Optimization Algorithms: Theory and Software Implementation
Prof. Thirumulanathan D
Department of Mathematics
Institute of IIT Kanpur

Lecture: 15

Hello everyone. This is the fifth lecture in week three. In the previous lecture, we were learning
about the steepest descent algorithm, also known as the gradient descent algorithm. This
method involves choosing the descent direction, di, to be equal to the negative of the gradient
of the function f at the point xx. We concluded the last lecture by presenting the algorithm.

We will now begin with some examples.

Let us start with the familiar function: f(xi, x2) = xi? + X%, and let the initial point xo be any
arbitrary value (X1,0, X2,0).

This is a quadratic function, which can be written in the form

(1/2)x™Hx + b™x + c,

where H is the 2x2 identity matrix multiplied by 2, b is the zero vector, and c is zero.
Note Xn,k=Xn¥

Given this quadratic form, we can find the step size ok using the exact line search formula. We
start by computing the descent direction do.

The gradient of f is [2x1, 2Xz], S0 at Xo it iS [2X1,0, 2X2,0].

Therefore, do is the negative gradient: [-2X1,0, -2X2,0].

The formula for the step size is

oo = -(do"go) / (do™ H do).

Since do is -go, the numerator becomes (do"go) = (-go)"go = -go" Lo.

Therefore, the negative sign in the formula gives - ( -go’go ) = go'go for the numerator.
The denominator is do™ H do.

Because H is 21, and do is -go, this becomes (-go)" (21) (-go) = go" (21) go =2 (go"go).
Thus, oo = (go"go) / (2 * go’go) = 1/2.

This result holds for any initial point Xo.



The next iterate, X1, is computed as
Xo + 0o * do = [X1,0, X2,0] + (1/2)*[-2X10, -2X20] = [X1,0 - X1,0, X2,0 - X2,0] = [0, O].
Consequently, the algorithm converges to the minimum [0, 0] in a single step for this function.
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This example might suggest that the algorithm always converges quickly. However, this is not
true even for all quadratic functions.

Consider another quadratic function: f(xi, x2) = 4x:% + 2xX1X2 + X2%.
This can be written as (1/2)x™Hx with H = [[8, 2], [2, 2]], b=[0, 0], and ¢ = 0.

We will implement the gradient descent algorithm in Python for this function, starting from the
initial point xo = [4, -5].

First, we define the function and its gradient.
The gradient is computed as Vf = [0f/0xi1, 0f/0x2] = [8*x1 + 2%X2, 2%X1 + 2*X2].
We will also define the Hessian matrix H = [[8, 2], [2, 2]].

The algorithm uses a while loop that continues until the norm of the gradient is very small (e.g.,
less than 1e-6).

In each iteration, the step size ox for this quadratic function is calculated using the formula:

ox = (g gv) / (g H g«), where gy is the gradient at x.



The Python code for this is as follows:
Python
import numpy as np
# Define the function and its gradient
def f(x):
return 4*x[0]**2 + 2*x[0]*x[1] + x[1]**2
def grad(x):
return np.array([8*x[0] + 2*x[1], 2*x[0] + 2*x[1]])
# Define the Hessian
H =np.array([[8, 2], [2, 2]])
# Initial point
x = np.array([4.0, -5.0])
k=0
# For storing the trajectory for plotting
X_trajectory = [x.copy()]
# Gradient descent algorithm
while np.linalg.norm(grad(x)) > le-6:
g = grad(x)
# Compute step size alpha
alpha = np.dot(g, g) / np.dot(g, np.dot(H, g))
# Update x
x=x-alpha*g
k=k +1
(Refer Slide Time 12:27)
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import numpy as np
def f(x):

return a*x[@]**242*x[@]*x[1]+x[1]**2

def grad(x):
return np.array([8*x[@]+2%*x[1],2*x[@]+2*x[1]])

x=np.array([4,-5])

Henp.array([[8,2],(2,2]])

k=0

while(np.linalg.norm(grad(x))>le-6):
rint("Xd,(%1.3e,1.3¢),%1.3e"%(k,x[@],x[1],np.1ianlg.norm(grad(x
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X_trajectory.append(x.copy())
# Print iteration details
print(f"Iteration {k}: x = [{x[0]:.6f}, {x[1]:.6f}], Grad Norm = {np.linalg.norm(g):.6f}")
print(f"\nConverged to minimum at [0, 0] in {k} iterations.")

Running this algorithm shows that it takes approximately 30 iterations to converge to [0, 0],
unlike the previous example which converged in one step. To visualize the convergence path,
we plot the sequence of points.

To create a plot in Python, we use the matplotlib.pyplot library.

For instance, to plot e*x over the range [-5, 5], we define an array x using "X = np.arange(-5,
5,0.1)", compute y = np.exp(x), and then use "plt.plot(x, y)* followed by "plt.show()".

Similarly, we can plot the trajectory of the gradient descent algorithm for the second function.
We extract the x: and x2 coordinates from the stored "x_trajectory” list and plot them.

Python

import matplotlib.pyplot as plt

# Convert the trajectory list into arrays for plotting
x1_vals = [point[0] for point in X_trajectory]
x2_vals = [point[1] for point in X_trajectory]
plt.plot(x1 vals, x2 vals, '0-")

plt.xlabel('x:1")



plt.ylabel('x2")

plt.title('Gradient Descent Trajectory for f(x1, X2) = 4x:? + 2Xi1X2 + X2*')
plt.grid(True)

plt.show()

The resulting path shows a zigzag pattern instead of a straight line from the start to the
optimum. This indicates inefficient convergence behaviour.

The performance difference is explained by the condition number of the Hessian matrix H. The
condition number is defined as the ratio of the smallest eigenvalue (A1) to the largest eigenvalue
(M) of H. When this ratio is close to 1, gradient descent converges quickly. When it is much
smaller than 1, convergence is slow.
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For the first function, H = 21, so its eigenvalues are both 2.
The condition number is A1 / A, = 2/2 = 1, leading to immediate convergence.

For the second function, the eigenvalues of H are found by solving the characteristic equation
det(H - AI) = 0.

For H=[[8, 2], [2, 2]], the characteristic equation is:

(B-M)(2-1) - (2)(2) =0

M-10A+12=0

The eigenvalues are A = (10 + V(100 - 48)) /2 = (10 £ V52) /2 = (10 £ 7.211) / 2.



Thus, A, = (10 +7.211)/2 = 8.6055 and A1 = (10 - 7.211)/2 = 1.3945.
The condition number is approximately A1 / A, = 1.3945 / 8.6055 = 0.162.
This small condition number explains the slow convergence observed.

In the next class, we will analyze why the condition number is so important for the convergence
rate of the gradient descent algorithm. Thank you.



