + max(0, g₃(x))²] 
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We begin by writing the code for the quadratic penalty method applied to inequality constraints. 

We start with the code for equality constraints and modify it accordingly. 

The objective function is defined as: f(x) = 0.5 * (x₀ - 3)² + 0.5 * (x₁ - 2)² 

The inequality constraints are given by: g(x) = [x₁ - x₀, x₀ + x₁ - 1, -x₁] 

The Jacobian matrix of the constraints, denoted ∇g(x), is: ∇g(x) = [[-1, 1], [1, 1], [0, -1]] 

For the penalty function, we only penalize when a constraint is violated, i.e., when gᵢ(x) > 0. 

This is implemented using the element-wise operation: (g(x) > 0) * g(x). This results in a vector 

where each element is gᵢ(x) if gᵢ(x) > 0, and 0 otherwise. 

For example, if g(x) = [1, -2, 4], then (g(x) > 0) yields [True, False, True], which is treated as 

[1, 0, 1] in numerical operations. The multiplication (g(x) > 0) * g(x) then gives [1, 0, 4]. 

The quadratic penalty function for inequalities is:  

Q(x, γ) = f(x) + γ * sum( [ (g(x) > 0) * g(x) ]² ) 

The gradient of Q is computed as: ∇Q(x, γ) = ∇f(x) + 2γ * [ (g(x) > 0) * g(x) ] @ ∇g(x) 

The Hessian of Q is: ∇²Q(x, γ) = ∇²f(x) + 2γ * ∇g(x)ᵀ @ diag(g(x) > 0) @ ∇g(x). 

Here, diag(g(x) > 0) is a diagonal matrix with ones where gᵢ(x) > 0 and zeros otherwise. 

For our specific problem, ∇f(x) = [x₀ - 3, x₁ - 2] and ∇²f(x) is the 2x2 identity matrix. 



We initialize x⁰ = [3, 2] and increment γ iteratively. For each γ, we minimize Q(x, γ) using 

Newton's method. With γ set to 2²¹ (approximately 2 million), the solution [1, 0] is obtained 

after 22 iterations, using a stopping tolerance of 1e-6. 
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Newton's method may fail if the Hessian is not positive definite, particularly when some gᵢ(x) 

= 0. In such cases, alternative methods like steepest descent or conjugate gradient can be 

employed. 

For steepest descent, we define parameters α (step size), c₁ (Armijo constant), and ρ 

(backtracking factor). The search direction is d = -∇Q(x, γ). We use backtracking line search to 

find α satisfying the Armijo condition: Q(x + αd, γ) ≤ Q(x, γ) + c₁ * α * ∇Q(x, γ)ᵀ d 

Then update x = x + αd. 



Steepest descent converges slowly when the Hessian has a high condition number, which 

occurs for large γ. A looser tolerance (e.g., 10⁻²) can reduce the number of inner iterations. 

 

To implement the steepest descent method, we modify the inner loop of the algorithm. We 

define the following parameters: 

• α: Step size 1. 

• c₁: Armijo constant (typically 0.75). 

• ρ: Backtracking factor (typically 0.8). 

The search direction is the negative gradient of the penalty function: d = -∇Q(x, γ) 

We use backtracking line search to find a step size α that satisfies the Armijo condition: 

Q(x + αd, γ) ≤ Q(x, γ) + c₁ · α · ∇Q(x, γ)ᵀ d 

Once α is found, we update x: x = x - α · ∇Q(x, γ) 

However, the steepest descent method converges slowly when the condition number of the 

Hessian is high. This occurs for large values of γ, where the condition number increases with 

γ. To mitigate this, we can use a looser tolerance (e.g., 10⁻²) for the inner loop stopping 

criterion. 

For example, with γ = 2²¹ (approximately 2 million), the steepest descent method requires many 

iterations for each γ, whereas Newton's method typically converges in one iteration per γ. 

 

 



 

We start from the point [3, 2]. So, fortunately, we have obtained the answer, and it is the same 

value of γ with [1, 0] as the solution. However, it is evident that for each value of γ, a significant 

number of iterations are required. This is clearly visible from the recorded results. 

 In contrast, if Newton's method had been used, each value of γ would have required at most 

one iteration. For instance, even with γ as small as 1e-2 or 1e-6, Newton's method converges 

in just one step.  

This highlights a well-known limitation of gradient descent: when the condition number of the 

problem is not close to 1, the number of iterations in steepest descent increases substantially. 

 The farther the condition number is from 1, the slower the convergence. Newton's method does 

not suffer from this issue, but it has its own challenges, such as computational cost and 

sensitivity to initial conditions.  

The choice between these methods should be based on the specific application and problem 

characteristics. This concludes the current discussion. We will proceed with the quadratic 

penalty method in the next lecture. Thank you. 


